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SUMMARY 


The stators of two identical wound-rotor induction motors are 
connected to a common supply to produce fields revolving in the same 
direction. The shafts are coupled mechanically and the rotor circuits 
are electrically connected together with the voltages initially phased so 

that no rotor current flows. By rotating one stator relative to the 
_ other through an angle f the rotor voltages are no longer in anti-phase, 
rotor currents flow and the unit produces torque. 

Boucherot adopted a similar scheme in the construction of a com- 
posite machine with two stators and a common squirrel-cage rotor. 
The mid-points of the rotor bars were connected together through a 
resistive element so that currents always flowed in the rotor circuits 
and zero torque could not be obtained. 

Expressions for torque are derived for the shunt-interconnected 
rotor developed by Boucherot and for the purely series-interconnected 
motor investigated by the author. It is shown that, for the former, 
torque cannot be controlled from zero without voltage variation, 
whereas in the latter arrangement zero torque is always obtained when 
the phases of the induced rotor voltages are in opposition. 

The properties and applications of the series interconnected motor 
circuit are discussed. By the insertion of impedance the torque/speed 
characteristics of the motors can be modified retaining the zero torque 
position. Possible applications include small hoists, cranes or lifts, 
and positioning, manipulating or tensioning drives for which precise 
control is required. 


LIST OF SYMBOLS 


V, = Stator terminal voltage. 
V, = Rotor terminal voltage. 
= = Current, amp. 
R, = Stator resistance per phase. 
R, = Rotor resistance per phase. 
X, = Stator leakage reactance per phase. 
X>, = Rotor leakage reactance per phase. 
_ R, = Rotor inserted series resistance per phase. 
X, = Rotor inserted series reactance per phase. 


Correspondence on Monographs is invited for consideration with a view to 


publication. ; : } ‘ ; 
Dr. Enslin is in the Department of Electrical Engineering, University of Cape Town, 


South Africa. 


Vor. 108, Part C, No. 14. 
. © 1961: The Institution of Electrical Engineers 


R, = Rotor inserted shunt resistance per phase. 

f = Phase angle introduced by the rotation of the stators or 

rotors relative to one another. 

N = Speed, r.p.m. 

Ss = Fractional slip. 

T = Torque, synchronous watts. 

Voltages, currents and impedances are all referred to either 
the stator or rotor, and for simplicity magnetizing and iron-loss 
components of current are neglected. 


(1) INTRODUCTION 


For constant-speed drives the polyphase induction motor has 
the advantages of simplicity of construction and robustness. 
System supplies are usually alternating current and the elimina- 
tion of converting equipment is desirable. 

Many attempts have been made to vary the speed of this 
machine while retaining these advantages. The developments 
have followed two lines: first, those in which the speed is varied 
by changing the speed, or effective speed, of the revolving field. 
Examples are pole-changing,!»? pole-amplitude modulation? or 
the spherical motor*+ and subsequent work.° In the second 
group the constant speed of the revolving field produced by the 
stator is accepted and the rotor speed is varied by inserting 
impedance or injecting a voltage in the rotor circuit. Wound- 
rotor motors with resistance control in the rotor, the Schrage 
motor, the Kraemer and Scherbius systems® and cascading of 
more than one machine, employ this principle. 

The interconnected rotor arrangement, falling into the second 
category, differs from cascading in that the stators of two motors 
are connected in parallel to a common supply, the shafts are 
mechanically coupled and the rotor circuits have their common 
terminals connected together. By introducing a phase shift 
between the supply and the voltages applied to one of the stators, 
or simply by swinging one of the stators mechanically relative 
to the other, the rotor currents can be controlled. The introduc- 
tion of impedances between the rotor interconnections, the 
‘series connection’, or between the three phases of the rotor 
interconnections, the ‘shunt connection’, results in modified 
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torque/speed characteristics controlled by the phase shift and 
amount and nature of impedance introduced. 

Earlier work based on a patent by Boucherot® and described 
by Luraschi? and Brunswick!® !!,!2 employs the ‘shunt connec- 
tion’ in the construction and control of mine-haulage and pump 
motors. 


(2) BOUCHEROT’S SHUNT INTERCONNECTION 


The development of the circuit followed Boucherot’s work on 
the double-squirrel-cage rotor.!3 Whereas, in the double- 
squirrel-cage rotor, frequency was used to discriminate in the 
circulation of current through the high-resistance circuit at 
start and the low-resistance circuit at speed, with the modification 


RESISTIVE ELEMENT 


Fig. 1.—Boucherot’s motor. 


the stator now was split in two, retaining a single squirrel-cage 
rotor. The rotor bars were connected at their mid-points by a 
resistive ring, asin Fig. 1. At start the voltages in the two halves 
of a bar were arranged to be in opposition, thus forcing the 
rotor currents to circulate through the shunting resistive elements. 
Once the motor had gained speed the stator B was either rotated 
until the voltages in the two halves of the bar were in the same 
direction or the phase of the voltages applied to the stator B 
was phase-shifted until this was the case. No current would 
then circulate through the resistive element. The efficiency of 
the single-cage low-resistance rotor motor is retained while the 
torque at start can be controlled. 


(2.1) Characteristics of the Boucherot Motor 


Fig. 2 is the circuit for the motor in Fig. 1 or for two wound- 
rotor machines with resistors connected externally. In Sec- 


RE 


o_o © 


Fig. 2.—Circuit diagram of Boucherot’s motor. 


tion 10.1 the expression for the total torque of the motors in 
terms of the short-circuit constants, the applied voltage, the 
slip and phase angle B is evaluated. Magnetizing and iron-loss 
components of current have been neglected. 
2 2V? sin? B/2sR, 
(sR, + Ry)? + s7(X, + X,)? 
a 2V? cos? B/2s(2R, + R) 
(SR, + Ry + 2R,)* + 8? (Xy + Xp)? 
synchronous watts per phase (1) 


T4 +B 
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This expression is of the form 
Top = ANE sin2 B/2 + 2T, cos B/2 


where 7; is the torque as a function of s of one of the motor 
with its rotor short-circuited, and 7, is the torque with — 
resistance 2R, inserted in the rotor circuit. ! 

Fig. 3 shows torque/speed characteristics recorded with tw 


180° 


TORQUE 


N=O SPEED N=Ng 
C= || = 


Fig. 3.—Torque/speed characteristics of Boucherot’s motor for 
different values of f. 


4h.p. wound-rotor motors interconnected as in Fig. 2. Th 
curves are dependent on the chosen value of R,. 

It is clear that zero torque at standstill with rated voltag 
applied to the stators is not attainable for any value of f. 


(2.2) Application of Boucherot’s Method 


Boucherot’s patent® covers both squirrel-cage and woun¢ 
rotor motors, although the applications were confined t 
squirrel-cage motors. In addition, owing to the difficulty 
swinging one of the stators, the specification deals with tw 
types of external phase-shifting apparatus. The first is ti: 
standard 2-winding arrangement in which the shift is produce 
by revolving a rotor relative to a stator, which, in conjunctio 
with the motor combination, did not give a position for zer 
torque. Boucherot realized the advantage of controlling th 
motors from zero output torque to the full value, and th 
second type of phase-shifter therefore incorporates voltag 
control. A drum winding is fed at three symmetrically tappe 
points, and a large number of tappings from the winding at 
connected to a commutator. The output is taken from thre 
brushes which are moved on the commutator to produce phas 
and voltage variation. 

Boucherot’s motors of the squirrel-cage construction wei 
installed at the Blanzy and Valdonne mines as hoist drives. 
Rated at 80 and 32 metric horse-power in the two cases, respe< 
tively, the phase shift was produced in three steps by switchin 
the six ends of the windings of one of the stators, each transitio 
producing a 60° phase change. No voltage control was applie< 

The principle was also extended to pump motors of 130 metr 
horse-power running at 2730r.p.m. and fan motors of 86 metr 
horse-power.'? Squirrel-cage construction and the eliminatio 
of slip-rings were an advantage on account of the high speec 
Phase shift was produced by three connections: 


(a) Stator phases in opposition. 
(b) Second stator disconnected and short-circuited. 
(c) Second stator excited in phase with the first. 


cea 
. 
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| The motors were no doubt successful in giving improved 
starting control, and they retained the advantages of low- 
resistance squirrel- “cage machines. 

Boucherot states in his specification that the proposed control 

does what a wound-rotor motor with rotor resistance variation 
achieves. For large motors when swinging the stator becomes 
impractical, the control must be by a separate phase-shifter 
with a rating equal to that of one of the motors. The costly 
additional control gear makes this impractical. Alternatively 
the motors can be controlled by switching in the stator circuit, 
as in the applications referred to. 
_ A wound-rotor motor with resistance variation by means of 
a liquid controller or switched resistors in the rotor circuit would 
provide a better control than Boucherot’s more difficult switching 
in the stator. In addition, it is an advantage to have the rotor 
circuit loss external to the machine, particularly when accel- 
erating loads with appreciable inertia. In large motors which 
have to deliver a controlled torque during the starting period, 
the wound-rotor motor has therefore been retained in preference 
to Boucherot’s system. 

For smaller motors one stator can be revolved to control 
torque and speed. Unfortunately the torque cannot be con- 
trolled from zero with the shunt interconnection. To achieve 
this it is necessary to use a separate phase-shifter as described 
by Boucherot,® permitting voltage control as well. 


(3) A MODIFIED INTERCONNECTED ROTOR CIRCUIT 


- In an attempt to obtain better control and simplify the equip- 
Ment, the series-connected circuit characteristics have been 
investigated and applied. 


(3.1) Characteristics of Series Interconnected Circuit 


The expressions for the torque developed by two motors con- 
nected according to Fig. 4 are derived in Section 10.2: 


Fig. 4.—Simple series-interconnected circuit. 


sz V? sin? B/2sR, 
(sR, + Ry? + s(X, +X)? 

V2s(X, + X)) sin B 
2(sR, + Rp)? + s2(X, + X,)? 


synchronous watts per phase (2) 


T x V? sin? B/2sR, 
F(R, + Ry)? + 3% + XY 
, V2s(X, + X) sin B 
Z 2(sR, + R>)* a s?(Xy + x)? 
: synchronous watts per phase (3) 
| 2V? sin? B/2sRy 
mo” GR, + Ra)? + 5% + XY 
synchronous watts per phase (4) 


: Eqn. (4) is of the form 
| Tsp = 27, sin? B/2 
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where 7; is the torque as a function of s of one of the motors 
with rotor short-circuited. The combination of the two motors 
reduces to the following equivalent: a variable-voltage trans- 
former with a range from zero to the rated value, feeding the 
stator of a short-circuited rotor induction motor having a rating 
equal to the sum of that of the two motors, and a torque/speed 
characteristic the two motors would have if their rotor circuits 
were short-circuited. This equivalent and the torque charac- 


R rt 
Y A+B (a) 
B 


| 180° 


120° 
(6) 
90° 
60° 
0° 
N= 
Ss 


=O SPEED "Ng 
1 = 


TORQUE 


Fig. 5.—Simple series-interconnected motors. 


(a) Single-motor equivalent arrangement. 
(b) Torque/speed characteristics for difterent values of @. 


teristics are given in Fig. 5. The voltage reduction factor is 
sin B/2 and at B = 0 the torque is zero and the machines draw 
their magnetizing current. 


(3.2) Addition of Series Impedance 


Jt has been shown how the torque at a given slip can be varied 
smoothly from zero to its full value by swinging one of the 
stators. Adapting the principles established by Boucherot for 
double-cage induction motors, the torque/speed characteristic of 
a wound-rotor motor can be varied by inserting impedance as 
in Fig. 6. 


Fig. 6.—Addition of impedance in series. 


The average slope of the characteristics can be adjusted to 
fall anywhere between the typical limits shown in Fig. 7. The 
modified characteristics of the 2-motor combination are given 
by the expression 
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2V7? sin? B/2s EB ~ 


RAsX,)* 


sR, aP R, ais 2(R2 + s2X?2) 


T4438 = 


| (a) 


TORQUE 


OZ 
Wl 


-O 


SPEED N 
=) 


(6) 


TORQUE 


ae 
N=0 SPEED N=N, 
S=1 S=0° 
Fig. 7,—Limits of variation of torque/speed characteristics of the 
circuit in Fig. 6. 
(a) Re > Xe at 50c/s. (6) Re < Xz at 50c/s. 


TORQUE 


N#No 
S=0 


Fig. 8.—Torque/speed curves in which torque is almost inde pendenes 
of speed for a given angle f. 


N 
S 


ie) SPEED 
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Impedances with values of R, and X,, chosen to give a torque 
comparatively independent of speed from standstill to about 90% 
of the synchronous speed, were connected in the rotor circuit of 
two 4h.p. motors, and the torque/speed characteristics in Fig. 8 
were recorded. 


(4) POWER DISSIPATED IN THE ROTOR CIRCUIT AND 
EFFICIENCY 


The total power across the air-gaps of the two motors is 
14, Watts per phase, as expressed by eqns. (4) and (5). As in 
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2(R2 + s?X2) 


- 5 synchronous watts per phase . . ( 
R2X, | 


2 
2 we shee Cae se 
| ats Li +0 + ae oes 


the case of a single motor (1 — s)T 4, is delivered mechanical 
to the shaft and sT 4. , is dissipated in the rotor circuit. For 
fixed torque the power delivered from the stator is constant, th 
output varies with the speed and the balance is lost in the rot 
circuit. At standstill all the power is lost in the rotor circu 
and adequate provision must be made for this dissipation i 
the resistors. Neglecting the influence of the constant losss 
and the stator copper loss, the efficiency is almost proportion 
to the speed, over its range, for a fixed output torque. | 

With the interconnection of Fig. 4 and 8 = 180° two moto, 
retain their original efficiency at full load and rated speed. Th 
efficiency will be reduced when series impedance is added, i 
in Fig. 6, since the reactors have some resistance and they ¢ 
not completely shunt the resistors R, because of the finite rote 
frequency. 

(5) REVERSING AND BRAKING 


To reverse the motors, the directions of the revolving ficlw 
of both motors have to be reversed by reconnecting the statew 
The motors will only brake by regeneration above the synchr’ 
nous speed. Between synchronous speed and standstill, brak ia 
is achieved by reversing the stator revolving fields. Energy | 
then dissipated in the rotor circuit and no regeneration occum 
The braking or regenerating torques are controlled as bef 
by varying B. Eqns. (4) and (5) apply with the appropria: 
value of s substituted. 


(6) TORQUE REQUIRED TO REVOLVE ONE OF THE) 
STATORS 

When the motors are controlled by revolving one of ¢{ 
stators, it is important to establish what torque the actuatii 
device will have to supply. 

Depending on which stator is revolved the torque is given ! 
eqn. (2) or (3). This torque is a function of the angle 8 aa 
the speed of the motors. 

For the circuit in Fig. 4, the torque of motor B reverses 
the speed increases at the point for which 


3(X, + X) 
R, 
When impedance is inserted in series as in Fig. 6, eqns. (2) a1 


(3) are modified by substituting equivalent values of reactarm 
and resistance as has been done for eqn. (5). 


tan 6/2 = 


(7) APPLICATIONS OF THE SERIES-INTERCONNECTEDI 
CIRCUIT 

The connection permits the smooth control of torque a1 
speed with two standard wound-rotor motors and no addition 
control equipment other than the provision for rotating one | 
the stators. Applications are limited to motors with stators | 
a size that can be rotated conveniently. 

The motors operate efficiently at one speed only, their cont? 
being obtained at the expense of dissipation in the rotor circu 
The use of this method is confined to drives which have starti’ 
and stopping periods during which the torque has to be carefu! 
controlled. This must be short compared with the compld 
load cycle to improve the overall efficiency. Such applicatia 
exist in small lifts, hoists and cranes, where the drive oft 
consists of a constant-speed motor and a clutch or a d.c. mot 
with armature-circuit resistance control. Where the dissipati| 
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of energy occurred in the clutch or the armature-circuit resistors, (12) Brunswick, E. J.: ‘Boucherot’s Polyphase Induction 


t is now dissipated in the resistors in the rotor circuit. These 
san be mcunted on the shaft to improve their ventilation and 
aliminate the slip-rings. 

_ If efficiency can be sacrificed the series-interconnected rotor 
sircuit can be used over its complete speed range to control 
orque and speed continuously. The ability to control the 
motors smoothly makes the circuit applicable to positioning or 
manipulating drives. A torque/speed characteristic as shown 
nos 8 may be suitable for a tensioning drive. The torque is 
most constant over the speéd range and can be set to the 
esired value by varying f. 
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(10) APPENDICES 
(10.1) Derivation of Torque/Speed Relations for 
Shunt-Interconnected Rotors 


To simplify the derivation the magnetizing and iron-loss 
components of the usual equivalent circuit have been neglected. 


V,(COSf + j SINA) 


Fig. 9.—Equivalent circuit of motors with shunt-connected rotor 
resistance Rp. 


X = (X, + X2) R=(Ri + Ro) 


Solving for the currents and V, in Fig. 9, 


1, _M1| L4cosP —jsinB | 1 —cosB +/sinB 
DR ERA R + jx 
reeta 1+cosB —jsinB 1-—cosB+jsinB 
Dal hace Rea Rix 


V,= yi + cos B — jsin B)R, 
2° QR ARYA IX) 


Rotor loss of motor A = |I4|?R, + [L4| X |sV2| x cos of the . 
included angle. 


Rotor loss of motor A 
5 


Torque developed by motor A = 


which can be shown to be 


V? cos* B/2s(2R, + R») 


B= ap 


" (sR; + Rp + 2R,)? + s(X, + X,)? 


synchronous watts per phase (6) 


Similarly the torque developed by motor B is 
V? sin? B/2sR, 


hi V7s(R, + Ry) sin (0 — a) sin B 
A AV [GR + Rp)? + s*(X, + X)7][(GSR,; + Ro + 2R,)? + s*(X, + xX) Is 


V? cos? B/2s(2R;, + Ro) 


. (sR, + R,)* + s?(Xy 4. X,)* 


V2 s(R;, ++ R>) sin (@ —, a) sin B 


(sR, + Ry + 2R,)* +57(X% + X2) 


synchronous watts per phase (7) 
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0) Brunswick, E. J.: ‘Asynchronous Motors’, Electricien, 
1898, 15, pp. 305, 321 and 340. 

(11) Brunswick, E. J.: ‘Various Applications of Boucherot 

. Induction Motors in Mines’, ibid., 1904, 27, p. 385, and 

28, p. 3. 


~ A/X[(sRy + Ry)? +5°X, + X2)P7I[GRi + Ro + 2R,)? + s(X, + X2)?]$ 


(8) Boucueror, P. J. J.: ‘Improved Method of Starting and 


Xx + X, Xx + X, 
= ee aval og tan 
6 = arc tan (R, + Rolo, and a = arc ta R, + 2R, 
5 Te ai 


(10.2) Derivation of Torque/Speed Relations for Simple 
Series-Interconnected Motors 
The magnetizing and iron-loss components of the motor 
equivalent circuits have been neglected, as in Fig. 10. 
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Fig. 10.—Equivalent circuit of simple series-interconnected rotors. 


From the vector diagram of Fig. 11, 


; Ay +X. 
V, = V, cos B/2 and sin 8 = ST aEEEEEEEl anaes 
R 
Ve a (R += | 
Rotor-circuit loss of motor A = I?R, + sV>I sin 8 Fig. 11.—Vector diagram for two motors with series-interconnec 


rotors. 


yates 72 on : } : 
Rotor-circuit loss of motor B = J?R, — sV2J sin 0 Similarly ahe corqne.developed, by rac tomeie 


Rotor loss of motor A V? sin? B/2sR, 
s Ta = GR, + Ry + AX, + XD? 
V? sin Bs?(X, + Xp) 
© O[(sRy + Ry)? + s*(%+ XY] 
synchronous watts per phase 
s(Xy + Xd) 
Ry 


Torque developed by motor A = 
nia V? sin? B/2sRy 
(sR, + Ro)? + s*(X, + X2)* 
a V? sin Bs2(X, + Xp) 
2[(sR; + Ro)? + s*(Xy + X2)7] 


synchronous watts per phase (8) 


4 


Tz = 0 when tan §/2 = 


62 £375.13; 621.318.5:621.526 


SUMMARY 


The frequency response of feedback relay amplifiers is analysed by 
e dual-input describing-function method. At low signal frequencies, 
amplifier behaves like a saturating linear amplifier. This picture 
odified at higher frequencies, owing to synchronous effects, and 
difficult to achieve satisfactory operation when the ratio of the 
put-signal frequency to the periodic excitation frequency is appre- 
able. To eliminate synchronous effects within the signal band, 
strictions must be imposed on the forward linear-transfer function. 
e theory is compared with an experimental example. 


LIST OF SYMBOLS 
Amn = Fourier coefficient of relay output. 
a = Carrier amplitude. 
b = Signal amplitude. 
(jw) = Forward linear-transfer function. 
Co, = eee 


Z k = bja 

_ N, = Describing function for carrier. 
_ WN, = Describing function for signal. 
Ut) = &G(jw). 

_ u(t) = Amplifier input. 

_ u, = Signal input amplitude. 

ON Vw) = I G(jw). 

E ot) = = Amplifier output. 

2: = Signal output amplitude. 

~ y(t) = Relay output. 

_ Y- = Relay carrier output amplitude. 
_ y, = Relay signal output amplitude. — 
__ @ = Phase angle between carrier and signal at relay input. 
_w = Angular frequency. 

_w@, = Carrier frequency. 

_w, = Signal frequency. 


(1) INTRODUCTION 


A relay amplifier is a device in which the on/off output 
aracteristic of a relay is modified by means of a periodic 
Citation added to the input signal. The aim is, usually, to 
tain a linear relationship between the average output and the 
put, although other characteristics are also possible. 

In the relay amplifier with external excitation the additional 


af (wot) 
Fig. 1.—Relay amplifier. 


S furnished by a feedback circuit (Fig. 2). 
‘The relay amplifier operates as a square-wave generator at 
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Fig. 2.—Feedback relay amplifier. 


the frequency of the periodic excitation, w., which is width 
modulated by the input signal. w, is chosen high compared 
with the signal frequencies. As a relay amplifier is usually 
connected to a system which behaves like a low-pass filter, relay 
output components at w, and its harmonics are attenuated. If 
the attenuation is sufficient, these components have negligible 
influence on the system output, which essentially contains only 
signal components. 

The main use of a relay amplifier is as a power amplifier in a 
control system, where it combines very high power gain with a 
linear characteristic. In some cases the gain obtained is suffi- 
ciently high, so that no other amplifying elements are necessary. 
A relay amplifier is particularly useful in a dual-mode control 
system,! where a small linear range is combined with on/off 
operation for large errors. A dual-mode system can thus 
combine the optimal properties of on/off control for large 
errors with the more convenient and easier linear design for 
small errors. An example of such a system using a relay ampli- 
fier was given recently by Buland and Furomoto.? 

The concept of ‘linearizing’ a relay by means of an additional 
periodic excitation was apparently introduced by MacColl? in 
his analysis of the so-called ‘oscillating servomechanisms’. 
There have been many publications on this subject,+® dealing 
primarily with the analysis of d.c. response. The main result 
is that for a d.c. input signal the relay amplifier behaves like a 
saturating linear amplifier. The departure from linearity within 
the unsaturated range is usually quite small. 

The present paper is devoted to the analysis of the frequency 
response of relay amplifiers. In general, the device behaves like 
a saturating linear amplifier. However, several problems arise: 
first, the nature of the error between input and output; secondly, 
the practical linear range of the amplifier for a.c. inputs; and 
thirdly, the permissible bandwidth of the signal frequencies. 
(Though in theory!® the input frequency may approach 4w,, in 
practice it must stay lower.) It is difficult to give exact solutions 
to the above problems because of the extreme non-linearity of 
the device. The paper attempts to give approximate answers 
which may be useful in engineering design. 

The analysis will be carried out using the dual-input describing 
functions!! of the relay, assuming that its input contains only 
two frequencies, the input frequency, w,, and the internal 
oscillation frequency, w,, called the ‘carrier frequency’. This 
method is also applicable to other on/off control systems when- 
ever the same assumption is justified. 


(2) DUAL-INPUT DESCRIBING FUNCTIONS FOR THE 
IDEAL RELAY 


(2.1) General 
When the input of the ideal relay is given by 


asin w,t + b sin (w,t + ¢) (1) 
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the output may be expressed by the double Fourier series 


ro = > DY Ann Sin [mw,t + n(w,t + )] 
Ea (for m=0,n>0) (2) 


The coefficients A,,,, have been calculated by Bennett and 
Kalb,!2 and are expressed by combinations of various complete 
elliptic integrals with argument k = b/a. 

We may now define 


Ye. y 
Ne? N,=F ee ges 3) 
Two cases must now be distinguished. In the non-synchronous 
case when w, 4 Cyw,/C, (Cj, Cy integers), N, and N, are real 
and functions of the amplitudes a and b only. In the syn- 
chronous case they become complex and dependent also on the 
phase angle ¢. 
(2.2) Non-Synchronous Case 
The components of interest in the non-synchronous case are 


y(t) = Ao, Sin (w,t + P) \ 


4 
and YAt) = Ajo Sin w,t J ® 
where 

8 
a kB(k) Kal 
Ag, = Laat 
—E(z) k>1 
(-& 
2 E(k) <ul 
Ay = 


=7,3 (7) oe 


and E and B are complete elliptic integrals. !3 

Instead of using the describing functions directly, it is more 
convenient to use the following functions which depend on k 
only: 


aN, Sa vg eat as bN. = ky, = kAjo pikes (5) 


These are plotted together with y, and y, in Fig. 3. Note that 
signal gain is almost constant (for constant a) for k < *, and 


Fig. 3.—Relay output: non-synchronous case. 


indeed its general character is quite similar to that of a saturating 
amplifier. It should be realized that for large k, i.e. greater 
than unity, the distortion terms, 4,,, (m,n 0, 1), increase 
rapidly and become comparable to y... This should be borne in 
mind in further analysis. 


(2.3) Synchronous Case 


There are many possible synchronous cases. The one 
most practical importance for the relay, owing to its charz 
teristic (Fig. 1), is w, = 3w,. Signal and carrier outputs a 
in this case given by 


ys(t) = Aoi sin (wat or mo) oF Aj, —2 sin (wt ce 2¢) 
oe age fh sin (w,t = 4d) dusts 
y(t) = Ajo sin w,t + Az, 3 sin (wt — 3¢) 
+ Ao3 sin (w,t + 3d) Sa 
geal 


The convergence of these series deteriorates as k tends to uni 
The first terms for y, and y, are the same as before. The oth 
come from various combinations of m and n yielding differen 
frequencies equal to w, or w,. For k > 1 a similar series m 
be written but its convergence is very slow. Thus the use: 
these series for practical computation is not convenient. Instes 
y, and y, were computed on Edsac iI. They are drawn in Fig: 
— 1/bN, and —1/aN, are given in Fig. 5. 

Up to k = 0°75 the difference from the non-synchrone 
case is small. For larger k there is a marked dependences: 
amplitude and phase on ¢. In Fig. 6, y, and y, are drawn 
the case w, = 5w, for comparison. Synchronous effects — 
much less pronounced here, and diminish rapidly for the = 
case w, = 4w, and higher-order cases. 

The coefficients A,,,,, while not very useful in the series 
mentioned above, are valuable for assessing the effect of varia 
neglected distortion terms separately. Thus, for third-o 
synchronization (w, = 3w,), the first one is at w = 5w, and 
of some importance for k > 1 (see Section 3.3.3). On the ot 
hand, for fifth-order synchronization (w, = 5w,), the first « 
tortion term is at w = 3w, and when k increases it eclif 
components at 5w,. Therefore, for large k, the fifth-er 
synchronous describing function (Fig. 6) is not representative’ 
the output. 


(2.4) Almost Synchronous Case 

If w, ~ Cyw,/C, and Aw = w, — Cyw,/C, is small, 
difference frequencies do not become exactly w, or w,. TE 
is now a complete spectrum of output frequencies aroun 
and w,. In Fig. 7, examples are given for w, = 1, w, =: 
(third-order synchronization) and k = 1 and 2. It is convenr 
to regard this case as a synchronous case with varying ¢, wl 
¢ = Aw. Thus y, and y, will be slowly varying vectors (Fig 
over all values of ¢. In other words, relay gain for bot 
and w, will vary continually in magnitude and phase. 


Table 1 


Non- 
synchronous 


Almost 
synchronous 


Synchronous 


(a)-(c) Small-signal region, practically a constant gain. Disto 
negligible. ‘ 

(g)-(i) Saturation Tegion, output practically a square wave a 
carrier influence diminishes and becomes negligible (large k). 

(a), d), (g) Non-synchronous case, behaves like a saturating 1 
amplifier (Fig. 3). 

(e) Synchronous case (Figs. 4 and 5). Output depends on ¢d. 

(f) Almost synchronous case (Figs. 4 and 5). ¢ varies and ov 
varies with it continually. 
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-05 60° 


Fig. 4.—Relay output: third-order synchronous case. 


(a) Signal. 
(6) Carrier. 


(2.5) Summary 

The results of this Section may be summarized with the 
help of Table 1. The non-synchronous case applies when 
<w,. The synchronous case applies when w, = C,w,/C; 
id in particular when w, = 4w,. The almost synchronous 
se applies in the neighbourhood of the synchronous case. 


(3) FREQUENCY RESPONSE ANALYSIS 
(3.1) General 
hen an input, u,, at frequency w, is applied to the feedback 


relay amplifier (Fig. 2), the response is given by two complex 
equations: 


Signal equation 


Dae, i. 
where v, = ysG(ja,) (7a) 
Carrier equation 
a+ y,G(jw,) = 0 (76) 
together with the relationship 
b= ka (7c) 
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k=0-25 > 


oe - 


(6) 


Fig. 5.—Inverse describing function: synchronous case. 


(a) —1/aNg 
(6) —1/bNe 


y, and y, are given by the results of the last Section. These 
equations are based on the assumption that components at all 
other frequencies appearing in the relay output, which are 
relatively small, are sufficiently attenuated around the loop and 
may be ignored. The validity of this assumption will be dis- 
cussed separately in every case. 

The analysis is divided into two parts. The first part deals 
with low frequencies (w, < w,) where the interaction between 
signal and carrier frequencies is negligible and where the non- 
synchronous describing functions will be used. The second 
part deals with higher frequencies where synchronous and 
almost synchronous phenomena predominate. 


—_ ne ra 

\ 

LSA 
ee 
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J G/aN,) 


J (-1/bNe) 


‘ ais 
GO? 4 
IR(-1/bNo) 


(3.2) Low Frequencies 
(3.2.1) Analysis. 


This is the simplest case. y, and y, are real and function 
k only (Fig. 3). Therefore, the carrier frequency is constant 


given by the phase condition / G( jw.) = — 180°. Her 
using eqns. (7), we obtain the following results: 
B= PAK) Uso Ton: Cee 
b Ska = ky (KGS Mont pe ae 
where G, = | G(jw,)|, and the signal equation becomes 


ky (k)G. + y(kK)Giw,) = u, 
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This equation may be solved graphically for a given frequency, 
w,, and all k to yield v, = f(u,). Note that the actual solution 
proceeds from output to input. 

In the saturation region (k > 1-2), however, the accuracy of 
this procedure decreases considerably because it ignores the 
distortion terms which, as mentioned in Section 2.2, become 
large in this region. For this reason, it is also very difficult to 
calculate the behaviour more accurately here. 

The signal error for a given output (or given k) is directly 
proportional to G, [eqn. (85)], the magnitude of the transfer 
function at the carrier frequency. Thus, to reduce signal 
error, G,. must be reduced. This demonstrates the most 
salient feature of relay amplifiers. Error at signal frequencies 
depends directly on circuit behaviour at the carrier frequency. 
Proper design must therefore exercise control over the transfer 
function in both ranges, at the low signal frequencies and at 
the high frequencies near w,. If the signal error is very small 
compared with the output, b < v,, the signal equation becomes 
y(A)G(jiw,) ~ u,. The practical linear input range is then 
4|G(ja,)|/7. 

Calculation of the input required for complete saturation 
(relay output a square wave at w,) will be dealt with in Section 3.4. 
It is usually of limited interest. 


0:75" 0:5 10°25 
+ + 


Fig. 6.—Relay output: fifth-order synchronous case. 
(3.2.2) Experimental Circuit and Results. 

The experimental arrangement used to verify the above 
4 theory is shown in Fig. 8. One side only of the 3-positions relay 
was used as an ideal relay. One coil is in the main circuit with 
input and output feeding at opposite ends. The second coil is 
used for zeroing. One time-constant in G is provided by the 
relay coils, the two others by the operational amplifiers. The 
low carrier frequency of 12-5c/s was selected to make mecha- 
nical dynamic effects of the relay of negligible importance. This 
circuit was used for all the experimental measurements given in 
fo) oO the paper. 

Comparison of the calculated and experimental results for 
this circuit and three frequencies in the low-frequency region is 
(@) (6) given in Fig. 9. It shows clearly the good agreement in the 
J linear region and the discrepancy in the saturation region. 
Fig. 7.—Output spectrum. Despite this discrepancy, the analysis gives a good approxi- 

ey et 2 = 2. mation of the practical linear range of the amplifier. This is 


+4 
: 2 =: Saray if 
J J J 
—1 Obs UF Fos 
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Fig. 8.—Experimental circuit. 
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(qd) 


o5 


(b) 


Fig. 9.—Frequency response. 
(a) f = 2¢}s. 
(Oe =AWels: 
(c) f = 0°Sc/s. 
— Calculated. 
© Measured. 


the range which is of interest in design, rather than the complete 
saturation range, which may be much bigger. 


(3.3) Higher Frequencies 
(3.3.1) General. 

When we discuss the response of the relay amplifier at higher 
signal frequencies, two distinct problems arise. The first is the 
behaviour of the amplifier itself. The second is concerned with 
the problem of carrier filtering in the system to which the relay 
amplifier is connected. This, naturally, becomes more difficult 
as the ratio w,/w, increases, and implies that the ratio must be 
kept rather small. However, as it is desired to keep this dis- 
cussion general and not tied to any particular system used with 


1 VOLT (R.M.S.) 


OUTPUT 


(a) (6) 


Fig. 11.—Transition between synchronization modes. 


f= 3efs. 
(a) Input, 0-5 volt (r.m.s.); IV > III 
(6) Input, 0:95 volt (r.m.s.); II 
(c) Input, 1-1 volts (r.m.s.); III > II 
(d) Input, 1:2 volts (r.m.s.); II 
(e) Input, 1-3 volts (r.m.s.); Complete saturation. 
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the relay amplifier, the frequency response of the amplifier its 
will be investigated at higher frequencies without regard to la 
filtering difficulties. These, of course, must be dealt with f 
each system separately. 


(3.3.2) Qualitative Response Picture. 


Before embarking on detailed analysis it is advantageous 
have a qualitative picture of the phenomena. Suppose we ha 
a signal at frequency, w,, a little smaller than $w,9. As t 
input signal, u,, increases, the relay output will contain : 
increasing component at the fifth-harmonic signal, 5w,, whi 
will interfere with the carrier. At a certain u, synchronizatic 
will take place and w, will become equal to 5w,. If w, is ne 
reduced, a larger input will be required to effect synchronizatic 
This phenomenon is somewhat similar to ordinary synchroniz 
tion of oscillators where w, ~ w,. Here, however, there are ma: 
possible fractional-order synchronous bands (w,, 5w,, .. 
Even-order synchronization (2w,, 4w,,...) may occur if t 
characteristic of the relay is not symmetrical. 

A qualitative picture of the various synchronization bands: 
given in Fig. 10. In the small-signal region, they become lin 


0-4 
903 
ay 
~ SYNCHRONIZATION 
30-2 BANDS 


0-1 PRACTICAL 
SMALL- SIGNAL SATURATION 
REGION REGION 


Fig. 10.—Qualitative overall-response diagram. 


at w,o/n. There is little real synchronization here: there: 
merely a coincidence of frequencies. At larger inputs app? 
ciable synchronization occurs and the carrier frequency ' 
reduced. This synchronized carrier frequency may be mu 
lower than w, when the input is large. The experimental tis 


- graphs of Fig. 11 show the transition between the various ss 


chronization modes for f, = 3c/s and a gradually increass 
sinusoidal input signal. 

The significance of these phenomena lies in the effect of ss 
chronization on relay gain, which may change abruptly, bo 
in magnitude and in phase. This may be seen by ca 
paring the non-synchronous with the synchronous relay outp: 
(Figs. 3, 4, 5 and 6). Therefore, v, = f(u,) may also chan1 
However, the situation is more disturbing in the almost ss 


(d) 


(Cc) 


chronous case (Section 2.4). Suppose uw, now corresponds to 
int A (Fig. 10). It is just a little smaller than that required 
fo synchronize. Consequently, w, = 3(w, + Aw). Carrier and 
gnal will not stay in step and the phase between them will vary 
continually. Hence relay gain will vary periodically at 3Aw—a 
ry low frequency—and at a constant uy, Vs Will not be con- 
ant but will vary with relay gain. It is these low-frequency 
ost-synchronous variations which impose the ultimate limit 
m high-frequency operation rather than synchronization itself. 
It is quite difficult to calculate higher-order synchronous bands 
. 10) and variations around them. Fortunately, it is often 
ficient to plot the line of onset of third-order synchronization 
ad calculate output variations just below it, as variations con- 
ted with higher-order cases are much smaller. We shall deal 
nly with the third-order case. 


(3.3.3) Synchronization. 


_ Egns. (7) are used again, but now signal and carrier outputs, 
; = y(k, 6) and y, = y(k, ¢), are complex (Section 2.3). 
aphical solution of the carrier equation now gives w.< w,9 
od / GG) > — 180°. The extra phase shift to sustain 
oscillations is supplied by y,. With these values of k, w, and d, 
we can proceed to solve the other equations as in Section 3.2, 
finally arriving at the signal input, u,, required for syn- 
chronization. w, is, of course, equal to 4w,. Note that, as now 
@, < Wo, the signal error b = ky.G, is usually larger. 

_ The calculated and experimental curves where third-order 
ynchronization starts for the same circuit as in Section 3.2.2 
are compared in Fig. 12. The discrepancy between calcula- 


Ato 


f= w,/277, CYCLES/SEc 


ie) 0-5 1 TS 73 


fe 


Fig. 12.—Overall-response diagram. 


x Experimental results ‘ 
(a) Synchronous case Saturation. 
(6) Non-synchronous case 


(c) Synchronous case 
© Experimental results 
(d) Non-synchronous case, k = 0°75. 


} Synchronization. 


tion and experiment increases as w, decreases. This is owing 
4o the increasing importance of the term at 5w,. Indeed, as 
«, decreases, we pass gradually into the saturation region at 
ow frequencies where an increasing number of distortion terms 


3 involved. 


If w, ~ 4w, but Aw = w, — 4a, is very small, we may still 
Ollow the same approach as in the synchronous case. As co) 
not constant now, we must add to eqns. (7a) and (7b)—the 
nal and carrier equations—a third one, the synchronization 


(9) 


_A similar approach has been employed successfully for simple 
ynchronization!* (w, ~ w,). The synchronization equation 


d = Aw = w, — 40, 


ar 
} 
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can be integrated step by step in conjunction with the other two 
equations to yield y(t) explicitly. From y(t), the time variation 
of all other variables may be found. Usually this is not necessary, 
as only the maximum amplitude variation of v, for constant u, 
is required. For this purpose only the signal and carrier 
equations have to be solved. 

Before detailing the procedure it is necessary to examine the 
approximation involved in this approach. It is essentially in 
writing v, = y,(k, 6)G(jw,) anda = — y,(k, )G(jw,) when 
is not constant. Referring to Section 2.4 and Fig. 7, it is seen 
that, when Aw #0, y(t) contains a spectrum of frequencies 
around w, and w,. The approximation is in assuming that this 
spectrum is sufficiently narrow so that G remains almost constant 
within it. This is justified when Aw is very small. 

The method of solution is essentially, as before, but as ¢ is 
not constant all variables are functions of bothk and ¢. Solving 
the signal equation we obtain u,(k, 6), which can be plotted as 
function of 4 with k as parameter. By superimposing a straight 
line corresponding to a constant input signal, w,, on this graph, 
the relation k(¢) for this u, is obtained. When this k(¢) locus 
is plotted on the v,(k, 4) graphs, we arrive at the variation of v, 
for the given constant u,. If v,(t) is desired, the synchronization 
equation must be integrated. 

As an example, the almost synchronous variations are cal- 
culated for point A of Fig. 12. This calculation is presented in 
Fig. 13. Fig. 13(@) shows u,(¢) with k as parameter. The locus 


0-4 


30 60 90 
¢, DEG 


(Q) 


Fig. 13.—Almost synchronous variations. 
us = 0°58, fe = 3 c/s. 


of v, for u, = 0°58 is given in Fig. 13(6). From this locus the 
maximum variation of the output is found to be 13% of the 
input. Experiment yields 15%. 


(3.4) Complete Saturation and the ‘Jump’ Phenomenon 


The synchronous case can also be used for calculating approxi- 
mately the line of complete saturation. (Relay output a square 
wave at w,). The relevant loci for this calculation in Figs. 4 
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and 5 are those formed by circular arcs. This procedure 
improves the result given by the non-synchronous case 
(Section 3.2) because it takes into account the term at 3w,. A 
comparison of these results with experiment for our circuit 
(Fig. 8) is also shown in Fig. 12: (6) pertains to the non-syn- 
chronous case and (a) to the synchronous case. At very low 
frequencies, where higher terms, 5w,, . . ., are important, the 
experimental results (marked X) show that complete saturation 
occurs at a much larger input than that given by the synchronous 
case. It may be calculated exactly by a formula given by 
Zypkin,® which takes into account all harmonics: 


ae A (Ce 1)w,] 
Paes x, U[(Qm — 1)w,] + pea 


[an 


(10) 


It is necessary to stress again that this complete saturation is 
of limited interest and that, for assessing the practical range, 
curve (b) of Fig. 12, which is calculated by the non-synchronous 
case, is preferable. 

There is a case where complete saturation is important. 
This is when the amplifier saturates at input signals well within 
the linear range, thus curtailing the effective range. It is known 
as the ‘jump’ phenomenon. Lozier,!> taking into account the 
fundamental component only (at w,), has shown that a ‘jump’ 
may occur whenever / G(j ws) < —90°, ie. G(jw,) lies in the 
third quadrant. When we apply the synchronous describing 
functions, it is seen that some excursion into the third quadrant 
is possible, owing to the signal phase advance upon synchroniza- 
tion (Figs. 4 and 5). This problem, which will be discussed 
elsewhere, will not be dealt with here any more, as usually the 
signal frequencies in the relay amplifier lie well within the 
fourth quadrant for other reasons (Section 4). 


(3.5) Summary 


A picture of overall behaviour is obtained from the diagram 
of w, versus u, (Fig. 12). To the left of curve (d), calculated for 
k = 0-75 (non-synchronous case), the response is quite linear 
and distortion is negligible. Curve (4), calculated for k = co 
(non-synchronous case), gives the practical range of the amplifier, 
and at higher frequencies it merges with the synchronous-case 
saturation curve (a). Curve (c) gives approximately the onset of 
third-order synchronization. The almost synchronous varia- 
tions below it may be calculated as in Section 3.3.4. The mag- 
nitude of allowed variation will fix the limit of operation in this 
region. Such a limit may be like the broken line in the diagram. 


(4) DESIGN CONSIDERATIONS 


It is appropriate to conclude with a discussion of the influence 
of the shape of the linear transfer function, G, on amplifier 
performance in the various regions. For small inputs the for- 
ward gain of the amplifier is, from eqns. (4) and (8), 


v,_ Gay) Gas) (11) 
b | (GRYMG SU 2G. tas a” 


Error is minimized by reducing G, as far as possible. 

As VAS jw) > —180° for w < w,, the maximum slope which 
may be used for reducing G from |G(jw,)| ~ 1 to G, / —180° 
is limited. (The limit is slightly over —40dB/deg and its exact 
value depends on w,). Thus a requirement for a higher open- 
loop gain, i.e. small G,, calls for a higher w,. This is similar 
to the linear feedback amplifier where a higher open-loop gain 
leads to higher crossover frequency.!® 

However, the design of G in the transition band from &, gx 
to w, is also affected by the consideration of the influence of 
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synchronous effects within the signal band (w, << @smax) Wh 
the input is large. From Fig. 5(b) it is seen that these effects a 
negligible when Gi j3w,) > —105° (the angle of the tip of t 
locus for k = 2). Hence, by fixing 7 jw) > —105° f 
Ww < 3W max» Synchronous effects can be eliminated inside tl 
signal band. The design requirements are summarized in Fig. 1 
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Fig. 14.—Restrictions on G. 


Os maz = 1 


The attenuation characteristic for w, > @ ymax Should be designe 
to minimize G, without violating the phase barriers. 

On the other hand, we may attempt to operate at higi 
frequencies, despite the almost synchronous variations whiii 
disturb the operation, by minimizing their influence with hi 
forward gain. However, the gain in the synchronous case is 


v,  G(jw,)y(k, >) 2 3G(jw,) a 

b  |GBja,)|kylk, 6) ~ k|GGja)| ~~ 
where, usually, 1<A< 2. It is rather difficult to design 
so that the gain will be sufficiently high to reduce the alma 
synchronous variations to a tolerable value. It therefore appez 
that operation at higher frequencies, if at all feasible, is limit 
to the small-signal region. 


(5) CONCLUSIONS 


The analysis and experiments described in the paper sha 
that the feedback relay amplifier is similar to a saturating lina 
amplifier when the input signal frequency is low. As this f 
quency is increased, operation is disturbed by interaction betwe 
signal and carrier frequencies, mainly in the form of alm 
synchronous variations, which put an upper limit on sig? 
frequencies. Restrictions must be placed on G to elimin 
synchronous effects within the signal band. 
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SIGN MATRICES AND REALIZABILITY OF CONDUCTANCE MATRICES 


By Professor G. BIORCI. 


(The paper was first received 5th July, and in revised form 17th September, 1960. It was published as an INSTITUTION MONOGRAPH | 
in December, 1960.) 


SUMMARY 


Given a conductance matrix G of order n, the problem of realizing 
it by a network with n + 1 nodes can be split in two parts: to find 
the tree of the ports corresponding to the given matrix G; and to 
determine the actual resistances of the branches of the network. 

A procedure to solve the first (topological) problem is proposed, 
which is simply concerned with the signs of the elements of the given 
matrix G. The successful development of the procedure can be 
considered as a necessary and sufficient condition for the existence of 
a tree corresponding to G. 


(1) INTRODUCTION 


In order to describe the behaviour of a given resistive network 
with n+ 1 nodes one has to choose independent voltages 
across pairs of nodes of the network. Such pairs of nodes 
are called ‘ports’ of the network. The set of branches of the 
network connected to the ports is an open graph (since it cannot 
include loops) called the ‘tree’ of the ports. 

Obviously, for a given network one can draw many trees of 
the ports (one for each choice of n pairs of nodes making no 
loops), but, once a tree has been selected, the relationship 
between the currents and voltages of the ports is determined 
uniquely, namely 

(1) 


where J and V are column matrices of the port currents and 
voltages, and G is a square matrix of order n. 

It follows that the matrix G is determined by the choice of 
the ports and by the resistances of the branches of the network. 

If G is given, the problem is to find the network of n + 1 
nodes which is consistent with G, i.e. to draw a tree of the ports 
on n+ 1 nodes; to determine which branches comprise the 
network; and to find the values of the branch resistances, in 
such a way that eqn. (1) holds. 

This realizability problem is being widely discussed,! since it is 
recognized as an important step in the problem of the synthesis 
of multi-terminal systems. 

Cederbaum* was the first to give a realizability criterion, 
leading from the conductance matmx to the corresponding 
cut-set matrix. The procedure suggested by him, however, 
leaves open the problem of realizing a cut-set matrix—a problem 
which has been solved in various ways by Guillemin,? Gould,* 
Lofgren and others. 

A direct approach to the realizability problem has recently 
been proposed by Guillemin® and, independently, by Biorci and 
Civalleri.? These authors have proved that the tree of the 
ports depends solely on the distribution of signs in the con- 
ductance matrix and not upon the numerical values of its 
elements. 

In this paper we wish to show that the method proposed by 
Biorci and Civalleri’ can be greatly modified and simplified, by 
making use of some simple development of the theory of the 
signs in a conductance matrix. 


I=GV. 


Correspondence on Monographs is invited for consideration with a view to 
publication. 
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(2) DEFINITIONS AND FUNDAMENTAL THEOREMS 


First, we resume some definitions and properties previously, 
given in a somewhat different form.” 

(a) Given a tree of the ports, the ‘tree path’ [i,j] is that pati 
of the tree which joins i and j. The orientation of [i, j] is the 
same as that of port i. | 

(b) The following property can be considered intuitively; if 
and only if, G;; is positive (negative) the orientation of the por 
jis the same as (opposite to) that of the tree path [i, /]. 

(c) From (6) it follows that, if the orientation of port 7 ig 
changed, so also are those of the tree paths [i,j] = 1,2... 7). 
and hence all the off-diagonal elements of the ith row an 
column of G change sign. 

Conversely, if the signs of all the off-diagonal elements of the 
ith row and column of G are changed, the orientation of th 
port i will change. 

Guillemin® has stressed the importance of reducing the give 
conductance matrix G to its standard form, G’, in which all th 
elements of the first row and column are positive. For an 
G, the corresponding G’ can be obtained very rapidly. In fact.) 
if the first row of G has some negative elements G,,, Gj,,. . - 
G;,, one simply has to change the signs of all elements of th 
rth, sth, ... 7th rows and columns in sequence. From (c) this 
operation changes the orientation of ports r, s,...¢. One 
this is done, each port k is oriented as the corresponding tre 
path [/, k] [point (5)], as shown in Fig. 1. 


Fig. 1.—Tree with orientation chosen so that G1, is positive for 
all k. 


L sets of tree; (m, n) and (wy, v). 
V sets of tree; (a, b, c), (i, J), (7, D, (p, Q), (x, y). 


In the following, we shall neglect all degenerate cases, i.e. we 
shall assume that no G;; is zero, and that port 1 is not a tip 
of the tree, i.e. both nodes of port 1 are connected to some 
other ports. The latter assumption will be removed in a 
following Section. 


j 


j 


_ In the tree, or sub-trees, of the ports, we call L a set of two 
(or more) ports which form a linear graph, and V a set of two 
(or more) ports which form a star of tips (Fig. 1). 

If the conductance matrix is reduced to its standard form, 
G’, since each port i, as explained above, has the same orientation 
as the tree path [1, i] and 1 is not a tip of the tree, the ports of 
each L set of the tree have like orientation, and the orientations 
of the ports of each V set are all divergent or all convergent 
(Fig. 1). 

_ Therefore, taking into account property (b), we can state the 
following theorem, valid for conductance matrices in standard 
form G’: 

_ Theorem \1.—The ports of each L set of the tree have positive 
mutual conductances, whereas those of the ports of each V set 
‘of the tree are negative (we have excluded the case of the port 1 
being a tip of the tree). 


(3) THE SIGN MATRIX 


Since we are interested in the properties which depend only 
upon the signs of the elements of G’, we introduce® the ‘sign 
matrix’ corresponding to the given conductance matrix (in 
standard form) as a matrix S in which the site (i, 7) is occupied 
by a plus if Gj; is positive, a minus otherwise. 

Denoting the plus or minus at the site (i, j) by s;;, we say 
that's;; = s,, if both sites @, j) and (p, q) are occupied by the 
Same sign, and that s;; = — s,, if those sites are occupied by 
opposite signs. 

_ We can now prove the following theorem: 


_ Theorem 2.—If, and only if, two ports i and j belong to an 
L set, 5; = sj, for all k. 

In fact, since the conductance matrix is in standard form, it 
follows from Theorem 1 and property (5) that ports i and j 
have like orientations, and since they belong to an L set, the 
orientation of the tree path [7, k] is the same as that of the tree 
path [j, k] for all k [Fig. 2(@]. Instead, if the two ports 7 and 


ib 


(a) (b) 


Fig. 2.—Conditions for L sets. 


(a) Ports i and j belong to an L set, and thus orientations of the tree paths [/, k] 


and [j, k] are the same. : 
es i and j do not belong to an L set, and thus there is at least one port g 


for which sig = — Sjg. 


j do not belong to an L set, there is at least one port q such 
that the tree paths [i, g] and [j, g] have opposite orientation, 
and hence sj, = — Sjq [Fig. 2(5)]. , 
Now we define a new sign matrix S’ as that whose terms s 

are given by 
Ky 


a (2) 


y= Sy ere 


S al 


Then the following theorem can be proved. 
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Zo 


Theorem 3.—If, and only if, two ports i and j belong to a 
V set, 8;~ = Sj for all k. 

In fact, since the conductance matrix is in standard form and 
port 1 is not a tip of the tree, if ports i and j belong to a V set, 
their orientations are both convergent or divergent (Fig. 3). 


Fig. 3.—If two ports i and j belong to a V set s/x = 5/4 but 
Sjj is a minus. 


Therefore, tree paths [7, k] and [j, k] have like orientations for 
all values of k except i and j, whereas port j has orientation 
opposite to tree path [7, j]. So s;, = s;, for all values of k 
except i and j, whereas s;; is a minus, as well as s;; and s;;. 
Conversely, if the ports i and j do not belong to a V set—this 
can happen because at least one of them is not a tip of the 
tree [Fig. 4(a)] or because, being both tips of the tree, there is 


(@) (6) 


Fig. 4.—If two ports i and j do not belong to a V set (or to an L set) 
there is at least one port q for which s/qg = — sjq. 


at least one port between them [Fig. 4(5)]—there is at least one 
port g for which s;, = —sj,. The port g is indicated in 
Figs. 4(a) and (6), and its orientation has no importance in 
this respect. 


(4) TREE OF THE PORTS 


By making use of the preceding theorems, the procedure to 
find the tree of the ports becomes very simple. 

(a) Given a conductance matrix G, the first step in the synthesis 
is to reduce it to standard form G’, and to write down the sign 
matrices § and S’. Actually, only one sign matrix need be 
written, putting in the main diagonal double signs, the plus 
holding for S and the minus for S’. However, in the following, 
for the ease of the reader, we shall refer to S and S’ as two 
distinct matrices. 

(b) The second step is to examine S for equal rows. Each 
group of equal rows makes an L set of the tree. The order of 
the ports of each L set cannot be deduced from the sign matrix, 
but from G. We do not discuss this point here,® 7” since it is 
not immediately relevant. 

Once the L sets are found, we can cancel, for each L, the 
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rows (and columns) of S and S’ corresponding to all the ports 
of that L set but one (arbitrarily chosen). Physically, this 
means that we short-circuit, for each L set, all ports but one. 
Provided that note is taken of which ports are short-circuited, 
the building of the tree can proceed. 

(c) At this point we examine S’ for groups of equal rows. 
Each group (Theorem 3) is a V set of the tree. We take note 
of the V sets, and again cancel the rows (and columns) of S$ 
and SS’ corresponding, in each V, to all ports but one. This 
operation makes new L sets. In fact, for each V, the uncancelled 
port remains ‘in series’ with one (and only one) port of the 
tree (Fig. 5). 


5.—If ports p and q are short-circuited, ports r and s make 
an L set. 


Fig. 


(d) Let us suppose that the uncancelled ports of the V sets 
are m,n, ...s. We examine S and find the rows equal to 
rows m,n, etc. Let a, b,...fbe such rows. We know that 
a makes an L set with m (once the other ports of the V sets 
are cancelled) and so on. Therefore we can attach the ports 
a, b,...f to the V sets in their proper position. 

Once this is done, we can cancel the rows (and columns) m, 
ae SOL SP andySis 

(e) We now go back to the matrix S’ and look for rows equal 
to rows a, b,.../f. In this case we may find none [Fig. 6(a)], 


(a) 


Fig. 6.—Tree with heavily drawn ports short-circuited. 


(a) Port p makes a V set with no other port, 
(6) Port p makes a V set with port q. 
(c) Port p makes a V set with ports g and r. 


one [Fig. 6(6)] or several [Fig. 6(c)] rows equal to a given row. 
These rows make V sets with a, b,... f. 

(f) The procedure ends when all ports have found their place 
in the tree. 

(5) EXAMPLE 

In this Section we shall develop the same example treated 
previously,’ in order to show the speed with which the present 
procedure can be used. 
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Table 1 


SIGNS OF THE OFF-DIAGONAL ELEMENTS OF A GIVEN 
CONDUCTANCE MATRIX G 


1, 2.03 54) 5° 16.8 7eS, BO OR I aie Uses 
bo ee tb ay tch ees ae ee 
2 +4++4+4+---+4—-—-F 
3 — = Sp ee 
4 + — + + — + + 

5 -+->-+-4+--- 
6 +-++—-4++4+-- 
i —--~+-—-—--—+ 
8 ++—-+++- 
9 +o -++- 
10 +—-—+¢4 
1 ae 
12 Deine 
13 =e 
14 = 
15 


Table 1 shows the signs of the off-diagonal elements of 
given conductance matrix G. If we make positive the signs _ 
the first row and column by the procedure suggested in Sectic 
we obtain the sign matrices S and S$’ shown in Table 2. T 
diagonal elements are all plus in S, and all minus in S’, where: 
the off-diagonal elements are the same in both matrices. 

Now we look for equal rows in S (upper signs in the diage 
elements) in order to find the Z sets of the tree [Section 4(0) 


Table 2 
MATRIcEes S AND 5S’ 


> 
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H+ | ++4+4+4+441 1 144+ 


+++++++4+4+4+4+4+44+1+ 
++4+4+4+4 
++) +it+4+4+44 | 


+++ 141) +i 
+1 +H4+141 


In the diagonal elements, the upper signs refer to S and the lower to S’. 


No such rows are found, and hence the tree has no L set 
Then we look for equal rows of S’ (lower signs in the diagon: 
elements) in order to find the V sets of the tree [Section 4(c} 
We find that 

Sze = S1sk Sak = Si3e 57K = Sex 
for all k. Hence the V sets are those indicated in Fig. 7( 
Now we cancel the rows and columns 15, 13, 8 and examine 
to find the rows equal to the 3rd, 4th and 7th [Section 4(d)]. 

These are rows 11, 5 and 14, respectively. The correspondi 
ports make L sets with the not-short-circuited ports, i.e. wit 
ports 3, 4 and 7, respectively [Fig. 7(b)]. 

We now cancel the rows and columns 3, 4 and 7 and look « 
S’ in order to find the rows equal to the 11th, 5th and 14th 
We find that rows 5 and 11 are equal, and that row 12 is equi 
to the 14th. Thus the situation is that shown in Fig. 7(0). 

The procedure is now clear. The order in which the row 
and columns are cancelled is indicated in Table 2 by the letter 
a, b, c, ... and those ports which have been successively short 
circuited ; are shown in Fig. 7. 


one SUS Nee 


i. (a) 


is 3 1Sk 4. 13. 
; 1 5 
) 


(b 


7 8. 


7. 8. 
14 
8. 
12 


15/14. Z 
3 = 
; : 14. 
NG 
(c) 


/ (d) 


Fig. 7.—Successive steps in growing the tree. 
e Short-circuited ports. 


Once the tree has been found the orientation of port 1 can 
be chosen arbitrarily, and the orientations of the other ports 
can be determined easily by making use of property (6), 
Section 2, applied to the first row of the conductance matrix G 
(if one wants to have the original orientations) or to the first 
row of G’ (if one prefers to have the orientations corresponding 
to the standard form of the conductance matrix). 


\ 


(6) FINAL REMARKS 


- First, the procedure indicated is straightforward, and therefore 
any inconsistency found at any step of the development means 
that the given conductance matrix G is not realizable, at least 
With a network with only n + 1 nodes. 

- Secondly, to proceed with the synthesis once the tree of the 
ports is found, one can, for instance, introduce very simply a 
new set of independent voltages (e.g. a set of node-to-datum 
voltages) for which the synthesis is well known. The problem 
is widely treated by Guillemin® and mentioned also by Biorci 
and Civalleri.” 

| Finally, we have to remove the assumption, made in the 
preceding Sections, that port 1 is not a tip of the tree. This 
case (Fig. 8) is very simple: the procedure is fully valid and the 
various steps of the synthesis can be performed without special 
care. The only difference is that the V set to which port 1 
belongs does not show up at step (c), Section 4, as the other 
V sets do, but only at the end of the procedure. In fact, if the 
port 1, in its V set, is divergent, the other ports of the same V 
set are convergent, and vice versa (Fig. 8). 
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as 


Fig. 8.—A tree in which the port 1 is a tip. 


(7) CONCLUSION 


A rapid procedure has been given for determining the tree 
of the ports from the signs of the elements of a given conductance 
matrix G. The procedure is valid for the realization of a con- 
ductance matrix G of order n with a fully resistive network 
having only n + 1 nodes. 

The first step of the procedure is to reduce the matrix G to its 
standard form, G’, in which all the elements of the first row are 
positive. The physical meaning of the transformation from G 
to G’ is a proper reorientation of the ports of the tree. 

The tree is built, step by step, by examining the signs of the 
elements of G’ to find simple relationships between them, e.g. 
equal signs in two rows. 

Since the proposed procedure is straightforward, the possi- 
bility of applying it successfully to a given conductance matrix G 
can be considered as the necessary and sufficient condition for 
G to have a corresponding tree of the ports. 
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January, 1961. : 


SUMMARY 

The behaviour of networks, whether lumped, distributed, active or 
passive, is analysed from a fundamental travelling-wave point of view. 
Generalized wave parameters are derived for a 2-port network from 
which image, conjugate and iterative parameters follow as special 
cases. The relationship of these to short- and open-circuit parameters 
are also given. 

A matrix organization of waves in a multi-port network is next 
presented, which distinguishes between waves internal and external 
tothe network. Through special transformations, voltage- and power- 
gain matrices are derived and their relationship to the conventional 
scattering matrix is shown. 

Finally, a visual representation of the wave trains set up in cascaded 
stages is given in the form of wave flow diagrams, reminiscent of 
Mason’s feedback graphs. 


(1) INTRODUCTION 


Before the present development of modern lumped network 
theory, workers were strongly influenced by the travelling-wave 
treatment of the propagation of electromagnetic energy in con- 
tinuous media and distributed networks, and have endeavoured 
to carry over various travelling-wave concepts into lumped net- 
work studies. However, these analyses invariably apply only to 
special cases and the writers warn against carrying the analogy 
any further. For example, Shea,! Guillemin® 3, and Terman, 
treat a series of 2-port networks in cascade, using wave ter- 
minology such as reflection coefficient, propagation coefficient, 
image and iterative matching, etc. Also, the treatment is 
restricted to passive networks. This paper makes no such 
reservations and throughout employs a travelling-wave point of 
view. 

Present-day writers on network synthesis, in dealing with 
multi-port lumped networks, prefer the short-circuit and open- 
circuit parameter specification, z, y, h, g, a and b, which are 
formally devoid of any travelling-wave notions. The only major 
modern development in the travelling-wave approach appears 
to be the scattering matrix,> which has its origin in nuclear 
physics® and in its circuit application is specifically concerned 
with resistive terminations. Also, the wave amplitudes have 
dimensions of (volt-ampere)!/? instead of the more familiar volts 
or amperes. 

It is worth while noting some of the merits and demerits of 
the use of the travelling-wave approach and the specification of 
a general network by image parameters, as compared with the 
open- and/or short-circuit description. Amongst the advan- 
tages of short- and open-circuit parameters is the fact that, 
particularly at low frequencies, it is comparatively easy to 
open- or short-circuit a pair of terminals and conduct a par- 
ticular set of measurements accordingly. For example, in 
transistors the measurement of /-parameters has been widely 
adopted owing to the fact that they often have comparatively 
low input and high output impedances and so an open-circuit 
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at the input and a short-circuit at the output terminals is easi) 
achieved at low and medium frequencies. In contrast, it is mo! 
difficult to measure the image parameters directly, whatever tf 
frequency. With new transistors, however, operating in ih 
v.h.f. and u.h.f. ranges, a good open- or short-circuit is not s 
easily achieved’ by virtue of stray capacitance and lead inda 
tance, and termination on a known finite impedance becomy 
more practical. Indeed, the insertion of some impedance at th 
output when the current gain is measured is essential at a 
frequencies. Using these finite impedances and the resultan 
readings, a set of parameters must then be calculated, and ti 
is as easily done for z, y or A as for image parameters. 
Amongst the advantages of image parameters, on the oti 
hand, is that a circuit designer probably gets more usefi 
information about the amplification capabilities of the devid 
from an inspection of the image than of, say, the h-paramete 
since practical loads are closer to the value of an image matches 
impedance than to a short-circuit when good power gain is. 
requirement. Furthermore, once the image parameters 
available, whether measured directly or calculated from 
other parameters,* the algebraic expressions used in desigg 
calculations such as input impedance, etc., are believed to tj 
simpler. At ultra-high frequencies, where components such 
coaxial cables are specified on an image parameter basis, imag} 
specification of the other components would be an addei 
advantage. 
The paper first deals with a perfectly general linear networ 
which may contain lumped and/or distributed elements anr 
which, in addition, may be either active or passive, from 
fundamental travelling-wave point of view, by considering way 
trains inside the network. An analogy is drawn from electrci 
magnetic wave travel in anisotropic media, which, in practic 
occurs with wave propagation in the ionosphere in the presence 
of the earth’s magnetic field, and in some modern microwa 
devices such as circulators, gyrators and isolators.® 
The paper next shows how the short- and open-circuit parej 
meters may be obtained from general wave parameters 
inspection, and gives Tables of the relationships between the | 
Indeed, other design quantities such as voltage gain, input 
impedance, etc., may also be obtained by inspection, since eacd 
term in the expressions represents a wave at a particular poin 
travelling in a particular direction. From these Tables it i 
clear that computation of image parameters from z, y, h, etc 
or vice versa, involves no more labour than conversion fron} 
say, h to y, which is most desirable if parallel (or y) feedback i 
applied to a device that has been specified in h-parameters.? 
is believed that these Tables} will also be found useful in 4-pol) 
synthesis or filter design, where the pole-zero approach an# 
short- and open-circuit parameters have in some instances, b 
by no means all, ousted filter design based on image parameter! 
or reflection coefficients,!° by permitting the design to be seer 
from both points of view. 


* The practical determination of image parameters for transistors from both th 
equivalent circuit and experimental data is given in References 11 and 12, 
t+ A complete Table involving the conversion of z, y, h, g, a, b, image ani) 
unnormalized scattering parameters which involve termination with an arbitran) 
finite impedance is given in Reference 12. 
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am use of image parameters leads naturally to a circle dia- 
gram, of which the well-known Smith chart used in microwave 
calculations is a special case.!! The use of this chart for the 
determination of various design quantities, including stability 
and power gain of 4-terminal networks, is treated elsewhere. !2 
Thus, even if a device is specified in other than image para- 
meters, it is believed worth while to convert it first to image 
parameters so as to make use of the computational advantage 
offered by these charts. 

Finally, two powerful tools in modern network theory are 
considered as they apply to travelling waves. The first involves 
matrix methods, the results of which are related to the scattering 
matrix. The second is related to flow graphs,!3 where the 
treatment is empirical and a more systematic approach must 
still be developed. 


(2) TRAVELLING WAVES IN A 4-TERMINAL NETWORK 


: Let a voltage wave Vr; be injected slightly to the right of point 1 
in the 4-terminal network shown in Fig. 1(a). The network may 
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Fig. 1.—Flow of electromagnetic energy in a generalized 4-terminal 
E network and anisotropic medium. 


be lumped or distributed, active or passive. Analogously, one 
may consider a disturbance situated in the centre anisotropic 
linear medium of Fig. 1(c) in the form of the component Ey 
of a plane-polarized wave. This wave, shown in Fig. 1(5), in 
proceeding from point 1 to point 2 is amplified or attenuated by 
a factor Py, OF pr (f for forward), i.e. its voltage is Now 
Vio=Veypr. At point 2 it experiences a discontinuity due to 
impedance Z,, so that a reflection occurs, the ratio of the reflected 
to incident wave being 123. The reflected wave is thus 
Vio = VeiPst23- The wave proceeds back to point 1, again 
being amplified or attenuated by a factor p12 Or p, (r for reverse) 
and is now V,, =V;,Psr23P;. Let it now be specified that the 
source impedance is of such a magnitude that no reflection 
occurs there, i.e. matching is present and the signal is completely 
absorbed by the source impedance, causing no further distur- 
bance to the system. [In the case of Fig. 1(c) this implies that 
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no discontinuity exists at point 1, i.e. there are now two semi- 
infinite media which join at point 2 and the signal proceeds to 
the left ad infinitum, causing no further disturbance. The case 
of a mismatch at point | is treated later.] The voltages at points 1 


and 2 will be the sum of the forward and reverse waves. Thus 
at point 1, 
Viger pier Yoh 
= Ves + DeP,r23) (1) 
and at point 2, 
at ee 
bes Coals (2) 


To find the associated incident and reflected current waves, it 
is assumed that, in general, a disturbance experiences an impe- 
dance solely determined by the direction in which it travels 
and by the local conditions, i.e. it is unaffected by impedances 
at any further point. Thus, let V;,; experience at point 1 an 
impedance Z,; the incident current wave, I, is then Vp,/Z4. 
Similarly, just prior to emerging at point 2, the forward voltage 
wave Vr, will have an associated current wave Ir. = Vr2/Zp; 
the reflected current wave at point 2 is J,, = V,./Z¢, and finally 


at point 1 it is 7, = V,,/Zp. 
At point 1, 
Le RS 
= I es) 
= tz a fa (3) 
and at point 2, 
alps Fp Te 
1 123 
=Vr (se -P (4) 
LIVE OE 


where the positive and negative signs arise out of the sign 
convention shown in Figs. 1(a) and (5). 

Eqns. (1)-(4) contain six parameters which are solely functions 
of the 4-terminal network, namely p,, p,, Z4, Zp, Zc and Zp. 
Since four quantities are sufficient to specify it uniquely, two 
of these have to be eliminated by, for example, expressing them 
in terms of two others. These parameters will then become 
recognizable in terms of the conventional ones, as shown in 
Sections 4 and 5. At present some implications of eqns. (1)-(4) 
will be examined. 

The voltage reflection coefficient may be expressed in terms of 
impedances by dividing eqn. (2) by eqn. (4): 


2S Zi ae POU aS 5, 
I, Bead Zeina Ze 
ZTE 


(5) 


or 123 Pea ay ig i 


From eqn. (5) it is clear that there will be no reflection, i.e. 


complete absortion or matching will occur, when 
Jé, If, a ZL B (6) 


Under this condition, putting r,; = 0 in eqns. (1) and (3), the 
input impedance is 


Lig Vildy= 2 (7) 
Analogously, matching occurs at the input when 
Zs (8) 
resulting in an output impedance 
i, BL Bie ele & BOE AD 
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From eqn. (5) it is also clear that, for total reflection at a 
junction, ie. Z, = 0 or Zz, = ©, the voltage reflection coefficient 
ry3 is —1 or Z¢/Zz, respectively. In general, the magnitude of 
r>3 may be either smaller or larger than unity, exceptions being 
in resistance networks and lossless transmission lines. 

Finally, eqns. (1) and (2) define the quantities p, and p, more 
closely than hitherto. Letting r,; equal zero in eqns. (1) and 
(2), it is seen that V,/V, = py and therefore p, and p, are the 
forward and reverse voltage transfer ratios, respectively, of a 
4-terminal network matched at both terminal pairs. 

The above expressions are all in terms of an incident voltage 
wave, V;;. Obviously, dual expressions in terms of an incident 
current wave are possible. Of special interest may be the 
current reflection coefficient, which, from eqn. (4), is 733 = I,2/Tp2 
=—_ 'y3Zp/Zc.- Thus, if Zr = 0,7 153 =—1, 

At a discontinuity between two media or at a terminal pair 
which connects two networks, the sums of the incident and 
reflected waves on each side are equal, and in the case of networks 
this sum equals the net voltage or current measured at the 
terminal pair. When there is wave flow from one semi-infinite 
medium containing a generator across the discontinuity to 
another that is passive (i.e. it does not possess a generator, 
which is the condition at point 2 in Fig. 1), then the passive 
side possesses only a wave which travels away from the junction. 
This is termed the ‘transmitted wave’. The transmission coeffi- 
cient is defined as the ratio of the transmitted wave to the 
incident wave at such a discontinuity. From eqn. (2) the 
voltage transmission coefficient is 


is epee co 


t = == jl spur (10) 
and from eqn. (4) the current transmission coefficient is 
TIpo +1 — I. : 
23 t= ri F=1+ry (11) 
f2 f2 


Consider now power flow. The power delivered to a load, 
i.e. the transmitted power, is 


Pr = t2(V2IF) 


where & symbolizes ‘the real part of’. 
this may be written 


From eqns. (10) and (11) 


Pr = tk toxtio3V olf) (12) 
The incident power is 
P; =42(Vpol fp) (13) 
The reflected power is analogously 
P, = $A(V 15) 
= tA (ro3ry3V pal fo) (14) 
Note that Py = P; + P, only if Zz = Zo, ie. if 23 = — 1, 


(which, as shown in Section 4, implies ‘image’ waves) and if 
V pol fais real, i.e. if Voll 2 = Zz, pisreal. Under these conditions 
the power transmission coefficient is 


(15) 


This implies that 7.3; may be used as a measure of power mismatch 
at a junction only when driving from a resistive source or from 
a medium having a characteristic impedance which is real. 
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(3) WAVE TRAINS IN 4-TERMINAL NETWORKS WITH| 
MISMATCHED SOURCE } 

Let a wave V7; be emitted by the generator which is place 
to the left of the network in Fig. 1(a). (By analogy, an incider 
wave Ey, is generated at a point close to the boundary 1 
Fig. 1(c) and to the left of it.) It first experiences a discontinui! 
at the input to the network [or at boundary 1 in Fig. 1(0)]. Tr 
reflected wave will proceed to the left and disappear. Trt! 
transmitted wave is instantaneously ‘unaware’ of the type ¢ 
termination at points 2 and 3 and hence its magnitude will t 
Vii +12), analogous to eqn. (10), where [analogous 1 
eqn. (5)] | 


sill Zeit 
SZ pte yl 


As before, it continues to travel to the right towards point 
while having its magnitude changed by a factor p;, and becom 
Vii. + ry) pp; next it is reflected and becomes V,(1 +112) pyr’ 
at point 2, and when finally arriving at point 1 it 
Vi. +112) Prr23P;- Now, however, it suffers another refies 
tion at the input by a factor r,, given by [analogous to eqn. ( 


es 4elpiea 
Ne LebZaein 


. (16 


(16. 


resulting in a wave of magnitude V>,(1 + ry2)Prr23P;r21 CCF 
mencing its journey to the right. All waves proceeding to i 
left of point 1 again disappear. This process is repeated ove 
and over again, and hence the total voltage of all the wave 
leaving point 1 and travelling to the right or in the fowar 
direction is 


Vers = Vey + yo) + Vy + 112) Pp P23" 21 
= + Vi, + 112) (Pp Ppr23r21)” + - - 
= Vel + ry) 2s (D5 PrFaat21)" 


This series can be expressed in closed form if it converges, i. 
if | Py P,ra3ra1| <1: 

Vir + ri) 
1 — Pr p,ro3121 
The quantity p,p,rz3r2, will later be referred to as the waw 


loop gain. Similarly it can be shown that the total voltage fc! 
all the waves travelling to the right at point 2 is 


pr —- riaV yy = 
C1 — P¢ Pp¥ 21°23) 


while the total reflected voltages at points 2 and 1 are Vin: 
Psto3V e112 and Vio, = Prro3p,Vey, respectively. The actu 
voltage at point 1 is V; = Vey, + V4, and at point 2 it is Vo - 
V po; te oe 

Thus it is clear that eqns. (1)-(4), which assume a matche 
generator, also describe the unmatched case, provided that V. 
is substituted for Vy. : 

The relation of the initial incident voltage V;, to the generat¢ 
voltage V, in Fig. 1(a) is clear if one substitutes the expressic 
for V¢,, from eqn. (17) for Vy, in eqn. (1): 


y, — Va + rid + prPrrrs) 
1 — pe p,ro4r23 ¢ 


Voss oe (i) 


V prt = PeV eit . tj 


(19 
If both ends of the network are matched, ry = 0, 723 = 0 ani 
from eqn. (19), V; = V1, while from eqns. (7) and (8), 
V; = ZinVel(Zin aim Zz, = ZA ViMZ4 “ Zp). Hence 


Vey = ViZa4l(Z4 + Zp) . (19 


' Vy, in eqns. (1)-(4) is 

3 

: (4) RELATION BETWEEN TRAVELLING WAVE AND 

; SHORT- AND OPEN-CIRCUIT PARAMETERS 

_ The open-circuit (z), short-circuit (y), h, g, a, and b para- 

‘meters, as well as other properties, are easily derived from 

‘eqns. (1)+(4) by substituting the proper value for rp3 (depending 

on the terminating impedance) and dividing the appropriate two 

ie tae one by the other, which results in V,, being cancelled. 
us, for example, for the open-circuit input impedance, Z14, we 

put I, =0. Hence, r23 = Z¢/Zg, and dividing eqn. (1) by 

eqn. (3), 


i oe Va eed 2 0-ZclZp Z 
I, 1 — prp,Z4ZclZpZ_ 4 


‘For the open-circuit output impedance, z,,, we put J, =0 in 
eqn. (3); then 3 = Zp/Z4p,p,, and dividing eqn. (2) by 
eqn. (4), 

Ne: 


222 


VZ40 -- 11>) 


V, = 
peri Zp) — Pp P,¥2i"23) 


(20) 


>i 
.:. 


1 + prP,Z4lZp 
bh 1S PP, ZaZclZpZ_ ~ 
which, as expected, is of the same form as z,,, with Zc: and Zp 
interchanged with Z4 and Zp. 
Besides open-circuit and short-circuit terminations, there are, 
out of an infinite number, three special types of terminations 


to a 4-terminal network which are frequently encountered, as 
follows. 


> Case l—Z, = Z;, and Z, = Zoyt. 


_ This is the image matched case and hence, from eqns. (6)-(9), 
f : 

Zp =Z4 and Zp =Lo 
Case U.—Z, = Z7, and Z, = Z3; 


out’ 


- 


This is the conjugate matched case and hence, as above, 


eee) Cee 


Zp = Z4 and Z, = Z &: (22) 
| Case Il.—Z, = Z,,, and Z, = Z;n. 
4 This is the iterative matched case and hence, as above, 
sa Zp = Zc and Zz = Zy4 (23) 


ne, in each of these cases, two of the six parameters of the 
“network may be eliminated, the 4-terminal network is completely 
“Specified by py (or p21), p, (OF Piz), an input impedance Zo), 
and an output impedance Zp. By definition, if a network is 
"specified according to Case I, then py;, Pi2, Zo, and Zp are 
‘image parameters and we utilize image waves. Similarly, 
Cases II and III give rise to conjugate and iterative parameters 
and waves respectively. 
For uniform transmission lines the analysis has conventionally 
been carried out using image waves. The image impedance is 
then referred to as the characteristic impedance. Using con- 
_jugate waves, on the other hand, the ‘characteristic’ impedance 
is quite different, since in measuring it for a given length of line, 
different terminating impedances, i.e. conjugate matched impe- 
dances, must be used. Obviously the iterative matched para- 
“meters and image matched parameters are here identical. Only 
at frequencies where the characteristic impedance is real, or for 
lossless transmission lines, are the image, conjugate and iterative 
impedances identical. 
’ 
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It is clear from the above that there is no unique set of waves 
by which a distributed or lumped network can be analysed. 
Furthermore, ‘matching’ or ‘no reflection’, implying r,; = 0, 
does not at the same time uniquely define the magnitude of the 
terminating impedance in terms of the network, since it may be 
equal to either the image, conjugate, iterative, or indeed any 
of an infinite number of terminating impedances. 

Finally, we note that for image waves [using eqn. (21)], 
eqns. (16a) and (164) may be written 


ZoilZ. — 1 ZelZoi — 1 
ro = o1/ g__ and rj, = a O1 
LyiilZ,g + 1 Z,1/Zo, + 1 
and therefore r;> = — 1). 


Table 1 lists various properties of a 4-terminal network 
expressed in terms of the above wave parameters. The first 
and second rows state the basic wave parameters and the manner 
in which the image, conjugate and iterative columns are 
obtained from the general wave parameters; the third and fourth 
rows [based on eqns. (1)-(4)] define the network completely, 
while the fifth, sixth and seventh rows define the remaining 
symbols in eqns. (3) and (4). The other formulae in the Table 
may be derived from the third and fourth rows by inspection, 
simply by dividing the appropriate two equations one by the 
other as was done for z,, above. 

It may also be noted that the voltage transfer expressions have 
an identical form for the various types of parameters, which is 
due to an incident voltage wave having been used as the reference 
disturbance. 

Table 2 is an extension of Table 1 but deals with the open- and 
short-circuit parameters. The conjugate and iterative para- 
meters have been omitted but are easily found by using the first 
row of Table 1. - 

It is obvious from these Tables that the expressions corre- 
sponding to image parameters are algebraically the simplest, and 
this is one reason why they will be used more often than the 
others. Another important property is that they may be written 
without any difficulty in the form gq = (1 + ar)/(1 + br). As 
an example, in the expression for Z;,, (eighth row of Table 1), 
r =173, @ = — b = pjnp, and q = Zjn/Zo,. The expression 
for q, which is a bi-linear form in complex variable theory, is 
known to transform lines and circles in the g-plane into lines and 
circles in the r-plane. The resulting chart, of which the Smith 
chart is a special case, considerably facilitates computational 
labour. Its uses in practical design problems are discussed 
elsewhere.!1!> 12 


(5) WAVE MATRIX TREATMENT OF MULTI-PORT 
NETWORKS 

Fig. 2 is a general multi-port network showing waves both 
internal and external to it. In Fig. 1(c) internal waves would 
be those inside the centre medium, while external waves would be 
those on the sides, assuming generators to be present in the 
two side media. In a typical port in Fig. 2, such as that 
connected to generator V,,, having a source impedance Z,), 
Vj, and U;, are the external incident and reflected waves respec- 
tively, while v;. and v,. are the internal waves. Equating 
voltages on each side of every port, 


, , = 
V1 + Oy = +O = MY 
Vi2 + Vyo => FD) + Ur2 => Vp, etcs 


where V;, V>, etc., are the actual voltages measured at the 
terminals. In matrix notation, using single-column matrices, 


vjitv,=v,+v,=V (24) 
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Z, ¥, h, g, @ AND b PARAMETERS EXPRESSED IN TERMS OF GENERAL AND IMAGE PARAMETERS 
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Fig. 2.—Internal and external waves associated with a multi-port 
network. 


Assume image waves and consider the associated current 


waves. The external and internal waves move in media of 
characteristic impedance Z,,, Z,5, etc., and Zo;, Zo, etc., 


respectively, where Zo}, Zo2, etc., are the image impedances at 
each port. As before, equating conditions on each side of the 
boundary, 

Z, (0; —v,) = Zo M0; 


;— »v,) =I (25) 
where Z,~! and Zp ! are diagonal matrices, with elements 1/Z,,, 
1/Z 2, etc., and 1/Z 1, 1/Z 2, etc., respectively, and Jis a column 
matrix having elements J;, /5, etc., which are the actual currents 
at the terminals. 

Each internal reflected wave at a port (e.g. v,) is now viewed 
as the result of every internal incident wave at all the other 
ports having arrived at this port; during their travel each is 


modified by a factor p,,, i.e. 


(26) 


where p is the propagation matrix 


OO Pe Pig Lin 

Pope 0 Pax Pa, 

P31 P32 O + P3n 
ji S= x ; 5 ae 
Pui Pn2 Pn3 0 


Finally, by definition the external reflected wave at a port is 
taken to be a linear combination of all external incident waves, 
including that at the port under consideration, i.e. 


Lola (27) 
where 

Siz Sy 543 Sin 
/ 7 
S21 S22 S93 Son 
: 531 53° 533 S3n 

S == 
Snt  Snq_ Sn3 +--+ + Sin 


s’ will be termed the un-normalized scattering matrix. 
Eliminating v/, v,, vj and v, from eqns. (24)-(27) yields 
a+s)0a — SZ, 
= 0 D0 Sp) 92, = Vi- = ze oe 


where 1 is the unit or identity matrix, and z and y are the open- 
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circuit impedance and short-circuit admittance matrices respec 
tively. From eqn. (28), 


f=CZ7' = )GZ : 
p=¢Z1— GZ, +4) rt 
and expressing s’ in terms of p and vice versa, | 
SI 72527, Zl ep) le a | 

p = 21 — 22,14 22,2, 1a + Sneln os 
It is clear that, if Z, = Zp, s’ = p. 


and 


In order to relate the above to the conventional scattering} 
matrix, the following normalized quantities are defined: 


v, = VZ> 10,3 0) = /Z7 10; and 8” = Vf Z,|s'/Z, (32 


where »/Z, is the diagonal matrix with terms »/Z,1, /Z,2) 
etc. From eqn. (27) it now follows that v/ = s’’v;. Now i}, 
Z, = R,, i.e. if the terms of Z, are all real, then s’’ becomes thel 
conventional scattering matrix s. } 

It is clear that, analogous to s’”’, normalized quantities may) 


be defined for the p matrix: 
vf = Ze '0,; vf = Ze 'v, and p’ = Zp Zo 


Eqns. (29)-(31) also hold for s’” and p’ provided tha 
V/ LZ '2/Z.-' and »/Zq !2,/Zp_! are substituted for zZ~' ane 
zZ,_', respectively. s’’ reduces to p’ for Z, = Zp. 

The properties of the matrix s have been well covered in the} 
literature. Concerning the other matrices mentioned here, how-) 
ever, the following is noted. H | 

(a) The s as well as the s’, s’’, p and p’ matrices exist fon 
many networks, even though they may not possess a z oF Ji) 
matrix, e.g. ideal transformers. The image impedances of suck 
networks do not have a unique value, so that, for example, ir 
the case of a simple transformer, a value for one port may bel 
assumed and then the value for the other port will follow from 
the impedance transformation ratio. 

(b) It follows from eqn. (27) that 


7" v 
Sila 

Vi 

¢ v, 

and eee ales: 
21 7 

Vit 


if vj, = 0,v;3 = 0, etc. The condition that vj, = 0, v/; = 0, ete.. 
implies that all the generator voltages Vio, Vz3, etc., are zered 
except for V,;. Since v,;, and v;; are external waves, 54, as 
well as all other diagonal terms are reflection coefficients of am 
apparent 2-terminal impedance Z,,: 


Pl has ZinlZg1 =A 
1 ZinlZgo +1 


where Z;, is the input impedance of the network at port 1. 
Also, from eqn. (24), since vj, = 0, then V;2 = V2 and from 
eqn. (195) it follows that, for image waves (Z4 = Zp), Vip = V,/% 
and therefore V;; = V,,/2. Hence, 


S31 — 2V,/ Vy . . (346) 


1.€. 55, is twice the voltage gain between the open-circuit voltage: 
of the generator at port 1 and the load, Z,2, at 2, and similarly) 
for the other non-diagonal terms. 
, Eqns. (34) and (31) have considerable practical significance: 
in the actual determination of the parameters of a device, since 
the values of Z,, and Z,5 are arbitrary and therefore may 
conveniently be chosen on practical grounds. For a 4-terminah 


(34a}) 


1etwork the image parameters as a function of the unnormalized 
scattering parameters are!2 


q 201 = Zay/TB (35) 
: Zo. = Zyy/Tx (36) 
y Pig = 2S, Fa 1)/2 (37) 
e Pa = — Bs3,B(T — 1)/2 (38) 


where T = (ocSoeB)'/2 

44 Ot ; 

ee i gow a2 1) 1 
512591 

Bp = (S11 = I (22 ail), 1 

‘. S181 

; oH 1) (s5 1 

4, Peete 2 TY 1 
512591 

and Ses (s{, = hey = 1b) 1 

Si2591 


(c) It is easily shown that the diagonal terms of the s’” matrix 
are the same as those of s’ and, of course, also of s if Za s 
teal. As regards the other terms of s’, 


V2 |? Rey 


Vor Ryo 


|s2,|? = 


which is the available power gain between the two real termina- 
tions R,, and R,>. 

F (d) In p the diagonal terms are zero and the other terms, 
‘such as p>;, correspond to the voltage transfer ratio between 
ports 1 and 2, when all ports are image matched. In the 
normalized propagation matrix, p’, each term is such that, for 
example, |p3,|? is the power gain between ports 1 and 2 pro- 
viding that ail ports are image-matched, and Zp, = Ro, 
Zo. = Roz, etc., ie. that the relevant image impedances are 
Teal. In the case of complex image impedances, the trans- 
formation p” = 4/Gop\/Gp)! will yield an image-matched 


F s 5) . af G, 
power-gain matrix. A typical term is |p3,|? =|p nla 
: 01 


which is the power gain between ports 1 and 2 under image- 
matched conditions at all ports. Here, Gp represents a diagonal 
matrix with terms Go;, Go, etc., where Go; is the real part of 
1/Z ;, Go2 is the real part of 1/Zpp, etc. 

; (e) The right-hand side of eqn. (28) presents an alternative 
‘method for deriving the z and y parameters given in Table 2 
‘in terms of the internal wave parameters Zo;, Zo2, P21 and Pj. 
It differs from the scattering matrix approach by not requiring 
the specification of external impedances (Z,;, Z,, etc.). 


(6) TRAVELLING-WAVE FLOW DIAGRAMS 


The hypothesis that forward and return waves take different 
‘paths in space leads to the visualization of wave flow diagrams 
recalling Mason’s flow diagrams.!? Here the return wave is the 
feedback wave, since a network having p,, = 0 is unilateral. 
Image waves will be used. 

Fig. 3(a) symbolizes a path wherein a disturbance is only 
‘capable of moving in the direction of the arrow. Ifa unit wave 
commences on the left-hand side, it changes in magnitude by a 
factor p by the time it reaches the right-hand side. Hence 
Fig. 3(a) symbolizes multiplication by p. Fig. 3() symbolizes 
a discontinuity which is the junction between two media, 1 and 2. 
Fig. 3(c) symbolizes a wave being refiected from a junction. If 
a unit incident wave impinges on it the magnitude of the reflected 
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Fig. 3.—Wave flow symbols. 


wave is r;>. Note that the incident wave is travelling in the 
direction 1 — 2. Had the incident wave approached the junction 
from the other side, as in Fig. 3(d), the magnitude of the reflected 
wave would be rz;, and 732 = —/ry;. Fig. 3(e) symbolizes a 
wave proceeding across the discontinuity from the left. In doing 
so it is multiplied by (1 + rj), i.e. by the sum of the incident 
and reflected waves. 

Fig. 3(/) is a closed loop and represents a wave which moves 
to and fro between two junctions. Thus, a unit wave com- 
mencing at any point will, in one complete cycle, be multiplied 
by pPrr23P;-’21. This is defined as the wave loop gain. Over 
many cycles, the sum of all the waves at a point is found by 
summing the resulting power series, as in eqn. (17), resulting in 
1/1 — prp,r21%23), i.e. the denominator consists of unity minus 
the wave loop gain. A unit wave commencing on the left will 
have a magnitude p,/(1 — prp,r21"23) by the time it has made 
all its circulations and finished on the right-hand side, ie. 
Fig. 3(f) may be replaced by Fig. 3(g) as far as its forward 
transmission properties are concerned. 

Let the voltage gain in Fig. 1(a) be required, when neither 
the source nor the load is matched. With reference to Fig. 4(a), 
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Fig. 4.—Wave flow diagram for single 4-terminal network. 


eliminating the loop as before results in Fig. 4(b). (The initial 
reflected wave r;> is lost, and is thus ignored.) Using the 
principles of Figs. 3(a), 3(e) and 3(g), the output voltage is 
reduced to a line, as shown in Fig. 4(c), where 


ais 
— Pr P-¥21123 
which is identical to eqn. (2) with V;,, from eqn. (17) replacing 


Vy, as discussed in Section 3. Eqn. (39) yields the voltage 
gain since Vy, = V,/2. 


) loge Oe r12)5 (iets) (39) 
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Fig. 5.—Wave flow diagram for a 2-stage cascade network. 


Consider now the wave trains in two cascaded stages a and b 
as shown in Fig. 5(a) and suppose the overall voltage gain is 
required. It is clear that there will be wave trains set up in 
network a, which will cause wave trains in network b, for each 
wave that arrives at their junction. This is, however, not the 
complete situation, since the wave trains in network b will set 
up further wave trains in network a, for each wave of network b 
that arrives at the junction. With good reason it may be 
assumed that all the wave trains will be accounted for if one 
considers that there is one primary wave train in each of the 
networks and, in addition, there is a secondary wave train whose 
excursion is the full length of both networks together. Fig. 5(d) 
describes the total situation, where a large loop is introduced to 
show the secondary wave train. Fig. 5(c) now eliminates the 
two small loops by the method of Fig. 3(¢). The large loop 
has now a wave loop gain of 


Prd + 13) Pro 


G, a 
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Hence, in Fig. 5(d), applying the principles of Fig. 3(¢). il 


nel DiaPraPPoas ee P fo Pro’ 32"'34 
ie 1—G 

Using the principle of Fig. 4 results in Fig. 5(e). 

voltage gain is, from Fig. 5(e), 


A V3/2Ve, = (1 + ry2)ppl + r3)/2 . G 


When the interconnection of two ports becomes more con) 
plex, the wave flow diagrams become more involved. Howevy 
it would appear that in any physical situation involving wa 
flow, provided that the wave trains can be identified, the over 
effect can systematically be deduced by the use of these way 
diagrams. i 
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SUMMARY 


A method of rendering feedback control systems amenable to 
tment by the Wiener theory is applied to the case in which the 

troller operates on a sampled measurement. An explicit expres- 

on is obtained for the minimum attainable mean-square error for 

certain classes of system transfer functions and disturbance power 
ectra, and the form of the optimum controller is derived. The 

ults show the inherent limitations in controllability imposed by the 

structure of the controlled system and by the sampling process. 

a : 

Fs 

= 


(1) INTRODUCTION 


_ The Wiener optimum filter theory” cannot be applied directly 

to the problem of the optimum feedback regulator because of 
i in imposing the condition of physical realizability on 
he contro] mechanism to be placed in the feedback loop. How- 
ever, the closed-loop configuration can always be formally 
reduced to an equivalent open-loop configuration, and it was 
recently shown by Price! that this can always be done in such 
a way that the realizability condition takes a simple form in 
the open-loop case. 

Price used this method to investigate the inherent limitations 

on the attainable control quality imposed by the structure of 
the controlled system when the controller is allowed to be any 
linear, continuous device, but a slight modification of the method 
allows it to be applied to the case in which the controller operates 
on samples of the measured variable taken at equal intervals of 
ime. In this way it is possible to calculate the best control 
quality attainable with a linear sampled-data controller of given 
pling interval and to derive the form of the optimum 
controller. 
_ In this paper, the main interest is in the calculation of the best 
attainable control quality (measured by the mean-square error) 
and in comparing this with the best control quality obtainable 
vith a continuous controller. This gives a direct measure of 
the reduction in controllability which must necessarily accom- 
pany the loss of information involved in the sampling process. 
The results have proved useful in estimating the frequency with 
Which automatic batch-analytical instruments on a chemical 
plant must operate if their signals are to be useful for automatic 
control. 
_ The type of system to be treated is shown in Fig. 3. A dis- 
turbance d(t) causes the controlled quantity e(t) to deviate from 
its desired value, which is taken as zero for convenience, and 
the controller operates on samples of e(¢) taken at intervals T. 
Given the fixed element P, the object is to find that physically 
realizable, linear operation C on the samples e(r7) which will 
minimize e2(/), averaged in the manner discussed below over a 
Statistical assembly of disturbances, and to calculate the mini- 
mum value of this quantity. 


j (2) STOCHASTIC SIGNALS IN SAMPLED SYSTEMS 


_ The Wiener theory, as developed by solution of the Wiener— 
Hopf integral equation, leads to a solution of problems of the 
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above type which minimizes the time average <e?(t)>. However, 
in practice, the ability of the system to reduce this time average 
for one particular disturbance is of less interest than its ability 
to keep e?(¢) small, on the average, for all disturbances belonging 
to some statistically defined assembly. With the usual assump- 
tions that the assembly in question, {d(4}, is stationary and 
ergodic, it follows for continuous systems that the assembly 


average e2(1) is independent of time f and is equal to the time 
average <e?(t)> for any member function of the assembly (with 
the possible exception of a subset of measure zero). 

These hypotheses of stationary and ergodic signals throughout 
the system are not tenable in sampled-data systems, since the 
result of sampling a stationary, ergodic signal is not stationary 
and ergodic; in fact, its statistical properties vary periodically 
with period equal to the sampling interval. There are two 
different but closely related methods of dealing with this situa- 
tion. In the first, which is adopted by Ragazzini and Franklin,? 
the assembly considered is enlarged by considering an assembly 
of systems (as well as disturbances) which are physically identical 
but have their set of sampling instants displaced in a random 
manner relative to each other. The complete assembly of out- 
puts, generated by all the signals of the assembly of disturbances. 
applied to all these systems of identical structure, is stationary 
and ergodic if the assembly of disturbances was stationary and 
ergodic. Alternatively, it is not difficult to show that, if the 
assembly of functions {y(‘)} is generated from the stationary 
ergodic assembly {x(‘)} by any linear sampled-data filter, then 


+T7/2 
| 


= | y(padt . 
r =i) 
Thus the Wiener theory, which minimizes < y7(4)>, will lead to: 


a system which minimizes the assembly average y*(H, further 
averaged with respect to time over a sampling interval, and it is. 
in this sense that the control systems discussed here are optimum. 
systems. 


<y)> = (1) 


(3) REPRESENTATION OF LINEAR SAMPLED-DATA 
FILTERS 
A linear sampled-data filter is a device which linearly relates. 
an output function of time, y(A), to values of an input function, 
x(t), at the sampling instants t = r7. Thus 


io) 


WO = S h(t — rT)x(rT) 


r — 


(2) 


where A(u) is a function characterizing the particular filter con-- 
sidered. In a physically realizable system, h(u) = 0 for u <0. 

Filters of this type may be represented by shaded blocks. 
[Fig. 1(a)] to distinguish them from continuous filters, which 
are normally represented by unshaded blocks. An alternative 
representation may be obtained by considering a continuous. 
filter with weighting function k(u) = h(u) and input consisting 
of the following sequences of delta functions: 

+ 00 


x*(t) = > xT) — rT) 


r=—0 


(3): 
[ 309 ] 
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x(t) y(t) x(t) x{t) yt) 
oe K 
(a) (8) 
Fig. 1.—Sampled-data filters. 
Then 


+0 


y(t) = J kcoxre —u)du = > x(rT) [kaos —u=FrT)du 


=— 0 


or an) == oi kak) xr) Mote his eae) 


which is identical with eqn. (2) since k(t — rT) = h(t — rT). 
This arrangement may be represented in a block diagram as 
shown in Fig. 1(b). It is clear from this discussion that every 
sampled-data filter may be represented in this form and it is 
often convenient to do so; nevertheless some caution must be 
used in discussing the behaviour of this representation. In 
general, the division into a sampler and a continuous linear 
filter does not correspond to any physical division in the actual 
filter, and, in particular, no attempt must be made to discuss 
the response of K to a continuous input at the point x*. Even 
if the sampled-data filter may be physically divided into a 
sampler and a subsequent filter, this filter need not be identical 
with the continuous filter K. 

As an example, consider a system with the structure shown in 
Fig. 2(b). The relation between x(t) and y(?) is clearly linear if 


(a) 


Fig. 2.—Filters with equivalent input-output relations. 


Fig. 3.—Sampled-data controller. 


the filters X and Y are linear, and the presence of the sampler 
S, ensures that y(t) can depend only on the values of x(t) 
at the sampling instants. Thus the system is a linear sampled- 
data filter according to the definition given at the beginning of 
this Section and, as shown in eqn. (4), it is certainly possible to 
find a system of the form shown in Fig. 2(c) which will give an 
equivalent relation between x(f) and y(t), where K is a suitably 
chosen continuous linear filter. Although the relation between 
x(t) and y(t) is unaltered by replacing the contents of the dotted 
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boundary in Fig. 2(b) by the continuous filter K of Fig. 2¢ 
this does not, of course, mean that K and the contents — 
the dotted boundary have identical dynamical properties. Thi 
are only known to have the same effect on the special class } 
inputs which consist of a sequence of delta-function impuld) 
synchronized with the sampling instants of the samplers | 
and Sp. } 


(4) CORRELATION FUNCTIONS AND SPECTRA IN | 
SAMPLED-DATA SYSTEMS 

Various auto- and cross-correlation functions and the cor. 
sponding spectral densities will be required for the sampled-dé. 
filter shown in Fig. 1(b). These are given by Ragazzini a 
Franklin? and are listed below, with a complete derivation : 
one case to illustrate the method. 
The cross-correlation function, ®,,, of two functions a(t) a) 
b(t) will be defined by 


+To 


®,,(u) = lim J ab “+ id? = alQEG aay 


1 
To> 276 —T» 


and since the functions are assumed to be members of a statione 
ergodic random process, the time average could be replacee 

an assembly average if desired. When b(t) = a(t), the functi 
@,,(u) is known as the auto-correlation function of a(t). 1 
cross spectral density, S,,(s), of a(t) and d(f) is defined as # 


Fourier transform of ©,,(u), i.e. 


+ co 
San(s) = i O, (ue Fo"du for s = jw 


= analytic continuation for other values of s 


and when b(t) = a(t), the corresponding function S,,(s) is cal 
the power spectrum of a(t). Corresponding to eqn. (6). 
course, is the inverse transform 
lyeratty 
Disle) = 5 | Sas(dentds 

The required relations for the system of Fig. 1(b) will now7 
dealt with in turn; the complete derivation given of result ( 
typifies the methods used in handling sampled time series. 

(i) For the system in Fig. 1(d), 


y(t) = [ kaoxre —u)du [k(u) = 0 for u < 0} 


+ 00 


x) =>) XT) OGD) 


r=—o 


(ii) Since K is a continuous filter, the output spectral dens4 
and the cross spectral density of input and output are given | 
the well-known relations* 


S,,(s) = K()K(—3)$,+,4() « 
Sx*(9) = K(s)S.«,#(s) = Syx*(—5) J ; @ 


(iii) As shown by Ragazzini and Franklin,? the auto-corre 
tion function and corresponding spectral density of x*(1) i 
given by 


+ 0 
OD .«.«(u) = 2 O, ArT) 8 = rT)». 2 
+ 0 | 


Siyx4J@) = O07 seo eee 


(iv) Finally, the cross-correlation function and cross spect 


ity for x(t) and y(t) will be derived as an illustration of the 
sthods used. 

From the definition given in eqn. (5), by splitting the range 
‘integration into segments of length T, we obtain 


a. 

3 rH) (u) = li 1 +N A . 

j GN iT [ xO + wat 
% xy N—->oo (2N + DP ny (n—4)T 

: a5 1 +N (n+4)T 

: iy ee a 

q N>o (2N + DT nay Jee: u) y(t)dt 


substituting for y(t) from eqn. (2) gives 


4 
= 


1 
; (<a 
bat”) ON © DT 
Ai +N -(+4)T 
% ‘ae? xi = 2) ‘S ci — 71) xo lat 
' n=—N ~(n—\)T r=—© 
a 
1 
B= 1 ON DT 


(n+3)T +0 


en A 
m_ »d, | Dd x(t — w)x(rT + nT)k(t — rT — nT)at 
bi n=—N ~-(n—3)T r=—o 


Now put » = t — nT, which reduces the above to 


Zz I 
mo! GN DT 
+N +4T +0 
x i Dd kv —rT)xCT + nT)xv — u + nT)dv 


n=—N 9-}T r=—a 


r= —4T 


lim DY xT + nT)xv —u + nt) av 


i= +N 
| No a ae 1) n=—N 


nd it may be proved that, when x(f) is stationary and ergodic, 


+N 


lim DY x(nT)x(nT + t) = D,.,.(t) (exactly) 


1 
No (2N +1 5 De oN 
Jsing this result, the expression for ®,,(u) becomes 


le £2 a 
mu) =— > | kv —rT)9,,.v —u—rT)dv 


Pie = = 


+ co 


ost! 
ai Kw), — wdw (say) 
ince ®,,. is an even function of its argument, this reduces 
nally to 


¥ tte 
®,,(u) = | kon ex(u — w)dw (13) 

ad correspondingly, 

: S465) = EK OSeal5) = Syal—9) (14) 


his completes the set of spectrum relations which will be needed, 
it before leaving this topic it is worth defining two operations 
1 spectra which will be required in the discussion of the Wiener 
timum controller. 

; 


% 
: 
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A power spectrum, S,,(s), is said to be Wiener-factorizable 
if it is possible to write 


Saa(s) = Si,(s)S2,(s) . (15) 


where S1,(s) has all the zeros and singularities of S,,,(s) in the 
left half-plane and is free from zeros and singularities in the 
right half-plane, while S2,(s) has all the zeros and singularities 
of S,,(s) in the right half-plane and is free from them in the 
left half-plane. 

The decomposition of a function, F(s), of the complex variable 
Ss given by 


F(s) = [FG)], + [F®]_ (16) 
will also be important, where 
[F(s)]. = Fell vol F Fined a TOTS CO (17) 


= analytic continuation for s#Ajw 


[F(s)] , is then analytic and bounded in the right half-plane, while 
[F(s)]_ is analytic and bounded in the left half-plane. 


(5) A REARRANGEMENT ANALOGOUS TO PRICE’S 
METHOD FOR CONTINUOUS SYSTEMS 

Returning now to the basic sampled-data regulator of Fig. 3, 
the block diagrams shown in Fig. 4(a) represent systems which 
give the same relation between e(t) and d(t). C, is physically 
realizable because it is constructed by physical interconnection 
of the two physically realizable blocks P and C, and so to every 
system of type A [Fig. 4(a)] there corresponds a physically 
realizable system of type B. The truth of the converse follows 
in the same way from the second sequence of equivalent systems 
given in Fig. 4(b), so arrangements A and B are completely 
equivalent so far as the relation between e(t) and d(¢) is concerned. 

From Fig. 4(5) it might appear that even the best C, would 
only correspond to the best C of a particular class of sampled- 
data filters with a sampler in the feedback loop. However, in 
view of the remarks in Section 3, this is not the case, and the 
equivalent C gives the optimum controller for the conventional 
arrangement represented by A in the class of all linear sampled- 
data filters. 

Having established the equivalence of arrangements A and B, 
it is now possible to proceed to find the optimum linear C, 
which minimizes <e?). This can quite easily be done after 
re-drawing B in the equivalent form shown in Fig. 5. It is 
permissible to invert the order of the blocks P and C,, as shown, 
since each is a continuous linear filter. 


(6) OPTIMUM C,; AND MINIMUM MEAN-SQUARE ERROR 


The C, which minimizes <e*) follows immediately from the 
arrangement shown in Fig. 5 using the conventional Wiener 


theory: 
1 | Seals) 
SS) Sect) le. 
where Si(s) and S? (5) are the Wiener factors of S,o(s) (assuming 


this is a oreibie the notation [F(s)], has been explained in 
Section 4. 

The various terms in egn. (18) will now be evaluated for the 
system shown in Fig. 5. The following relations arise from the 
results given in Section 4: 


Ci(s) = (18) 


Seals) = ZP(—s)S 4a) (19) 


See(S) = P(s)P(—s)Sa+a*(s) (20) 
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Fig. 4.—Block diagrams of equivalent arrangements. 


(a) Relation of C; to C. 
(b) Relation of C to Cy. 


Attention will be restricted to stable transfer functions P(s) of 
the form 


POS PSEA see se: A Fee e) 


‘where P(s)e%t is a rational function, and P!(s) and P(s) have 
‘the properties of Wiener factors. Then 


Sas) = FP —s)P(—s)e"Syul9) ema (2 
Si s(s) == Pls) P2( = s)Sha (5) ee ae 123) 


S2,(s) = P!(—s)P2(s)S20,2(s) . . . . GA 


‘Substituting these in eqn. (18) gives the optimum C,(s) in the 
form 


co 1 et PAs) S36) 
CO" SER RROLT Pe Boal, © 


All the quantities appearing in this are known, so it gives the 


d(t) 
+ 


Fig. 5.—Open-loop configuration for control system. 


desired solution of the problem. It will be convenient also: 
have the result in the slightly rearranged form 


1 1 
PICA ISI) * Seow * Su 


“eee ( 
Si(s) Ps) T Ses) 1p 


C,(s) = 


Notice that, when P(s) = 1, C,(s) becomes simply the optimum 
filter for reconstructing d(‘) from the sampled signal d*(t). 
Denoting this by C,,(s), eqn. (25) gives 


1 [1 Sas) 
; ShegOLT S2e (8) + 
Bes: results should be compared with Price’s optimum C,(s) 
a the continuous case, which will be denoted by Ci Cs): 


Lali oe 
P!(s)P2(—s)S1.(s) P2(s) 


‘ 
‘Comparing eqns. (27) and (28) with eqn. (26) it is seen that the 
optimum C,(s) for the sampled-data case is Price’s optimum 
mtinuous C;,(s) in series with the optimum data reconstruc- 
tion filter if, and only if, 


» | P>(—s)Sha(s)e* 1 Saas) | 
LSta(s) P2(s) Te S3«4+(s) ste 


ae P? ee | 1 Sya(s) | 

fe S}4() | P2(s) a % T S2«7*(s) fe 4 (29) 
One obvious case in which this factorization is valid arises when 
-P(s) is minimum phase, in which case t = 0, P!(s) = P(s) and 
P%(s) = 1; other cases will be discussed later. 

_ Having obtained the optimum C,(s), it is of direct interest to 
Be culate the corresponding value of the mean-square error. 
The power spectrum of e(f) is 


4 C,(s) = (27) 


: C,.(s) = (28) 


Bs) = Saas) — ZPC)CY(Saal8) — FP(-NCU(—IS wal) 
he 


x > 
Y + Cy(s)Cy(—s)P(s)P(—5)Sgrgx(s) (30) 
from which <e*» can be obtained using 
i gad 
2S, Se 
= 5 J Serdds (31) 


Although the method used here gives the form of the optimum 
filter C,(s) directly, the form of the optimum C(s) is of greater 
‘interest for the purpose of synthesizing an approximate optimum 
‘controller. From consideration of the block diagram in 
Fig. 4(5) showing the relation between C and C,, it follows in 
q straightforward manner that 


i, 


C,(s) 
[i — PC,@)-- 
‘where PC,(z) is the z-transform? corresponding to the Laplace 


transform P(s)C,(s). The explicit form of C(s) for a particular 
simple system is given in Section 9. 


C(s) = (32) 


er ht rN 


= (7) OPTIMUM CONTROLLER FOR A CLASS OF 

+4 , DISTURBANCE SPECTRA 

~ C,(s) and <e?» will be evaluated for a particular but very 

extensive class of disturbance spectra. 

_ Laning and Battin* show that any bounded auto-correlation 

action the square of whose magnitude is integrable over the 
nfinite interval, can be approximated in the mean by a sequence 

of terms of the form 4,e—!”! with c, > 0. Thus any auto- 

correlation function likely to be of interest can be approximated 

arbitrarily closely, for the purpose of computing mean-square 

errors, by a sum of the form 


in n 

) DA) = S Ase" 
) k=1 

= Vov. 108, Part C. 


(33) 
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If Sz4(s) is the power spectrum corresponding to O,,4(u), and 
Sava+(s) the spectral density of the corresponding sampled signal, 
using eqns. (6), (11) and (12) it is not difficult to show that 


eis. id 2AxcCy 
Su) = 3 ae (34) 
and that 
i A, — e724) 
S *q* — k 
‘d*d (s) Ti i, @ ea, eT g—sT)(] =e eck ST) (35) 


Eqn. (25) for C,(s) will now be evaluated for spectra of this 
particular form. Paying attention first to the square bracket on 
the right-hand side of eqn. (25), and denoting its contents by 
F(s), it follows from eqns. (16) and (17) that it is possible to 
write 


[Fo], = [foe sat with s = jw 


1 pte 
f(t) aa J F(sje“ds 


—jo 


where 


When S,,(s) and Sg*a+(s) are given by eqns. (34) and (35), 
inspection of the form taken by F(s) shows that, in evaluating 
f(O, the integration contour may be closed by a large semicircle 
in the left half-plane when t > 0, so that 


SO. =) res [FGje"l_ Gort 0). (36) 


the sum of the residues being taken over all poles of F(s)e% 
in the left half-plane. The factors P*(s) and S%«gs(s) which 
appear in the denominator of F(s) have, by definition, no zeros 
in the left half-plane, while the possibility of P?(—s) having 
singularities in the left half-plane is excluded by the fact that 
attention is limited to stable transfer functions P(s). Thus, the 
only singularities of F(s)e% in the left half-plane are the simple 
poles of S,,(s) at s = —c;,, and eqn. (36) may be evaluated 
immediately: 


no gt P2(cx) eT cnt 


fQ = p> 7 


Pie) Seok ee 


a) 
ree) S3 q*(—Cx) 


Ee cK 


or f@) = _ Py Ge A, (for t > 0) 


whence 
ae P2(c a) Aye” ot 1 
FOL =F 2, Pe) Gey(—eo 5+ 
and the optimum C,(s) then follows from eqn. (25) as 
Cc ) 1 1 le P*(c,) Aye” 1 
19) = BIQPA—HShege(s) T o'r P—c) Sheg(—ey) 5+ Cy 
(37) 


Since the following combination of factors will occur frequently 
from now on, it will be convenient to define 


1 Pc) Ape 7% 
38 
Q(A;, Cx) Ox Te P2(—c,) S23 ,*(—c,) ( ) 
when eqn. (37) takes the form 
1 *: 
Ci) = Or (39) 


P!(s)P2(—s)S}«,*(s) = Oar Ge ; 


The main difficulty in handling this when n > 1 is the cumber- 
some algebraic form of the factors Si*g«(s) and S3«q°(s) when 


written out explicitly. 
12 
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Before going on to deal with the mean-square error, however, 
it is interesting to consider some special results which hold for 
n= 1. In this particular case, eqn. (37) becomes 


1 joa (3) Age 1 


. (40 
Pl(s)P2(—s)Shaj+(s) T P2(—c) S2xyx(—0) s +e fi 


C,(s) = 


(where c =c,) while, from eqn. (27), the optimum data- 
reconstruction filter is 
1 1 A 1 


ana a 41 
Shes (s) IP S3«,*(—o) See ( ) 


Ci, 


Since Syq(s) = 2Ac/(c? — s*) in this case, the right-hand side of 
eqn. (28) can easily be evaluated, and the optimum continuous 
controller is 

1 P?(c) ae 
P!(s)P2(—s) P2(—c) 


Cp (42) 


Comparison of eqns. (41) and (42) with eqn. (40) shows imme- 
diately that 


Cy(s) = C;,(s)C (5) 


so again we have the result that the optimum sampled-data C, 
is equivalent to the optimum continuous C,, in series with the 
optimum data reconstruction filter C,,. This may also be 
proved by checking directly that the factorization condition, 
eqn. (29), is satisfied. It should be noted that, although this 
attractively simple result is valid for this very popular spectrum, 
it does not appear to be generally true when n > 1. 


(8) MINIMUM MEAN-SQUARE ERROR 


Returning now to the general case, n > 1, the minimum 
attainable value of <e?> is calculated by using eqns. (30) and 
(31) with C,(s) given by eqn. (39). The terms in eqn. (30) can 
be integrated separately, the first giving immediately 


+jo n 


| Sasa at), (43) 
—jo k—t 


i 
27 
Considering the second term of eqn. (30), it is necessary to 


evaluate the contribution to eqn. (31) from 


1 P!(s)P2(s)e—5* . wr OR 
T P}(s)P?(—s)Sh«4+(s) Ph ste 


ape S ) 


(=a G50 | Gp i 


1 
ZPU)CU)Saals) = 


(44) 


Now S}+j* has the form 
N(s) 


n 
II ( — e%Te—sT) 
k=1 

where N(s) is a polynominal in e~ ‘7 of degree not exceeding n — 1. 
Thus 1/Sj+g+(s) remains bounded when |s| > co provided that 
Rs) > 0, and it is seen that every term of eqn. (44) tends to 
zero faster than 1/|s| when |s|>0co with &s)>0. The 
contour of integration in eqn. (31) may therefore be closed by 
a large semicircle in the right half-plane; it is then necessary to 
remember that the closed contour is described in a negative sense. 
The only poles of the integrand in eqn. (44) in the right half- 
plane are at s = cc), and they are simple, so the residues can 
be obtained by multiplying through by s — c; and letting 5 > Ch; 
with the result 
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aa, | PGS)C  Gyazas | 
2ajT —jo y | 
a 1 n A; P(c;) e-¢ QO; ; (4 

T m1 Si-g*(c)'P(—e) Ke eet ey 


In a similar way, by closing the contour with a semicircle 
the left half-plane, it can be shown that the same contributi¢ 
is obtained from the third term of eqn. (30). | 
When written out fully the contribution from the last term | 
eqn. (30) arises from the integrand | 


i mpi Die Mg Se 


Sheg()Shage(—5) L1G +5 151 — 8 
Sa*q*(S) = Sh 7*(5)S3*7#(s) 
Satae(—s) = Sheqe(—5)SJxge(—5) = Sarae() 


since Sj*g*(s) is even. Further, S!««(—s) has all its poles an 
zeros in the right half-plane, while S3«g«(—s) has all its pob 
and zeros in the left half-plane. S!*j(—s) and SJ«g*(—S) ©: 
therefore differ only by constant factors from S%«g+(s) 2 
Sl.q(s) respectively, and the factorization can be carried out 
such a way that Sh«gx(—s) = S3+g(s). Introducing this ir 
integrand (46), the first and last factors cancel. The contrit 
tion to eqn. (31) may then be evaluated by closing the conto 
with a semicircle in either half-plane. Choosing a semicir¢ 
in the left half-plane, the contour is described in a positive se 
and it is only necessary to sum the residues at the poles 
S = — c, with the result . 


Be Sy OO; 


k=11=1 CK TC] 


Sa*g*(S) . (4 


Now 


while 


i4 


which is seen to be identical with eqn. (45), remembering tt 
S3«g*(—¢)) = S)«qge(c) with the present choice of factorization 
Collecting together the terms contributing to eqn. (31) gives 


x s Q;,.Q; 


batt Cre 


(4 


Ko Anas 
k=1 
When the system is without control, <e?> = <e?>)9 = <d*>> 
n 


> 4;,, so that the mimimum attainable value of <e?>/<e?>o) 
= 


given by 
_ <e> 1 ne A,A, 
Sn nw 2H, 2, The gale,)Sbaqele) 
/0 Ge. 23 A k=11=1 Yg*tdCx a*a*(Cy) 
= 
P% ) p( ¢)) ea (cr tee (é 
BEE PAS LS Se eS es Set rj 
P?(-~cy), P*( —G) Cher Cy 


where the explicit forms of Q, and Q; have been re-introduce 
and it is assumed that the factorization is carried out in suc 
way that Shsyx(s) = S3«q*(—5). 

As in the case of C,(s), the greatest difficulty in handling t 
is the clumsy algebraic form of the factors Shege(s) when n >> 


(9) EVALUATION OF THE RESULTS FOR SIMPLE 
EXAMPLES 

A programme to evaluate the right-hand side of eqn. (49) } 
been written for a digital computer. This deals with the cz 
where n = 2 [i.e. two terms in expression (35) for Sy-gs(s)] a 
P*(s) is a polynomial of degree not greater than two. It w 
used initially to calculate € for the system shown in Fig. 6, 
which the continuous case has been treated by Price.} 

The plant consists of a transfer lag with unit time-consta: 
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Fig. 6.—System used in illustrative examples. 


Bether with a distance-velocity lag, +, while the disturbance, 
vith spectrum D(s) = 2c/(c? — s?), enters through the plant by 
; same path as the correction. For the corresponding con- 

uous system, Price obtains the result 


= (1. 27 + 277)e-2+ when c= 1 
™ 2 
a oa is 2142) — 26(1 + 0) + 4(20)] . (50) 


when c+ 1 
ier f(x) = e—™/x. 

Using the programme described above, corresponding calcula- 
ions have been carried out for sampled systems with various 
jalues of c. The results for c = 0-05 and for c = 100 are 
ecorded i in Figs. 7 and 8. Note that: 


: (i) For fixed values of c and t, & increases with T. This increase 
_is much more rapid for large values of c than for small values. 

__ (ii) For fixed values of c and T, & increases with t and approaches 

unity ast—> o, 


These properties are all as expected intuitively. The curves 
or T =0 are drawn using Price’s formulae above; the con- 
yergence of the computed curves to these when T becomes small 
ovides a check on the theory and the programme for the 
ampled case. 
The form of C(s) will also be obtained and compared with 
he optimum continuous controller for the system shown in 
“ig. 6, but to avoid unnecessary algebraic complication the 
listurbance with the spectrum considered above will be replaced 
yy white noise. This affects the measured variable only after 
assing through the block representing the controlled plant, so 


conn Sb 


and PO) = 


=i HS: 


a 
Saal) = >= 


; 
e 
7) 
4 


cro0:05 


rg TS 


Fig. 7.—é as a function of t for ¢ = 0:05. 
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Fig. 8.—é as a function of t for c = 100. 
and correspondingly, 


Pl(s) = and P#(s) = 1 


The sampled spectrum S,+,«(s) corresponding to the above form_ 
of Sy(s) is given by eqn. (35): 

1 (= e-*7) 
T AQ —e-le—7)1 — 


Sa*a*(9) > e—TgsT) 


From eqn. (40) it now follows that 


C\(s) =e —e Te?) : 


(51) 
and hence that 
a v= e—_le—ST)g—st 


ae Cc) 


P(s)C,(s) = 


If 7 is written in the form + = (p — A)T, where p is an integer 
and 0< A <1, the z-transform corresponding to eqn. (52) is 


PC,(z) = e7PTz-P (53) 


C(s) for the optimum controller may now be obtained by sub- 
stituting from eqns. (51) and (53) into eqn. (32): 
2-1 e~A+9T] 


1 — 6 PA +s)T - 


C(s) = 


The transfer function of the optimum continuous controller 
can be obtained by substituting the above form of P(s) in eqn. (42) 
to give C,,(s). Then if C,(s) is the corresponding filter for use 
in a simple feedback loop, 


C, (5) 
— 55 
Ch) = TI POCO 6 
which corresponds to eqn. (32) for the sampled case. In the 
present example, 
(1 + s)e—* 
Co) = 7 — p= att) * G6) 


Difficulty is experienced in comparing C,(s) with the limiting 
behaviour of C(s) when T-—>0, because C(s) is assumed to 
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operate on a sequence of delta functions. This difficulty can 
be avoided by representing C(s) as a zero-order hold, with 


transfer function (1 — ¢~57)/s, in series with a filter C’(s). We 
must then have 
- sC(s) Ss "(ig eT] 
C= j =e Se ear = (57) 


The zero-order hold converts the sequence of delta functions 
leaving the sampler into a ‘staircase’ function, which approxi- 
mates to the continuous function at the sampler input more and 
more closely as T—>0. Correspondingly, C’(s) would be 
expected to approximate in the limit to the transfer function 
C,(s) of the continuous controller. 

In examining the behaviour of eqn. (57) for small values of 7, 
it must be remembered that p— oo as T-—>0 in such a way 
that pT 7; thus, e—?0+9T~ g-t0+s) when T—0. The 
remaining exponentials in eqn. (57) may be expanded in their 
exponents, neglecting powers beyond the first, when it follows 
that C’(s) + C,(s) when T— 0 for each value of s. The con- 
vergence of C’(s) to C,(s) is not uniform in s, but we may say 
that the behaviour of the optimum sampled-data controller 
with very short sampling interval approximates to that of the 
optimum continuous controller, except at very high frequencies. 
The frequency range over which the approximation is good may 
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be extended as far as we please by taking a sufficiently sh 
sampling interval. | 
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‘Sampled- 


SUMMARY 


_ The paper describes tests made to compare the magnetic stability of 
epresentative martensitic and precipitation-hardening (isotropic and 
anisotropic) permanent-magnet materials. The weakening of magnets 
th time after magnetization, when left as free from disturbance as 
ossible, was measured over a period of about three years, both on 
In tabilized Fancarhy and on magnets artificially stabilized by weaken- 
ng them 1% or 5% by applying demagnetizing fields. Anisotropic 
loys were found to be much more stable than isotropic alloys, the 
stability of Columax being outstanding. Alnico, in spite of its much 
coercive force, was not more stable than the martensitic steels. 

B... effect on stability of the working-point of the permanent-magnet 

material was also examined and found to be small above the (BH) max 

point on the demagnetization curve. Below the (BH) max point, how- 
ever, the stability of both isotropic and anisotropic materials was 
considerably reduced. 

Further tests were made on the effects of heating at various tem- 
Peratures up to 220°C and of mechanical stress and impact. Stability 
in high-temperature treatment is only roughly related to stability in 
time tests. The results of the mechanical tests were inconclusive as 
ee magnet assemblies available, designed primarily for long-term tests, 
‘were not suitable for subjection to severe mechanical treatment. 


» 

b LIST OF SYMBOLS 
B = Flux density, gauss. 
; 

' 

é 

2 

‘ 


= 


H = Magnetizing force, oersteds. 
(BA) gx = Maximum value of BH on demagnetization curve. 
I = Current, amp. 
@ = Scale reading of balance, divisions. 
k = Balance constant = 6//J60. 
Tan us = Slope of permeance line = — H/B. 
W = Weakening of magnet, parts in 104. 
t = Time after magnetization, days. 
(1) INTRODUCTION 
An investigation was undertaken to compare systematically 
‘the stability of the chief types of permanent-magnet material. 
Early work in this field was summarized in a previous E.R.A. 
: report, 1 when it was concluded that, while adequate information 
‘was available on ageing due to metallurgical or structural 
‘instability of the material, there was need for further investiga- 
tion into the magnetic instability of so-called ‘permanent’ mag- 
nets resulting from disturbing factors, such as mechanical vibra- 
tion or shock, and temperature variation, or occurring with the 
passage of time when these disturbing factors were reduced to 
the smallest possible magnitude. 
_ The precipitation-hardening alloys used in most permanent 
Magnets at the present time are known to show no significant 
Structural changes at temperatures below about 500°C, so that 
nsideration of metallurgical ageing is of even less importance 
than when the previous report was drawn up. Attention has 
therefore been confined to magnetic instability. 
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As representative of the range of permanent-magnet materials 
in present-day use the following were tested :* 


Cobalt-chrome steel (29% Co, 4% Cr). 
35% Cobalt steel. 
Alnico. 


Alcomax II. 

Alcomax IIT. 
Alcomax IV. 
Columax. 


Since magnets are usually designed to operate near the (BH ),,,,, 
point on the demagnetization curve of the material, each material 
was to be tested when working in approximately this condition, 
but in order to determine the effect of the working-point on the 
stability it was decided that one isotropic and one anisotropic 
alloy (Alnico and Alcomax ITI) should also be tested at working- 
points considerably higher and lower than the (BA),,,,, point. 
A total of eleven types of magnet were thus to be tested. 

Each type of magnet was to be investigated both unstabilized 
and after artificial stabilization. It was considered desirable, 
therefore, in order that each kind of test could be carried out 
on more than one magnet and the risk of misleading results 
being obtained on an unrepresentative sample could be avoided, 
that at least six magnets of each type should be available. 


(2) METHOD OF TESTING 
(2.1) Requirements and Preliminary Trials 


It was required to make comparable measurements of the 
strengths of individual magnets before and after subjection to 
various treatments, and also after the lapse of periods of time up 
to, say, three years, to an accuracy, if possible, within 1 part 
in 104. For this purpose it was necessary to compare, to this 
degree of accuracy, the flux maintained by the magnet in pre- 
cisely reproducible conditions. 

An attempt was first made to achieve this by means of specially 
constructed moving-coil galvanometers in which the working 
flux was produced by the magnet under test. A determination 
by potentiometer of the current in the moving-coil required to 
produce a standard deflection then gave a measure of the flux 
set up in a standard gap and pole-piece assembly. By reading 
the deflections of the galvanometer for opposite directions of the 
current in the coil by means of the reflection of a fixed scale in 
two suitably placed telescopes, ample sensitivity was obtained. 
The reproducibility of the readings, however, was much below 
the desired level unless the magnet remained permanently 
mounted in the galvanometer, which would have necessitated a 
complete instrument for each magnet under investigation. 
Further, independent tests on the constancy, over a period of 
some months, of the effective area of coils similar to those used 
in the galvanometers indicated variations of the order of 2 parts 
in 104, while the possibility of additional variations due to the 
suspension and assembly suggested that, even with the magnet 
permanently mounted, the reproducibility attainable would not 
reach the level aimed at. 


(2.2) Balance Method—General Principle 
It was therefore decided to try the method based on the use 


of a sensitive balance which was developed by Knight.2_ For a 


* The nominal compositions and magnetic characteristics of these, together with 
the names of similar alloys, are given in Table 4 (page 324). 


te: [ 317 ] 


: 
J. 
1 


q 


318 


detailed account of the factors involved in the design of the 
balance reference may be made to Knight’s paper, and as 
experience of its use largely confirmed his observations, no major 
modifications of his form of the apparatus were made. 

The general principle of the balance is shown in Fig. 1. It 
consists essentially of a beam, AA’, suspended centrally on 


Kc 


Fig. 1.—Diagram showing principle of balance. 


two ligaments, B, B’, and carrying at one end a rectangular coil, 
C, of two turns of stout copper wire with its plane vertical and 
perpendicular to the length of the beam, and at the other end a 
knife-edge, D, on which a rider, E, may be placed. The magnet 
under test (NS) is placed so that the upper horizontal side of the 
coil is at the centre of its air-gap, and when a current in the 
appropriate direction is passed through the coil a downward 
force is exerted on it which, by varying the current, can be 
adjusted to balance the weight of the rider on the knife-edge. 
Balance is detected by means of a mirror, F, carried on a short 
vertical rod mounted near the point of suspension on the beam 
and reflecting an image of a horizontal cross-wire on a vertical 
scale. Adjustable stops, G, G’, are provided to allow only a 
very small displacement of the beam from the balance position. 

With a given rider the current required for balance is inversely 
proportional to the gap flux density of the magnet, and variations 
of the gap flux density may be determined to a high degree of 
accuracy by measuring the balance current with a potentiometer. 


(2.3) Construction of Balances 


Three balances operating on this principle were made up, the 
practical details of the construction being as follows. 

The two turns of the coil are of 0-05in-diameter enamelled 
copper wire and the arm supporting the coil consists of the ends 
of the same wire, serving also as leads. The wires, both of the 
arm and of the coil, are bound together with thread and var- 
nished, forming a satisfactorily rigid unit. The rectangular coil 
is approximately #in wide and 2in deep. 

The rider arm is also of stout copper wire and carries, besides 
the knife edge and mirror, a small adjustable balance weight, 
allowing the balance position of the beam to be set as desired. 
The total length of the beam is about 8in and it is suspended 
on the two ligaments (which also feed the current into the coil) 
from two brass rods carried in two blocks of Tufnol, which are 
mounted on a substantial +in-thick brass base. 

The magnet under test is precisely located relative to the 
balance coil, vertically by means of three beryllium-bronze 
screws in the base-plate and horizontally by means of three 
similar screws in brackets mounted on the base-plate, one at the 
end of each pole and one on the side of the magnet. Each 
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locating screw has a specially hardened point and can be lock) 
securely in position after being correctly adjusted. | 
The knife edge at the end of the rider arm is set accuratt 
perpendicular to the length of the beam and has two notch; 
placed symmetrically in relation to its mid-point, to facilité) 
locating the rider centrally. The riders used were made | 
tinned wire or thin sheet metal, weighing 0-1-0-3g according? 
the strength of the magnet under test. 
The mirror is 1cm in diameter and has a radius of curvatu) 
of 2m giving a scale distance of approximately 2m. | 
Each balance on its massive brass base is placed in a separé¢ 
brass tank filled with switch oil so that the balance and t 
magnet are completely immersed except for the mirror an 
short length of the rod carrying it. The base is supported 
three levelling screws on a hole, slot and plane mounting on t 
bottom of the tank. 
The use of oil immersion has the advantages that | 
(a) It provides nearly critical damping. 
(b) It facilitates temperature control. | 
(c) It allows much larger currents to be passed through 1 
suspension ligaments so that the forces operating the balances ¢ 
be greatly increased relative to the mechanical control forces. __ 
(d) It minimizes disturbance due to air currents; the remain 
disturbance due to currents acting on the mirror is practica 
eliminated by placing a cover over the mirror having only a sx 
window by which the light beam can enter and leave. 
Preliminary tests were made on the operation of the balana 
using two or three magnets of suitable shape which were availaé 
Considerable trouble was experienced from control exerted 
the balance arm by the suspension ligaments, and from ze 
drifts of the balances, which were apparently mainly due 
thermal effects of the coil current. Various materials and sia 
were tried for the ligaments, and satisfactory results we 
obtained using phosphor-bronze strip rolled down to 0-013 in 
0:0003in, provided that the coil current did not exceed abe 
0:8amp. As the potentiometer could be read to 0-00005 an 
using a standard resistance of 1 ohm, the required discriminati 
of reading was available. 


(2.4) Technique of Operation 


To maintain constancy in the performance of the balance 
was necessary to avoid any considerable shock to the suspensi 
system. With this object the stops were set to limit the mov 
ment of the ends of the balance arms to 0:5 mm, and the follo: 
ing technique was developed for loading, balancing and unloz 
ing the beam in carrying out a measurement. | 

With the magnet in position the zero setting of the balan 
was read on the scale. A current slightly less than that expect: 
te balance the rider was switched on in the coil circuit with t 
coil itself short-circuited by a switch, the direction of the curre 
being such as to lift the coil arm. Owing to the comparative 
low resistance of the coil this usually deflected the beam sv: 
ciently to bring the rider arm gently on to its stop. The sha 
circuiting switch was then opened so that the arm was he 
firmly against the stop, and the rider was placed on the kn’ 
edge. The current in the coil was next reversed, but since 
value was less than the balance value, the rider arm still remain 
on its stop. The current was then gradually increased until t 
force on the coil balanced the weight of the rider as indicat 
by the return of the balance to its zero position. 

After measuring the balance current on the potentiometer, t 
current was slightly reduced to bring the rider arm back on 
stop, the current was again reversed, the rider was removed fre 
the knife edge, the coil short-circuited by the switch, the curr 
in the coil circuit was switched off and the zero position y 
again read to check that no drift had occurred during 1 
measurement. 


(2.5) Reproducibility and Sensitivity 


To obtain an indication of the reproducibility of reading 
ikely to be attainable, the effects of displacing the magnet 
lightly in the vertical and two perpendicular horizontal direc- 
tons were explored. The variation in the balance current was 
‘ound to be small enough to be negligible for the displacements 
ikely to occur in practice, except in the vertical direction. 

To investigate this variation the stops on the balance arms 
vere withdrawn to allow large deflections, and curves were 
jlotted for two magnets showing the relation between the 
yalance current and the relative vertical position of balance coil 
ind magnet as shown by the scale reading at balance (the change 
ncoil position at balance was produced by placing one or more 
mall riders on one arm of the balance). This relation was 
‘ound to be accurately linear over the working range of the 
yalance (see Fig. 2), the slopes of the curves for the two magnets 
yeing proportional to the balance currents. Thus, for a given 
yalance an equation can be established of the form 


61/50 = kI 


where 87 is the correction to be applied to the observed balance 
vurrent, J, for any relative vertical displacement of coil and 
magnet expressed as a variation in scale reading, 60, and k is a 
constant applicable to any magnet. 

_ To check the sensitivity obtainable with the balances, the 
variation of scale reading produced by a variation of the coil 
current was determined for the same two magnets. The curves 


obtained, Fig. 2, show that the minimum readable scale deflection 
Sh 
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Fig. 2,.—Relations between current and scale reading for magnetic 
: balance. 


Variation of balance current with scale reading. 
—~--~ Variation of scale reading with current. 


of 0-01 division corresponds, for magnets 1 and 2, to current 
variations of 0-8 and 0-5 parts in 10*, respectively. The gap 
flux densities in these magnets were about 1000 and 1 600 gauss 
respectively. It appears, therefore, that the required sensitivity 
of 1 part in 10* can be obtained provided that the gap flux 
Jensity is not less than about 800 gauss. Since a measurement 
of change of strength of a magnet involves two readings it is 
not, in general, possible to make such measurements to a greater 
accuracy than 2 parts in 104. 


(3) TEST SAMPLES 


To facilitate satisfactory location of the magnets in the 
balances for testing, it was desirable that they should all operate 


¥ 
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on a gap of the same geometrical form. For the high-coercivity 
materials which must be used in block form, a standard pattern 
of combined limbs and pole-pieces, made of soft iron, was 
therefore adopted, while for the lower-coercivity materials, 
requiring a greater length of magnet material to provide a 
suitable working-point, the same pole-piece assembly was fitted 
to magnets of horseshoe shape. 

The general form of the samples for high-coercivity alloys, 
35% cobalt-steel and cobalt-chrome steel are shown in Figs. 3(a), 
(b) and (c) respectively, and a number of assemblies including 
samples of each type of magnet to be tested were prepared. 
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(c) 
Fig. 3.—Form of magnet assemblies. 


(a) Block magnets (groups C-G). 
(b) 35% cobalt-steel magnets (group B). 
(c) 2% Co 4% Cr steel magnets (group A). 


Dimensions are in millimetres unless otherwise indicated. 
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It will be seen that the standard gap used had a length of 1cm 
and a cross-section of 4:5 x 3cm?. Particular care was taken 
to make the pole-faces parallel in the direction perpendicular 
to the plane of the magnetic circuit, and precise location of the 
pole-pieces was ensured by a non-magnetic locating piece 
dowelled to the outer ends of the pole-pieces. The dowel pins 
were kept well away from the gap to minimize distortion of the 
gap flux. 

In the assemblies involving horseshoe magnets the pole-pieces 
were screwed to the ends of the limbs: in those involving block 
magnets, two non-magnetic countersunk screws were used to 
hold the magnet, with soft-iron packing pieces at each end, 
between the limbs. The assembly in the latter case was per- 
manently maintained by the outer countersunk screw and the 
dowelled locating piece, the inner screw being provided only for 
convenience in assembling. 

All the soft-iron components in the assemblies were of Armco 
iron, while the non-magnetic components were of austenitic 
steel, having approximately the same temperature coefficient of 
expansion as the magnetic components, so that high-temperature 
tests could be made without significant disturbance of the 
assemblies. 

The design of the assemblies to provide the desired working- 
points in the permanent-magnet material was carried out by 
Hadfield, applying the principles described in his paper.* 
The working-point is most conveniently defined in terms of 
tan 4 (=—AH/B), and the values of tan % for the various types 
of magnet, together with the dimensions required to provide 
these conditions, are given in Table 1. The Table also includes 
a code mark for each group of magnets and the estimated gap 
flux densities. It will be seen that only in group C’ [Alnico 


Table 1 
PARTICULARS OF MAGNET ASSEMBLIES 
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H, OERSTEDS 


Fig. 4.—Demagnetization curves of magnet materials. 
A. ae? Co 4% Cr steel. 
l 


D. Alcomax II. 

E, E’, E’”. Alcomax III. 
F. Alcomax IV. 

G. Columax. 


In the horseshoe magnets of groups A and B the act 
working-point of the material varies considerably, owing: 
leakage, between the middle and ends of the magnet. In 
remaining magnet assemblies, in which most of the maga 
circuit consists of soft iron, the variation of working-pé 


Material ee Sroee tan y Length Section priced 
| cm cm2 gauss 
| Cobalt-chrome steel QiGoAa7, Be, (a) A 0-007 20 4-0 830 

3517 nCobaltistecliaae. - : (a) B 0-027 8 | 6:0 1070 
Alnico : (a) ‘e 0-066 pe 5-0 740 
(b) S 0-038 2°8 | 3-0 580 
(c) CY 0-18 Mes; | 12-3 910 
Alcomax II .. (a) D 0-045 4-0 5-0 1500 
Alcomax III .. (a) E 0:05 3-6 | 5-0 1500 
(b) EB’ 0-026 40 | 3-0 1000 
(c) ine 0-13 315) | [233 1830 
Alcomax IV .. | (a) F 0-069 2°6 S3e(0) 1180 
Columax (a) G 0-05 3-6 5-0 1650 


* Working condition (a) At (BH) naz point. 
(b) Above (BH) maz point. 
(c) Below (BH) maz point. 


magnets with tan 7 less than at the (BH),,,, point] is the flux 
density significantly below the minimum value of 800 gauss 
required for a sensitivity of 1 part in 10*. For magnets in this 
aaah the sensitivity will therefore be little more than 2 parts 
in 104 

To determine the actual demagnetization curves of the 
materials, tests were made on representative magnets and the 
curves obtained are given in Fig. 4. The working-point of the 
material at which each group of magnets was designed to 
operate is also indicated by the points P, P’, P’’, denoting respec- 


tively the (BH),,,., point and points with smaller and larger tan os 
values than that for (BH) 


max* 


along the length of the block magnet is very small. No atter 
was made at precise quantitative determination of the worki 
point as its effect is comparatively a secondary one, and 


approximate values derived from design data were conside: 
adequate. 


(4) DESCRIPTION OF TESTS 


To allow a large number of magnets (about 70) to be tested < 
stored for long periods free from thermal, mechanical or magne 
disturbance, use was made of an underground air-raid she: 
remote from other laboratories and running machinery. 
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fr (4.1) Temperature Control 

The maximum temperature attained naturally in the shelter 
uring the year was just below 18°C and electrical heating, 
germostatically controlled to give a temperature of approxi- 
aately 18°C, was therefore installed. By this means the 
smperature of the oil baths was maintained constant from day 
9 day within very close limits, but there was an annual tem- 
erature cycle of a total range of about 1°C. By careful 
djustment of the thermostats this could have been practically 
iminated, but instead, temperatures were recorded and a 
orrection applied for temperature variation assuming a tem- 
erature coefficient of —2 x 10-4 per degC. (This was known 
o be the usual value for permanent magnets of the types tested 
nd was checked by direct tests on two magnets.) 


(4.2) Interaction with Magnets or Soft iron 


The three balances were set up on pillars spaced as far apart 
is the width of the shelter allowed—approximately 2ft 6in. 
fests were made to check whether a magnet in one balance 
fected the reading of the neighbouring one, and it was 
ound that the reversal of a magnet produced a just detectable 
hange, equivalent to a current variation of not more than 1 part 
n 10*. It was concluded that the direct effect of 1 part in 
2 x 10* could be neglected. 
_ Tests were also made to determine the permanent effects on 
he strength of a magnet produced by interaction between 
Magnets and by contact or near-contact with soft magnetic 
naterial. To take the worst case, a cobalt-chrome steel magnet 
was used, since this material had the smallest coercive force. 
rhe magnet was placed in one of the balances and the balance 
surrent for a suitable rider was determined. One of the stronger 
magnets (Alcomax III) was then brought up successively to 
rious distances and withdrawn, and the balance current was 
termined again after each withdrawal. This was repeated for 
various angles of approach and it was found that the maximum 
distance at which a detectable change in the balance current 
aecurred was about 6in. It was therefore decided to maintain 
4 minimum distance of 12in between magnets throughout the 
investigation, and wooden storage racks were constructed pro- 
viding definite positions 12in apart, both in the vertical and 
horizontal directions. 
The effects of soft magnetic material naturally depend on the 
size of the object concerned. A 20s.w.g. steel wire placed 
across the gap in contact with the poles produced no detectable 
permanent change in the balance current, but touching the poles 
with a small spanner produced a change of about 5 parts in 10*. 
Provided that the spanner was not brought within lin of the 
magnet, however, no permanent change was observed, and care 
was taken during the investigation not to bring any magnetic 
object within 2in of the magnet assemblies. 
. the very few occasions when magnets or soft iron were 
ee cecal brought within these limiting distances of a magnet 
der test, the readings obtained were examined carefully and, 


inless it was clear that no significant disturbance had occurred, 
he test in progress was abandoned or the series of observations 
was restarted. 

~ 


j 


(4.3) Standardization of Balances 


Since, for long-term tests, the constancy of the performance of 
he balances was of the first importance, provision was made for 
egular checks using as standards three magnets of types 
Aicomax III and IV) expected to have the highest stability, 
uubjected to a large measure of both natural and artificial 
tabilization. By making comparisons between these three 
Nagnets in each of the three balances it was thought that reliable 
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indications would be obtained of changes, either in the standard 
magnets or in the balances. 

In the event, one of the balances proved relatively unstable, 
and its readings were only of value over short periods, balance 
2 was used for most of the routine observations, while balance 
3 was used mainly for periodic comparison tests on the standard 
magnets. 

During the four years over which the tests extended, the ratios 
between the readings obtained on the three standard magnets 
remained constant within the accuracy of the measurements. 
The readings on balance 3, although showing irregular varia- 
tions from time to time of a few parts in 10*, revealed no 
secular changes and the final values agreed almost exactly with 
the initial ones. Readings on the standard magnets on balance 
2 showed much less casual variation than on balance 3— in fact, 
the readings remained almost constant except for abrupt changes 
on two occasions, the first when the balance mirror became loose 
and had to be refixed, and the second (a much smaller change 
about two years later) believed to be due to the arm being 
slightly jolted when removing a rider. On each occasion a 
correction factor was derived from readings on the three standard 
magnets and when this was applied to the readings on other 
magnets under test, the corrected curves showed no appreciable 
discontinuity. 

It was concluded that the standard magnets had remained 
satisfactorily constant and that the corrected readings on balance 
2 could be taken to give accurately comparable measurements 
of magnet strength. 


(4.4) Time Tests on Unstabilized Magnets 


Tests were made on magnets of each group without artificial 
stabilization, to compare the rates at which they weaken with 
time when left as free from disturbance of any kind as possible. 
Each magnet was magnetized by means of a winding of five 
turns through which a current impulse of approximately 
8kA was passed three times. 

Using a rider which gave a balance current in the range 
0-5-0:8 amp, comparative measurements of the gap flux density 
were made, at first at intervals of a few hours, then daily, and 
finally at increasing intervals over periods up to about 3 years. 
It was found that readings during the first day after magnetiza- 
tion showed widely differing rates of change for magnets of the 
same type, but subsequently their rates of change became much 
more nearly the same. It was concluded that the early readings 
were influenced by transient effects, probably due to flux redis- 
tribution in the magnet. The practice was therefore adopted of 
measuring the weakening after any given period from the value 
obtained 24h after magnetization. 

Typical curves are given in Fig. 5 showing the percentage 
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Fig. 5.—Typical curves of weakening with time for Alnico magnets 
(unstabilized). 
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weakening, W, as a function of the time, ¢, for 1000 days after 
magnetization, of an Alnico magnet in each of the groups C, 
C’ and C’. The form of these curves suggests a linear relation 
between W and log ¢, and plotting W/log ¢ curves confirms that, 
for most magnets, a close approximation to a linear relation, 
though with some scatter of individual points, is obtained. 

The W/log t curves for all the Alnico magnets of groups C, C’ 
and C”, together with the mean curve for each group, are given 
in Fig. 6, showing the amount of variation between the individual 
magnets of a particular group. 

The mean W/log t curves for all the groups of magnets are 
collected in Fig. 7, from which it will be seen that a systematic 
divergence from a linear relation is found only in the martensitic 
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Fig. 6.—Curves connecting weakening with logarithm of time after 
magnetization for Alnico magnets (unstabilized). 
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Fig. 7.—Mean W/log t curves for all groups of magnets (unstabilized). 
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steels of groups A and B and, to a much smaller extent, in | 
or two Alnico magnets of group C. 

It was thought that the large departure from a linear relat 
in the martensitic steels might be due, largely at least, to) 
superposition of a metallurgical ageing effect on the effects 
magnetic instability. Since the magnets had been prepa 
many months before the magnetization for the time test 
carried out, weakening due to ageing would be taking place i 
rate more nearly proportional to ¢ and would thus give? 
increasing slope relative to log¢. Remagnetization of | 
magnets at the end of the time tests did not, however, indid 
any considerable weakening due to ageing of the material, ; 
it appears that the curvature of W/log t curves for group: 
and B magnets is mainly, if not entirely, due to the magn 
weakening following a different law of variation with time. | 

It should be noted that the curve for Columax represents; 
maximum value of weakening set by the limit of detectio 
2 parts in 10* which was not exceeded in 1 000 days. 

In view of the generally linear relation found between W . 
log t, the slope dW/d (log t) may be taken as a measure oF 
stability—or rather instability—of the various types of maz 


| 


Table 2 
MEAN VALUES OF dW/d (LOG ft) IN TIME TESTS 


| dW]d (log t) 
Magnet group Artificially stabilized 
Unstabilized 
by 1% by 5% 
A 13(26) 6(12) 
B 11(28) 3(7) 
‘e 25(26) 3 
C’ 23 2 
(CH 38 i 
D 4 <i 
E S305, <<) 
E’ 225 <1 
Be DIES; | <i 
F 10 << if 
G il = 
Po ee Ee ee 


The values obtained are given in Table 2. For groups A, B: 
C two values are given, the initial slope and (in brackets) | 
mean value for 1000 days. 


(4.5) Time Tests on Artificially Stabilized Magnets 


Artificial stabilization was carried out by the usual methoo 
applying a demagnetizing field to reduce the gap flux density 
a small percentage, and long-term tests on the strength of ' 
magnet were then carried out, as on the unstabilized magn 
Reduction of the gap flux density by 1% and 5% was us 
except on the more stable alloys for which there was no detectz 
instability after weakening by 1% and it was, therefore, point 
to apply the larger amount of stabilization. 

The demagnetizing field was applied, either by placing 
magnet assembly at the centre of a large circular coil, or 
winding a few turns on the magnet, and passing a suitz 
current through the coil or the winding. Three types of de 
netizing treatment were tried: 

: (a) An alternating current was switched on and gradually redu 

O zero. 

(b) A direct current was switched on and reduced to zero ei) 
suddenly or gradually. 


(c) A direct current was switched on and reversed repeat 
while being gradually reduced to zero. 


_ The long-term weakening which occurred after stabilization 
ippeared to be independent of the type of demagnetizing 
reatment applied, but with treatments (a) and (b) there were 
onsiderable variations—usually increases—in strength during 
he first few days, while with treatment (c) these initial effects 
ither did not occur or were much smaller. They were pre- 
uma bly due to flux redistribution such as occurred after mag- 
ietization and, after treatment (b), possibly to a drift in the 
ondition of the material from that represented by a point on 
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true and that a small further weakening occurred in some cases 
after more than three-hours heating at a given temperature. 
The three-hour heating period was, however, adopted as the 
basis of comparison of the stability of the various types of 
magnet under thermal treatment. 

After each heat treatment the magnets were cooled to room 
temperature and retested in the balance. Magnets were tested 
in unstabilized and artificially stabilized conditions, and the 
results obtained are given in Table 3. 


Table 3 
WEAKENING OF MAGNETS BY HEATING 


ee ee ee ee. nS et eae eet ae eee 


Weakening 
Ma Weakening 
oan v ate Dae after heating to wes 
| 70°C 120°C 170°C 220°C any cea 
ye parts in 104 parts in 104 parts in 104 parts in 104 parts in 104 
| A 0 80 290 1070 — 250 
1 22 120 — — — 
5 11 650 = sete 
0 110 560 1340 —- 680 
1 Dil 285 — — — 
5) 15 200 480 _ — 
0 30 75 130 195 >2 
1 10 20 35 — — 
5 8 16 28 50 — 
0 30 65 95 130 — 
5 i 14 20 35 —_ 
0 90 150 240 370 — 
1 a5) 105 180 290 — 
5 10 25 45 100 — 
0 5 12 20 D5 — 
1 $2 $2 sd $2 = 
j 0 6 10 14 18 — 
- 1 >2 >2 +2 +2 — 
f 5 >2 +2 +2 +2 — 
} 0 2, 5) 8 14 +2 
} 1 $2 +2 Sup) $2 a 
i 0 25 2 UL 100 — 
1 8 15) 26 40 _ 
5 $2 +2 Sah +2 — 
0 10 20 25 40 — 
1 +2 3 5) u — 
0 +2 +2 +2 $2 — 
1 $2 +2 +2 $2 — 


the ascending limb of the recoil loop to a more stable condition 
on or near the axis of the recoil loop. 

‘ The long-term behaviour of the magnets after artificial 
stabilization appeared to approximate to a law of the same form, 
a linear W/logt relation, as that found for the unstabilized 
magnets. The mean values of dW/d (log t) for stabilized mag- 
nets are therefore given in Table 2 for comparison with those for 


unstabilized magnets. 


(4.6) Thermal Tests 


To investigate the permanent effects of heating to various 
temperatures on the strength of the various types of magnet, 
samples of each type were subjected to successive temperature 
ncreases of 50, 100, 150 and 200°C by placing them in a thermo- 
Statically-controlled electric oven for a period of three hours. 
This period was adopted because preliminary tests showed that 
it was sufficient to bring the magnets to an approximately con- 
stant strength at each temperature. Subsequently a repetition 
of some of the heat treatments indicated that this was not quite 


‘ 


For the martensitic steels of groups A and B the effects of 
metallurgical ageing at increased temperature are superimposed 
on those of magnetic instability. To indicate the magnitude of 
the ageing effects some of the magnets in these groups were 
remagnetized after the final heat treatment and retested in the 
balance. The weakening recorded after remagnetization shows 
how much of the weakening after the highest temperature treat- 
ment was due to metallurgical ageing, only the remainder being 
due to magnetic instability. 

For the Alnico and Alcomax groups there is no significant 
weakening after remagnetization, and in many cases the per- 
centage weakening after heating to various temperatures increases 
almost linearly with the temperature. In a number of cases, 
however, chiefly magnets operating at a high value of tan yw, the 
percentage weakening tends to increase more rapidly at higher 
temperatures. 

Artificial stabilization produces a considerable reduction in 
the weakening caused by heating but its effect is much less than 
in the time tests. 
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(4.7) Mechanical Tests 


An attempt was made to examine the effects of stress, static 
or dynamic, under precisely defined conditions using a large 
press and an impact tester. By means of the press a static load 
of 5 or 10 tons was applied and removed a number of times: by 
means of the impact tester a known weight was repeatedly 
dropped on the magnet from a measured height, giving a number 
of impacts of approximately 3 or 6 ft-lb. 

In both cases it was, of course, necessary to ensure that the 
force was applied to the magnet through blocks of non-magnetic 
material. A more serious difficulty was that, with the heavy 
loads needed to produce significant weakening, the magnets were 
liable to be displaced relative to the soft-iron limbs and packing 
pieces of the assemblies. 

In the static tests, repeated loading appeared to add little to 
the effects of the first application of stress: in the impact tests, 
the weakening produced was still increasing slowly after 30 or 
40 impacts. The weakening produced by the maximum static 
or dynamic loads applied was of the order of 1% in unstabilized 
cobalt-chrome steel and Alnico magnets, but in Alcomax was 
much less. Spurious effects, however, were too large relative to 
the effects under examination for quantitative results of any value 
to be obtained, and the results on nominally similar samples 
were inconsistent. 

It was concluded that the form of magnet assembly designed 
primarily for long-term tests was unsuitable for testing the effects 
of mechanical treatment. This was of less importance as, since 
the investigation started, results have been obtained by Hadfield* 
on the effects of shock and vibration on ellipsoidal magnets. 


(5) CONCLUSIONS 


(a) Inlong-term tests under undisturbed conditions anisotropic 
alloys are much more stable than isotropic alloys, whether they 
are compared unstabilized or after artificial stabilization. The 
high stability of anisotropic alloys is particularly marked in 
Columax which, even unstabilized, weakens not more than 
2 parts in 10* in 1000 days. 

(b) In long-term stability, Alnico is not better than the much- 
lower-coercivity martensitic alloys (cobalt-chrome steel and 35% 
cobalt-steel). 

(c) The long-term stability depends little on the working-point 
of the material above the (BH),,,,, point on the demagnetization 
curve. Below the (BH),,,, point the stability is substantially 
reduced, both in isotropic and anisotropic alloys. 


Table 4.—NoMINAL COMPOSITIONS AND PROPERTIES OF MATERIALS USED (WITH NAMES OF EQUIVALENT ALLOoys) 


Material 


Dy Coma 7, Cr 
bys (EG ; 
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(d) In Alnico and Alcomax alloys the relation between t 
percentage weakening and the logarithm of the time elaps 
after magnetization is approximately linear. 

(e) The stability of the various types of magnet after hig 
temperature treatment is roughly related to their stability in tir 
tests, but Alnico is relatively more stable as compared with t 
martensitic steels. | 

(f) In Alnico and Alcomax alloys the relation between t 
percentage weakening and the temperature of heat treatment 
approximately linear, but in Alnico working at large values | 
tan % the weakening increases slightly more rapidly in tt 
neighbourhood of 200°C than at lower temperatures. 

(g) In anisotropic alloys, 1 % artificial stabilization is genera 
adequate except at large values of tan. In isotropic alloy 
even 5% artificial stabilization does not give immunity frej 
further weakening with high-temperature treatment or t 
passage of time. 

(h) Since the completion of this work, comparable resu 
obtained under substantially different conditions have be 
published by Clegg and McCaig> and by Gould.® It is sat) 
factory that, while their results differ appreciably in detail fre 
those recorded in this paper, they show similar variations f 
different materials, and for different working-points in the *y 
materials (Alnico and Alcomax III) in which the working-poi) 
was varied. 
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oersteds 
70 
250 


Alnico (British) 

Alnico 2 (U.S.A.) 
Alcomax II (British) a 
Alcomax III (British) \ 

Ticonal G (Mullard) 

Alnico 5 (U.S.A.) 4 


Alcomax IV (British) 
Ticonal H (Mullard) + .. 
Alnico 6 (U.S.A.) J 
| Columax (British) i) 
Ticonal GX (Mullard) + 
Alnico 5DG (U.S.A.) } 


[A discussion on the above monograph will be found on page 535.] 
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SUMMARY 


‘ The paper deals with the topological synthesis of non- reciprocal 
resistance networks specified by the so-called driving-conductance 
matrix. Synthesis of non-reciprocal networks has already been treated 
by H. J. Carlin and Y. Oono, and their networks are specified by 
attering matrices and consequently n-port impedance matrices. One 
of the merits of this paper, which differs from their paper, is in the 
determination of the connection and ideal transformers. Factors 
which determine the network are the connection and element resis- 
tances, and they therefore make possible the determination of the 
‘node-branch incidence matrix and resistances so that the driving- 
‘conductance matrix may equal the given matrix. When we denote 
‘the branch e.m.f. matrix by V and the branch-current matrix by J, 
I= GV, where G is called the driving-conductance matrix, which is 
assumed to be given, and, in general, G’ 4G. Ifa maximal set of 

‘solutions for Gx = 0 and x’G = 0 is denoted by X as the matrix 
‘expression, X is called the zero factor of G. Provided that the zero 
factor X satisfies the character of a node-branch incidence matrix, the 
connection can be fixed directly. If not, the connection is determined 
by the part of X which satisfies the character of a node-branch inci- 
‘dence matrix, and the ideal transformers needed are determined by 
the other part. After the connection and the ideal transformers are 
determined, the branch resistances are determined by comparing the 

iven matrix with the matrix calculated from the newly determined 
connection and the unknown branch resistances. 


' 
: LIST OF SYMBOLS 


‘ D = Node-branch incidence matrix. 


_ D = D without an arbitrary row. 
__R = Loop-branch incidence matrix. 
_N = Turns-ratio matrix of ideal transformers. 


= [nl 


_ C= Transposed matrix of zero factor on the right-hand side 

_ of B. 

_ V= Branch-e.m.f. matrix (of one column). 

_ J = Branch-current matrix (of one column). 

_U= Element voltage-drop matrix (of one column), including 

é voltage drops across gyrator ports but omitting voltage 

; drops across ideal transformer coil winding. 

_ J =Generalized loop-current matrix in general (= Loop- 
current matrix if ideal transformers do not exist). 

py = Branch-resistance matrix including gyrator elements. 
(4) 


_ r = Symmetrical component of r. 


ac) 


r = Alternative component of r. 
m7 = CrC’ 
met) 86 (+) 
mZ—CrcC’ 
oo —) (j) 
mZ—Crc 


G = Driving-conductance matrix. 
————————————————— ee 
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. TOPOLOGICAL SYNTHESIS OF NON-RECIPROCAL RESISTANCE NETWORKS 
By R. ONODERA 


_ (The paper was first received 15th July, 1959, and in revised form 16th December, 1960. It was published as an INSTITUTION MONOGRAPH 
in February, 1961.) 


(1) INTRODUCTION 


Needless to say, combinatorial topology is important in 
electrical networks. It is useful for handling not only various 
problems in analysis!“!* but also in synthesis.1-!© The paper 
deals with the topological synthesis of non-reciprocal resistance 
networks specified by the so-called driving-conductance matrix. 
Factors which determine the network are the connection* and 
element resistances, and they therefore enable the determination 
of the node-branch incidence matrix+ and resistances, so that the 
driving-conductance matrix of the network may be equal to the 
given matrix. The paper deals mainly with the topological 
method of determining the node-branch incidence matrix. 

When we denote the branch-e.m.f. matrix by V and the 
branch-current matrix by J, 


1=GY, 


where, in general, G’AG 


(1) 


and G is the driving-conductance matrix. 
If we denote the node-branch incidence matrix (1-incidence 
matrix) by D, from Kirchhoff’s first law we have the relation 


DI=0 (2) 
Therefore, from eqns. (1) and (2), 
DGV =0 


In order to satisfy any value of V, the following relation must 
hold: 


DG =0 (3) 


A suitable value of D is determined by a linear combination of 


jeeees m 
a maximal set X [x, x, ..., x]{ of independent solutions x 
(unknown matrices of one row), for 


asthe (4) 
namely D = KX' (5) 
where K is a square matrix with 
1 1 1 1 1 
x X, Xz 3 Xn 
2 Ph, uh?) 2 
|K| 40, and X’ = be) | PO ee corre 
m m m m m 
x Xy X2 3 Xn 
Of course, we have 
XG — 05. (6) 


When the driving conductance G is given, we can determine a 
connection specified by this value of G from eqns. (4) and (5). 
If D, as determined by eqns. (4) and (5), satisfies the character 

* For the foundations of network topology, see References 17-22, etc. 

+ The ‘node-branch incidence matrix’ is also called ‘1-incidence matrix’, or ‘inci- 


dence matrix’. 
t m =n — k, where n = dim (G) and k = rank (G). 
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of a node-branch incidence matrix, we can determine the con- 
nection directly by means of D. Otherwise the connection is 
determined by the part of D which satisfies the character of a 
node-branch incidence matrix, and the ideal transformers are 
determined by the other part. Therefore, the question of 
whether ideal transformers are necessary depends on whether D, 
given by a linear combination of x’s, satisfies the character of a 
node-branch incidence matrix.* After the connection and ideal 
transformers are determined, branch resistances can be deter- 
mined by comparing the given matrix with the matrix calculated 
from the newly determined connection and the unknown branch 
resistances. 


(2) GENERAL CONSIDERATION OF RESISTANCE 
NETWORKS 
This Section gives the general outline of a.c. resistance net- 
works and introduces some algebraic treatments preliminary to 
topological consideration of network synthesis. 


(2.1) Node-Branch Incidence matrix 


When several sub-networks are isolated, each is called a 
‘disconnected sub-network’. If a network consists of pg dis- 
connected sub-networks, the number pg is called the ‘zero Betti 
number’’. In the paper we put pp = 1 for simplicity, because 
the distribution of branch currents is invariant even if each of 
the sub-networks has a common point, assuming that the only 
sources are the branch e.m.f.’s, V. First we denote the node- 
branch incidence matrix by D. This is an o% X a, matrix, 
Where & is the number of nodes and a, is the number of 
branches. For example, in Fig. 1 the node-branch incidence 
matrix? is 


1 0-1-1 0 0 

p-|-! 0 0 0-1-1 () 
Oa sre a 20 
Oa Li WOyetel yO vied 


The column corresponding to each branch has one +1, one —1 
and all the other elements 0. Thus one row of D is linearly 
dependent on the others. In general, pp rows are linearly 
dependent. Therefore if we denote D without an arbitrary 


row by D, it is frequently sufficient to use D instead of D, and 
we also call D the ‘node-branch incidence matrix’ as well as D. 
Hence D is an (%) — po) X a, matrix, and is an (% — 1) X oy 
matrix if the network is connected. 


For example, in Fig. 1 D is given by 

1 O-1-1 0 0 
=i) © @) sai 11 
0 1 1 6) 1 0 


D= (8) 


If we determine D algebraically, it satisfies the necessary 
and sufficient condition that each column corresponding to 
each branch has either a single ‘+1’ or a single ‘—1’ as elements 
or it may have both, and all the other elements are zero. This 
characteristic is very important to the topological synthesis. 
If current sources do not exist, Kirchhoff’s first law is given by 


DI =0or DI=0 (9) 


oy Since, in the paper, transfer resistances may be positive or negative it does not 
give the direct solution of the important unsolved problem of the necessary and 
sufficient conditions for the realizability by an n-port network of resistances without 
ideal transformers. But it gives one of the necessary conditions, and also it seems 
very useful for consideration of the sufficient conditions. : 4 


NON-RECIPROCAL RESISTANCE NETWORKS 


Fig. 1.—The connection without ideal transformers. 


For example, in Fig. 1, 


‘imasOpd lin GOMNEO ri 0 
—1 0 oO O-1 —!1 iL, == 0 
Oca len tel OaunlaatO rs 0 
OvsieaeO2 stenkO wel i 0 

I; 

Ig 

or 

es aba I; 0 
= 0 0 0-1 | Hi; - [9] 
ie A aad dg Pani je 0 

I, 

rE 

Ig 


(2.2) Ideal Transformers? 


With ideal transformers having no magnetic leakage flux 
infinite permeance, it is sufficient to consider only those ids 
transformers which each have a magnetic circuit consisting o» 
of a single-loop core, with the coil m.m.f.’s in series and 
common magnetic flux, and it follows that 


NE = 0 0865) 2 ee 


where each element of N is the number of turns of a windil 
coil in each magnetic core of the ideal transformers, aa 
each sign is positive or negative according to the brana 


Fig. 2.—The connection with ideal transformers. 


orientation for the core. Here Nis at x a, matrix, where ¢ 
is the number of ideal transformers, and is called a ‘winding 
matrix’ or ‘turns-ratio matrix’. For example, in Fig. 2 

A 2 2 


tet Oa () 
vel He Ores 


OeneOsOrt 2s 34 ho G) 


Each element of a winding matrix is a real integer, positive or 
‘negative. With the following definition: 


s (GEO Sol e—1asicOag Ono 
D Ai 30 WO NO 2151 i] | 
Om ot 


Be i200 CEOs O (12) 
“ le aD eae MG ARG) og 
OF 2G (gn Peg OPE as o| 
Bis an (% — 1+ 2) X o, matrix, and we have 
Br=0” (13) 
ire. 
' 
i 1.0-1-1 0 0 0 ii 0 
F 0) 0 0 —1 —=1 1 10) 0 
: De PAIN QOt Iw OO I; 0 
- I, = 


on 


eh red 

ed 
fee al 
oo 
oo 


Ones 0 0 0 As 0 

CE Oe 5278 73) AI) 0 

2 L 

tJ 

- Provided that the number of magnetic cores of the ideal trans- 


formers is given by ¢, the ranks of D, N and B, respectively, are 
even by 


Pp = p(D) = p(D) = % — py) = % —1 
py = p(N) =t 


med pp = p(B) = pp+pyn=%—Pott=a—1+t 


where it is postulated that D and N are mutually linearly- 

“independent, so that t< a, — % +1=~p,, the number of 
independent loops. Any winding matrix N which depends 

linearly on the node-branch incidence matrix D is not admissible, 

because the result is the same whether it exist or not; B is called 

_the “generalized node-branch incidence matrix’. 

; 

(2.3) Generalized Loop-Branch Incidence Matrices®: 25 

_ Let C be an (~, — pg) X % matrix formed by a maximal set 

of linearly independent solutions, x’, of the following equation: 

: 

a lige ==) Oe pede == 5 (14) 

‘ie. BC 0. or -CR =... (15) 


‘namely Cis a (a, —% +1-—2 xX o matrix. For example, 
‘in Fig. 2, relation (14) is denoted as follows: 


Oc" 90 FOO xy 0 
. ee 1g O12 1 X2 0 
Y ae ey gradi (ort x3 0 
Bx = aan | 
mY (yn 4 080. 0 a 0 

0 0 Di Devetisagk 6 0 
: x7 


C— 


RN ee 


=— « 
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B and C are zero factors of each other. If ideal transformers do 


not exist, B equals D, and C can be equal to a loop-branch 
incidence matrix* R. Then B is called the ‘generalized loop- 
branch incidence matrix’. 

For example, in Fig. 1, since we make 


My, 1 0-1-1 0 O 
B=D=)\—1. (0) 0 0 =] —I1 
Yk eo he 
the maximal set C of the independent solutions, x’, of the equation 
re 1 0-1 -1 0O O ae 0 
Bx =Dx=|-1 0 0 O-Ii —1 5% || == 10 
Onan] sett KOp el ae O 0 


is determined as follows: 
LO: i 40-18 0 
GSs|eal © Ol © i, = re 
1 1 —1 


Evidently this is a loop-branch incidence matrix?’ 2° when the 


fe 


Fig. 3.—Loop-branch incidence relation. 


independent loops are chosen as in Fig. 3, and the relation is 
denoted by 
(16) 


i.e. D and R are zero factors of the other. From eqns. (13) and 
(15), J can be a linear combination of the columns of C’. If J 
is an adequate matrix of one column for coefficients of the above 
combination, we have 


DR’ =0 or RD’=0 


I=C7J. (17) 


J is called the ‘generalized loop-current matrix’, and if B = D, 
i.e. C = R, J is an ordinary loop-current matrix. The rank of 
C is equal to 


Por % = PBS —(&) —Po +t) = 154 —(% —1+2) 


where «, is the number of branches, and p, is the first Betti 
number, which is the number of independent loops. 


(2.4) Principle of the Conservation of Energy and the Generalized 
Kirchhoff’s Second Law 


The powers of the active and passive elements are calculated 
as follows: the power in the ideal transformer is zero, and if 


there is no current source, we may consider only J’U in passive 


* D and R, respectively, correspond to div and curl in a vector field, and thus we 
specifically use D and R to denote the corresponding matrices. 
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elements other than ideal transformers, and I’V in voltage 


sources, where J’ is the conjugate matrix of the branch-current 
matrix of one row. From the general principle of the con- 
servation of energy, therefore, we have 


ru-—1rv=0 
Therefore r(uU — V) =0 


From eqn. (17) we have 


J’CU — V) =0 (18) 
In order to make eqn. (18) hold for any value of J, we must have 
Cc(U — V) =0 (19) 
ie. CU =CV (20) 


which is the same as Kirchhoff’s second law if ideal trans- 
formers do not exist, since C = R in this case.* 


(2.5) Fundamental Equations of a Network Problem and the 
Driving-Conductance Matrix 


The fundamental equations of an electrical network can be 
arranged as follows: 


Generalized first law of Kirchhoff: BI =0 (21) 
Generalized second law of Kirchhoff: CU = CV (22) 
Ohm’s law: U=rl (23) 


where r is a branch-impedance matrix. If V is given, U and I 
are determined by eqns. (21), (22) and (23). When we wish to 
determine branch currents J caused by branch-voltage sources 
V, the matrix G in the solution of the form 


I= GV (24) 


is generally called the ‘transfer-admittance matrix’. Using matrix 
calculations this may be determined as follows. From eqns. (22) 
and (23) we have 

Cre EGY 


As in eqn. (17), changing the variable J to J, we have 


CGrGsi— Gy, 
J =(CrC)—-!CV 
Then from eqn. (17) 


f= C(Gro)=1EV (25) 
Therefore the driving-conductance matrix is determined by 
G=C(CrC) CC =CZ 4*C. where Z =.CrC’ (26) 


If there is no ideal transformer, we may change C to R, and it 
is then determined by 


G = R(RrR’)-!R (27) 


(3) TOPOLOGICAL SYNTHESIS OF THE DRIVING- 
CONDUCTANCE MATRIX 
(3.1) Topological Method 


In the previous Section, we determined the distribution of 
currents J caused by the given voltage sources V about the given 
network. But frequently we must determine a network which 


* This method of deriving Kirchhoff’s second law from the energy plinciple is 
called ‘Planck’s logic’. 
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has the given distribution of currents J caused by the give 
voltage sources V. Here the problem is to determine the neq 
work which is specified by the given driving-conductance matr 
G. If the frequency of the voltage sources is constant, we ai 
treat this problem by the topological synthesis of the netwo 
which is specified by the driving-conductance matrix given ‘| 


arbitrary real numbers, where, in general, 

GE, Griynsitete ots HE ee 
For the practical problem, a few conditions must be attache 
One of these is that G must not be negative, because the el!) 
ments of the considered network are passive and dissipative. 


From eqns. (15) and (26), whatever the voltage sources — 
B must be both a left and (as B’) a right zero factor of G 


es BG =O or GB’ =O (29%). (29: 


where, in general, G’ ~ G and the rank of G is, from eqn. (264 


pi = PG) = pe = Pia | 
The maximum number of independent solutions of Gx = O isy 


xy pp = & — DY, —D Say — (| —% FP =D 
= % —Po tt = % — 1 HH 


where x is an unknown matrix of one column. If we indicate: 


maximal set of independent solutions x, x,..., x(m = % —1-- |) 
by 1 52) m 

XS xy Xp 2 2 w Ny 

1 1 2 m 

x x2 Xz 2 2 « XY 

2 2 m 

Ses = (eS) 

a Kin eX tet BoE 

m 1 2 m 
we have GX =0 ©) hl oe 


From eqns. (29) and (31), it follows that X and B are linee| 
transformations of each other, since B’ also has m col | 
and these are linearly independent. Hence we may put 


B=KX’ .... «© 1. nn 


where K is an arbitrary transformation matrix, and det (K) #3 
[so that, from eqns. (29), (31) and (32), X must also be a led 
zero factor of G, ic. X’G = O]. Therefore we can determine | 
from X by a suitable linear transformation, so that B me} 
satisfy the character of a node-branch incidence matrix and || 
winding matrix. If the rows of B do not satisfy the characte) 
of a node-branch incidence matrix, we must use ideal tran1 
formers. In other words, the determinant of B is a set of linez 
combinations of rows of X’, and it is written like eqn. (32) as} 
matrix expression. Generally the character of the 1-incidena! 
matrix, whose elements are +1, —1, or 0, is special, and ca4 
not be algebraically treated. But one solution at least of B cas 
be X’ itself, and we can obtain a solution or sometimes severs 
algebraically by inspection. If some systematic method wer 
found, it should give the direct solution of the importar} 
unsolved problem of the necessary and sufficient conditions fc 
the realizability of an n-port network without ideal transformer} 
(see the end of example 2). After we have determined tk 
connection and ideal transformers, we can determine the bran 
impedances. We find the general inverse C—! of C satisfying | 


CCr Ng Td be Lo 


here 1 is a unit matrix of dimension (~, — pz), and C is 
é erally a rectangular matrix, namely, an (a, — Pp) X ox, One. 
J! is not determined uniquely, but it may be an arbitrary 
natrix satisfying eqn. (33). Hence it follows that 


‘ (C-'GC- 1)-1 
=4C “MeG@rc=icie-1}"! 


='CrC’= Z (34) 
Ve = eoermine the branch-resistance matrix r by comparing 
C~-"GC~')~' with CrC’, since G, C and C~! are already 
nown. If we put 

(+) [ (+) 
| r=1/2%r +r’) Z =1/2°Z + Z’ 
: and 
Cc) ) 
i r= 1/2" —r’) L ZH wy2g = 2’) 
he comparison is done more easily, since we use such branch 
lements as resistances and real gyrators. 


(3.2) Necessary Conditions for G 


_ Of necessity, r must be positive, and the necessary conditions 
for G are as follows: 


_ @ G must not be negative 


ce: RGTo Ol. (35) 


for any matrix x of one column, the elements of which are real 
numbers. 
_ (6b) G must have the same zero factor of rank n-k on the right 
and the left sides of G. 


ination of the other independent rows (or columns) with real 
‘oeflicients, with the same linear combinations for corresponding 
rows and columns. Only if the given value of G satisfies con- 
itions (a) and (6) can we produce a network having this value 
of G. This network is shown algebraically as both B and r. 
In order to have the smallest number of ideal transformers, it 
would be better for the driving-conductance matrix G to satisfy 
Fhe following condition (5’) instead of (0): 


: each of the dependent rows (or columns) is a linear com- 


(b’) Each of the dependent rows (or columns) of G is a linear 
- combination of the other independent rows (or columns) only for 
the coefficients +1. It is because each element in the zero factor 
_ becomes only +1 or 0 if (6’) holds. 


4 (4) EXAMPLES 
; 4 (4.1) Problem 1 
f Design a network specified by the driving-conductance matrix* 
| 26 —24 2 20 —4 6 
-. eid eesle Siio—18 “13 4 
a ie 12 Ul D 9710 
mi on lo 22) 6 34 127-18 
2 ©) ill 1G ae ale 
10 —2 8 —14 —16 24 


_ The first row in G equals the fourth row plus the sixth row 
in G, the second equals the fifth minus the fourth, and the third 
equals the fifth plus the sixth. The rank k of G is then By 
As these relations similarly hold in the transposed matrix of 
es This example is made up as follows: choosing arbitrarily the square matrix of 


“a fifth to sixth rows and columns, which must be positive-definite, the others are 
‘ ven as the linear combinations of the above rows and columns. 


a 
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G, G has the same zero factor of rank 3 on the right and the left 


sides. Since we have 
341 a1? 31804 
24>0, | rE BY +0, 16: 25 —14% 0: 
<1AU-=16, 9 A 
ie19 bn ao 40 
MGT ay Moms * 
11 AG 5 eI 
Bretdn ice 24 


G must be negative. Thus conditions (a), (6) and (d’) in 
Section 3.2 hold for this value of G. 

In order to determine a set of independent solutions of Gx = 0, 
we must exclude from G the row linearly dependent on the 
others, as follows: 


16 —22 -6 34 12 —18 xy 
2 OS ae 6 254 x65 || 0 
10 —2 8 —14 —16 24 x3 
X4 
25) 
x6 
Then 
34 12 —18 x4 16 —22 — x1 
16 25 —14 Xs lee) 2 Delt x2 
—14 —16 24 X6 10 —2 8 X3 
Therefore 


x4 3401202 1870) FG ea? eerie 
fs |=-| 25 =i 2 9 Hie 
X< S416 10). 2) olhleas 
ee 169-22) elie 
ee | 294) 228d 047 Oa ee 
an | 47 188 329 [2 a) i E i 
Putting a 1 0 0 
aJ-G OE 
x3 0 0 i 


we have 


x4 E: G 

5 es ones 

E 4418 | 47 188 
16 120m 26 1 0 0 
a) = et 0], [1] or | 0 
one s| {Lo 0 i 


1 188 oO 141 
—94 282 94 
329 


1 Cl-[} C3 Clea 


Let a maximal set of the independent solutions be denoted by X. 
We can determine X from the above result as follows: 


141 
94 
329 


[1 © O-1 0-1] 
X SHO 0 1=12) 0] 
[fo 0 1 0-1 —1] 


as we saw at the beginning. In order to have a set of linear 
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combinations of rows in X’ satisfying the character of a con- 
nection matrix, we may put 


Sit Sab al 1 0-640 
B= KX’= OF Ja 0 [OMe 7.0 
Li -OFPOs te 0" 1 


ih ih Os OP 

EEO avi — 0 
Therefore D = 1) nO 1 
RE AS Pe 


This connection matrix shows the network in Fig. 4. A set of 


Fig. 4.—The connection determined in problem 1. 


independent loops is determined as indicated in Fig. 5, and the 
loop matrix is then given by 

OR Om 0 

1 SO ih 

0-1-1 1 


1-1 

[i= Oe sal 
0 O 

R-', satisfying RR~! =1 where 1 is a unit matrix, is deter- 

mined as follows: 


MWS Sor 
oo oro o 
=O O19 O'S 


Therefore we can calculate Y as follows: 


OP Oy Oe 
Y= R-VUGRT=.|0- (0G dome” (0820 
OS FOP EIO ROP OR rel 


26 —24 2 20, —4 6 00 AASy 7 {8 
SE SHE I Sits ails} | 0 0 OO] = fe 19 0 

iy TONG: pl 2 KO}, iO i @ 10 8 24 

167226, 34. 12 18 | 100 

nz Os td) MolGinZS “1 OmORTO 

MO ee SS NG AN NI) > il 
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Fig. 5.—A set of the independent loops. 


(+) 4 ce 
Namely Lig 6 — (= t 
a | 
94 | 
oe 0 tae | 
and Z =| —T 090)! Ok. 2 eee 
Ome OO { 

94 


On the other hand, we can directly show the symmetric 
(+) 
part r of the loop-resistance matrix r as follows: 


(ES) (+) 
= rR’ = 
1 -1 0 1 0 | Ze OO © @ 
(0) 1 1 Ome 0 ! 
0 0 Oat i ere On 
0: 0) 79 10) BORO 
3 
0 hOMORi72s 102-0 
4 
0.0, (0% Oe re0 
5 
OOO OS0 mer 
6 
if) AOTEO rt+trt) —r aE 
hurd | 1, waits 2 4 
ee a ime lea ey Mug l 
Poy Sip 2k tes 5 (+ 
Oo 1-1 ve = 
On oe , ap epee 


Comparing eqns. (+A) and (+B), we determine the eleme 
impedances as 


r = 0:0212, r= 0-0106, r = 0-0318, r = 0-0106, 
1 2 3 4 


r = 0:0212, r = 0-0212. 
5 6 


002120. 


00212 
Fig. 6.—The solution of problem 1. 


i ; CS) 
In order to obtain the unsymmetrical part Z, we have 


M43 = 0-0106, r31 = 0-0106 


by comparing (—A) with Fig. 5. We then have a network as 


shown in Fig. 6. 


(4.2) Problem 2 


Let us design a network specified by the driving-conductance 


miatrix* 
5 —2 3 —1 8 
—4 3 —1 2» 4 
1 ] 2, iy 
G= —3 1 —2 2 0 
—8 8 4 12 48 


mio, | 12. 3 3169952 


__ A maximal set of independent rows is the second, third and 
fourth, while, in the transposing matrix of G, similar relations 
hold. Dependent relations are similar on the right and the left 
sides, and dependent rows or columns are linear combinations 
of independent rows or columns with real coefficients. 
fore G has the same zero factor on both sides. 


* This example is made up from : 


3) 
5 
Dy 
3 
20 
8 
28 
13) 10 3 —13 —40 —23 —71 


; —4— 37-1 2 4 § 9 = 
ox =| 1 ie Oe Ae i 
ee ele Ree ON G3r 55. =33 
1 i— 1.0) 0780 
0 —4-4 1 0O 
Therefore X’=|0-—1 0-1 0 1 
0o-—-1-4-5 0 9 
0 2A Og AO) 
(ja One 0: 60) 05 
—1 i ~ O-— -O- "i! 
If we put ike ORO a Se Ore () 
OF <0) .0)— 1 —1 
Onset) 1 Oe 4 
ih Oe Ws Oy Us 
I i @ @ 4 
; op = KX’ = Oi  @ it “O° Wail ss 
0 oO oO-!1 —!1 
Petje. 0 4 
ot — 1 0 O00 0 
GC O=t=4. 1 O 
Oi 0=1 0 LF O 
(iy a ee | 
Geiecs 4 2010" 0 
ee al el LORS ORO 
aa OF 0p Oe ie 
Ome ee Oe 1 Oe pal 
O- Oe sil lL © @©O= 
ja One.Oe 60-0" Ses 


99 


SS EC RC aaa ean 


There- 
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Then we obtain 
te eie— Ea OF Os -0 
lav kOay Ole O00 Iar0 
0-1 oO-1 0 1 
Or Lal, aly Cue) 


[D) = 0 | 
Fe O00. lt 0) 


and N= (0) 000,10) 35 400 74) 


Therefore we have the connection shown in Fig. 7. 


Fig. 7.—The connection and the ideal transformer determined in 
problem 2. 


A maximal set of independent solutions for 


Bx =0 

Sp at OO Oy il 
C= lam Oe VS 30.4, OF <4 53 

0. OL 20s 4 le ee Se 

The generalized inverse of C is 

Oo i O © © O oO © 
Grice. «Q Hae) —O ©) Or @ 
> 02 © 1 & © O © 


On the one hand, 


Seeile > 
T= Ve (C- 1GC) = [ 2 is)= i 


12 2 
hes Se iD es 02 ie 
PL eee 5, ere Baa obi Tacos! helio at 
Mi teshoeg 9 0 14 10m 90 
22 OD 
gy ee 
Therefore Ze ioe o —0 
9 O 14 
22 
eet 
a = it" 0°10). . "GEA (CEA) 
1 —10 0 
22 
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On the other hand, 


r+5r+ 4r 


r+trt+rt+rt+r =F eal oon 
a jm (ou CN ee ae 1 wg: op ts | 
Ol -r+4r43r 0 r+r4l6r + 16r + 9 16r + 20r + 12r 2 ae 
7 to. fie Ons ieee 5 Ty 5 7 8 | 
ra one ae Tor => 20r =] ir r+ 16r+r-+ 25r + 16r | 
6. eee 5 7 8 4 5, 36 7 8 | 


Comparing relations (+A) and (-++B), we have 


r=1:6x107,r=r=r=0,r=7°-1 x 1073, 
1 assis 4 5 


F= 38 < 10 ra 4-5 xX 10-2 p= 2 1 
6 7 8 


From the elements in C, by inspection, it can be stated that only 
three gyrators exist among the branches 2, 3 and 4. Therefore, 
=) 


in this case, Z is written as 


(=) 0 Vox Woy 
Z = (rane 0 134 23) 
r4n 43 O 
Comparing (—A) with (—B), we have 
139 = — ¥o3 = 4°55 x 10-2, t4n = — fog = 4°55 x 10-2, 
GA eon Seas 4-55 x 107! 


Finally we have the network of the type of Fig. 8. 


Fig. 9.—The solution with many ideal transformers. 


On determination of the connection, the minimum number of 
ideal transformers are not given, but by inspection the rest are 
given and several solutions for the problem are provided. For 
instance, B satisfying this problem is as follows: Arranging the 
rows of X’ only, we have 


4455x1070 


1:6 x107'Q 


D85x10°20f 


te re 
: Ve V4 5 
3-8 x107'Q 
DOr 
23104) 23 
SEO) eal Oma@) 


Fig. 12.—One of the solutions given by B. 
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iY ; 0 0 0 Geri AON. | Onie0s 50, KO th) (alee 1y.07 07-05 0,0 
. a hea ae inva, @ One Or=4 =4> [g-00.20; 0 Obailind Oicsli Oct! “SO l20 
\ “it he ONO SOR ea) ase O10 1 0 0 les | 0) 0.=4 -—4 1 04104 0 
; TON AO OF Iee4 5) On Ouncl) 410 0-1 -4-5 0 0 1 O 
| OR Os Ore OST IRE 30 475 0 SrO md a ot ORR eS oe 47505 tO Osea: 
‘Determining this as an arbitrary set of linear combinations which differs from it in the above example, we have 
TA pO ge One 0) 0 leper late On 0 OO to b= OOF 20. 0. 20 
ap TSE ome! eae tena Oe On AN 41, 208, O80 ait, 0. 105 0 a 0 Oia 
= = OO 440300 Ota Osler te OO = OCS OS Owe O 
0 O O-1 -1 OWN Ae Oe Ol 6 0 0 1 1 0O O-1 -1 
Oe od el ard Ole le ede 20 0-0 ad 0-0: 0) 60725 3 eee 
It is also given as an arbitrary set of linear combinations of the rows in B or B, 
Ih [ 1On 0) 0. 0k Veet OO OO 0 Oo ed ere eet Pa 0) 
a Ss OmLeO, 0,0 salen 0, 2 OSRetT 0 0. = 1 Onan Oy LO lee GOts Oserel 
ie. B= KB = ORO ROO, Weal Ot Oe Tee) = 0-1 0-1 0 1 0 O.- 
O80" OM Ine6 0 0 1 1 0 O-1 —1 OF. 505 at 1) OS Delt 
iT ak 072-0" 0° (0 Bake By le 44 0.0% Os (One Ne SOR 
‘Therefore Figs. 9-11 are also the solutions of example 2. And (7) CeDERBAUM, I.: ‘Invariance and Mutual Relations of 


-assuming only the first to third rows as the 1-incidence matrix, 


ESE L Electrical Network Determinants’, ibid., 1956, 24-4, 
the network shown in Fig. 12 is also a solution. 


[D, Pao. 


(5) CONCLUSION 


Synthesis of non-reciprocal networks has already been treated 

by Carlin*® and Oono,”’ and their networks are specified by 
Scattering matrices and consequently n-port impedance matrices. 
But in this paper the author treats topologically the synthesis of 
_the non-reciprocal network employing the transfer-conductance 
“matrix (the driving-conductance matrix) instead. In addition, 
the determination of its connection is treated algebraically and 
topologically, namely the connection is algebraically determined 
as a 1-incidence matrix which is a set of linear combinations of 
rows in the transposed matrix of a zero factor of the driving- 
conductance matrix. If the given value of G is symmetrical, the 
zero factor X need be considered only on one side of G, namely 


() G2) 
the left or right as G’=G. If G=G,i.e.G =0, this network 
is a gyrator circuit and the treatments can be applied to Carlin’s 
method?’ in gyrator circuits. These are investigated. In con- 
clusion the author introduces topological synthesis of a.c. resis- 
tance networks. The solution of this problem is not unique, and 
generally needs ideal transformers. 
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SUMMARY 
Approximate analytical expressions are derived for the impulse 
_ response of identical circuits in cascade. The results obtained from 
these approximate expressions, tested for an exactly solvable case, show 
_ remarkable accuracy. Cruder approximations to obtain a quick esti- 
mate of peak-to-peak ring in response to a step function, and the first 
zero of impulse response, are also given. 


LIST OF PRINCIPAL SYMBOLS 


p = Variable of Laplace transform. 
Pm Im = Coefficients in the asymptotic expansion. 
Z = Normalized variable of the form p/w. 
? = Pime: 
T = Normalized time of the form wot. 
G(Z) = Transfer function of a network. 
X(Z) = log G(Z). 
n = Number of circuits in cascade. 
u = Complex variable. 
A; = Airy function. 
Z,, Z, = Value of Z at cols. 
Zo = Value of Z at critical point. 
ah, XP1, XIV = Derivatives of X(Z) at Z = Zp. 
Ao = Value of A at critical point. 
Fo = XAZp + X(Zo) = Value of F at critical point. 


_’ denotes differentiation with respect to Z, 


(1) INTRODUCTION 
The response to unit impulse function of a network with 
transfer function G(p), whose singularities lie to the left of 
_ Bromwich contour, is given by 


1 c+ja0 
AD = 5, i Gjerde. < + -. eed) 
TI] ~c—jo 


For a number zn of identical circuits in cascade the response, in 

terms of the normalized variables Z = p/wo and 7 = wof, can 
be written as 

. c+joo 


= 
= (GUANA kG 
- Introducing the logarithmic gain X(Z) defined by X(Z) = log G(Z) 
we obtain 

c+jo 


= aly nF(Z) 3 

Aj) = 5 I perliae iers 18 o Y () 

"where Eee Zag, 10 SEY B®) 
and A=t/n 


Correspondence on Monographs is invited for consideration with a view to 
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In all except simple cases of G(Z) the above integrals are difficult 
to evaluate, and numerical methods are liable to be tedious 
when large phase shifts are involved. Approximate analytical 
expression for A,(7) can, however, be obtained by the method 
of steepest descents;! the standard method‘ is to deform the 
contour of integration so as to pass through the cols of F(Z), 
i.e. those points where dF/dZ = 0. 
Let Z, be a col and u a new local variable defined by 


BZ) RZ) en ee) 


Eqn. (3) then becomes 


1 dZ 
A,(z) = exp [nE(Z D5 jes (Ge)  1@) 


where C(U), the contour of integration in the U-plane, corre- 
sponds to the line of steepest descent in the Z-plane passing 


through col Z,. If F™(Z,) 4 0, = can be expanded in the form 


dE gc ee 
du 


(the radius of convergence for such an expansion being, in 
general, not greater than the distance from Z, to the nearest 
col) and hence A,(7) can be expressed in terms of factorial 
functions. 

It has been shown by Sander! that, for cases of practical 
interest, the main build-up of A,(7) occurs when two saddle 
points (nearly) coincide, ie. FU(Z,;)—>0. For this case the 
circle of convergence of expansion for eqn. (7) tends to zero, 
and, in this region, the standard method gives results which 
are not uniformly accurate. In this paper a further extension 
of the method of steepest descents due to Chester et al.,” valid 
in the region of build-up, is used to derive expressions for A,(7). 


(2) DESCRIPTION OF METHOD 
Consider the transformation 
E(Z) Ae oe Ae a is | Se) 


It has been shown by Chester ef al.? that the transformation 
u<-> Z is uniformly regular and (1,1), and that there is an 
expansion of the form 


dZ 


S [p, <u — a” + ¢,uu? —a)"| 2. Q) 
du m=0 


Eqn. (3) then becomes 


ee weltl3 
A, (7) i ys aa [ Pin Jeske ary ib Gnu ae a’y| 
m=0 27] ee 


enw—aut Ady (10) 
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The evaluation of this integral is dealt with in Reference 2, and 
retaining the significant terms (m = 0), we find 


A(t) = &"4[ pon BA (23a?) — gon As(n?3a)] . (11) 
where A; and Aj; are the Airy functions and their derivatives. 


A, a*, po and go, which are functions of the cols Z, and Z, 
and hence of A, can be obtained as follows: 


F(Z) = AZ + X(Z) =4wW —au+A (12) 


F(Z) = 41+ XZ) = 0 gives the cols Z;, Z,, and correspond- 
ing to these points in the U-plane we have u = + a. 
Hence at these saddle points, 


F(Z;,) = AZ, =e XZ) = = 2a? =e A (13) 
F(Z.) = AZ, + X(Z_:) =F +A. (14) 
from tee 
= 4[AZ, + Z.) + X(Z,) + X(Z,)] . (15) 
and = 3XZ, — Z) + X(Z,) — X(Z)] . (16) 
Differentiating eqn. (12) twice with respect to u and putting 
Z=Z,,u =aand Z = Z,, u = — a successively we obtain 
2 
xz, (1) = is (17) 
du 
dZ,\” 
xu ho (5?) = — £4 
(Z) a 2a (18) 
Eqn. (9) at these saddle points gives 
dZ, _ “s 
ee oe fi (19) 
dZ, 
ag reer 4208 (20) 
Solving for pp and gp from eqns. (17)-(20) we obtain 
1 Dg atl Lingle 
= — i 
Po ntceat ee ir 
1 2q 1 2 ie 
oh le sleaze a hace os 


Pm Um for m> 0 can similarly be found by considering the 
higher derivatives of eqns. (9) and (12). 

If Z, and Z, are both real, then A is real and a is real positive 
or negative. The sign of a will be related to the signs of X™(Z,) 
and X!i(Z,) which will be different, since Z, and Z, are on either 
side of the critical point Zp, i.e. the point at which Z, and Z, 
coincide. Hence 2a/X1(Z,) and —2a/X™(Z,) will both be 
positive and po, qo real. 

If Z,, Z, are complex conjugates, A will be real, and equal 
to A(F;). a> and hence a will be pure imaginary; X1(Z,), 
X"(Z,) will now be complex conjugates. It follows that py and 
Qo Will again be real. 

At the critical point a = 0, pp and gp obtained from eqns. (21) 
and (22) by a limiting process give 


y 1/3 
Po = (mi) 
xi 
‘s ( 2 Wr 
6x xt ] 
From eqn. (15), since, at the critical point Z,; = Z, = Zy and 


= Ay, 


(23) 
fh) = 


A = Fo = XZ + X(Zp) (24) 


Po and qo are easily obtained from eqns. (21) and (22) and the 
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With these values eqn. (11) becomes, for the critical point, 


AGS od (, enn) °A\0) + ae os ) "aio | 


| 
The known properties of Airy functions show that this can be 
expressed in terms of gamma functions, yielding | 


az =: xa)? @| || 


1/3 
al (am) TG) 
Q5% 


which is identical with the expression, for A, (7) at the critic 
point, obtained by Sander.! Other expressions for A,(7) wher 
A Xp» quoted by Sander! can be obtained by retaining only 
the first term of eqn. (11) and with a further approximatien 
| 
| 


A,(7) 


for Po, A and.a?. 


(3) APPLICATION 


The transfer function in terms of normalized variables, of ¢ 
coupling circuit characterized by two poles, can be written as 


1a ae 
(Z Fi? +1 


The impulse response of identical networks of the above 
function in cascade is given by 
n 
| EeZtdZ 


1 jos ”) 
Qn e-jo. LZ 1?2+1 
ezt 
——_—dZ 
c—jo (2 == i)? 


The above integral may be evaluated approximately by using 
results of Section 2 as follows: 


X(Z) = — log (Z? 4+ 1) 
The saddle points given by the solutions of the equation 
A+ XZ) =0 
Z,=x+vV? —1) 
Z,=x—-—V(? -1) 


where x = 1/A = nr. 
With these values for Z; and Z, using eqns. (15) and (16) we 
obtain 


G@ = 


A,(7) = 


(27 


are 


A= 1 —log 2x 


on ee =i) 
2, x 


a 


+ log [x — 2 — Dh 


Since Le Pi af x S ; ie 
Z| —G2opmlk + Ve? — 
eb ere? % 
and xz) | G2 


1 1/2 pe eae 
above values of xz) A ca and a. With thes 


values, A,,(7) given by eqn. (11) becomes 


A,(7) 2 k Ae ae [pon 3A; (n2P.a) -_ qo n-2)34 ‘(n2Baq he (28) 


THARMALINGAM: THE IMPULSE RESPONSE OF A NUMBER OF IDENTICAL CIRCUITS IN CASCADE 


337 
“At the critical point A 
é t.the critical point A = Ay = 1 and A,(79) given by eqn. (25) and by inversion of series given by eqn. (33) we get (Z — Zp) 
_ becomes in terms of @ of the form 
\ 
% 0-4473 0-205 
‘ Aj@y) & 2 = 


| nis n?l3 


(29) 


_The integral of eqn. (27) can also be evaluated exactly in terms 


(Z—-Z)=+ aPC ae 
4 Bessel functions, giving 


A ail 
oxy? iin (34) 


Since 24 = F(Z,) + F(Z,) and 4a? = F(Z,) — F(Z,) from 


eqns. (32) and (34) we obtain 

Mt 2/1 T\ 2-4 

: A,(7) —- am (s) cml xIv 

G2 = TN n—3(7) eo) AX Fy +(A—A)LZo + aie (35) 
The results evaluated for n = 6, 10 and 15 by the exact and 

approximate methods are shown in Fig. 1. The accuracy of a ee aa (36) 
eee present approximate method is remarkably good. es ( 4 

t 


X™(Z) can similarly be expanded in terms of 0, and we obtain 


ON LS 
m= (xn) 


With these expressions for A, a* and po, retaining only the first 
term of eqn. (11), we have 


- GD 


1/3 YUL, 2/3 xh 
A,(7) & ee) ac) 9 entoroanzat Sen _ (8) 


This is identical with the expression obtained by Sander,! except 
that the 6? term is included in the exponential. Inclusion of 
the 6” term is expected to give better results for peak-to-peak 


ant | 


03 5 
: rN 
ay A 
\ 
: 
| | \ ‘ 
| 1 
\ 
i] 
n Ve 
‘la 
e's 5 10 5 20 1 \ 
Tt A ; 
i 
Fig. 1.—Impulse responses for cascaded networks each with transfer O41 d u : 
function G(z) = 2[(Z + 1)? + 1]-1. 4 oe 
t 
— Exact, using eqn. (30). Pa h r) 1 
© From Reference 1. S 7 1 
@ Present method, using eqns. (28) and (29). de i] ' 
; \ 
¥ P | 
(4) APPROXIMATION VALID FOR LARGE VALUES OF 2 7 
} I 
F(ZA) = AZ + X(Z) = a Z + AoZ + X(Z) (31) : ! 
t 
‘where a = (A — ro) 1 f 
G i] t 
Expanding F(zA) as a Taylor series about Zp we have - 4 ! 
PF(ZA) = (aZy + ApZo + Xo) + (aH + Aq + XOMZ — Zo) : | 
t 
5 / 
| (Z—Z))* Miler 
<i Se P=apiie 1: Az ie (32) \ / 
Since 4) + XJ = dxf =0 ai 0 gives “02 6 72 a6 
Aut Xo iz, 2.—Impulse responses for cascaded networks each with transfer 
GZ ZZ 2) +. = 0. G3) es ea Unaey Hint 


function G(@))— 217-2 Lis 


71 10) 
é ‘ 2a 2A — Ao) Exact, using eqn. (30). 
Putting 6 => xan = xm —--— Approximate, using eqn. (38). 


a 


Approximate, neglecting 62 term in eqn. (38). 
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ring and shape of response, since, at the second peak of impulse 
response, the argument of the Airy function is —3-25, i.e. 


9 2/3 
@~ — 3-25( - x) . Therefore the 9? term in the exponential 


is approueiatély O(n—'/3), whereas the next-order term in the 
coefficient py is @~ O(n~7/). For the network function 
G(Z) = 2[(Z + 1)? + 1]~!, with n= 10 we find that the 
inclusion of the 6? term reduces the height of the second peak 
by a factor of 3, as shown in Fig. 2, giving a good agreement with 
exact results. It is also evident that the first zero of impulse 
response, to a good approximation, is given by 


sea) 


An estimate of the peak-to-peak ring in the response to a step 
function may be evaluated by regarding A,(7) as parabolic in 
the region of the second peak. Since the first and second zeros 
of A,—x) are at 2:34 and 4-09, and its first minimum of 
magnitude —0-42 occurs at 3-25, the difference in the first and 
second ring in the response to the step function is given by 


(39) 


nXilly 113 
[ An@ar ~ — 4exp Ee aoe, a) 


XEV \ pnXHly - 173 
5-3( Gem) () 
For an inductance-compensated video amplifier where the gain 
is given by 


(40) 


Lp at ) 
s(, Rep + LCp? 


with normalized variables tr = Rt/L; Z = Lp/R; m = L]CR? 


and gain normalized to unity at low frequency, we get 
X(Z) = log [m(U + Z)] — log (m + Z + Z?) (41) 
Using eqn. (40) the peak-to-peak ring obtained for different 


values of K = m—'/2, and n = 32, are given in Table 1. 
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Table 1 ! 
PEAK-TO-PEAK RING IN RESPONSE TO STEP FUNCTION | 


Y Seat ihe oa 
Peak-to-peak ring 


from Reference 1 
Peak-to-peak ring, 
present method 


The results from Reference 3 are 
Kea 
Peak-to-peak ring = 0-07 


1-51 1-41 
0235 1-5 


(5) CONCLUSION 


The extended method of steepest descents gives uniform! 
accurate results in regions of interest, ie. A ~ Ag as indicat 
in Section 3. The inclusion of the 6? term in the exponentia 
factor of expressions in Section 4 gives a much better shape 
for the response of impulse functions. 
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MICROWAVE PROPAGATION THROUGH ROUND WAVEGUIDE PARTIALLY 


i FILLED WITH FERRITE 
By A. J. BADEN FULLER, M.A., Graduate. 


(The paper was first received 22nd August, and in revised form 26th October, 1960. It was published as an INSTITUTION MONOGRAPH in 
February, 1961.) 


SUMMARY 


The theory of microwave propagation through an unbounded ferrite 
medium magnetized along the direction of microwave propagation is 
‘considered, and expressions are derived for the components of the 
‘microwave field. Boundary conditions are applied, and characteristic 
equations are derived for four circularly symmetric shapes, namely 


(a) Ferrite-filled round waveguide. 
(6) Ferrite rod at the centre of round waveguide. 

_ (c) Ferrite tube adjacent to the wall of round waveguide. 
(d) Ferrite tube in the centre of round waveguide. 


it 

‘Some propagation constants have been computed for the last three 
shapes. The method is such that it may easily be extended to give 
‘the characteristic equations for any circularly symmetric shape of 
ferrite inside round waveguide in addition to the characteristic equa- 
tions given in the paper. At 9370Mc/s some computed results of 
Faraday rotation have shown reasonable agreement with those 
measured on ferrite rods. The results of a specimen investigation 
‘of the variation of the propagation coefficient with change of ferrite 
dimension are included. 


(1) INTRODUCTION 


_ The paper gives a theoretical treatment of the various con- 
figurations of ferrite in round waveguide used in Faraday 
totation devices. An infinite length of round waveguide is 
considered with various circularly symmetric shapes of ferrite 
inside it, the ferrite being longitudinally. magnetized up to and 
just above saturation. Ifa circularly polarized microwave field 
is propagated through an infinite ferrite medium which is 
statically magnetized in the direction of propagation, the effective 
permeability varies with change of magnetizing field as shown 
in Fig. 1. The rotation of a linearly polarized wave is given 
by the difference in propagation coefficient of the two circularly 
polarized waves of opposite hand. 

A Faraday rotation device usually consists of a length of 
round waveguide with a magnetizing coil wound round it and 
with a ferrite rod, suitably matched, mounted coaxially in the 
centre. The rotation varies with applied magnetic field in a 
manner shown in Fig. 2. The amount of rotation also depends 
on the ferrite or waveguide dimensions, the microwave frequency 
and the properties of the particular ferrite used. 

- Under high-power conditions the ferrite rod is difficult to cool, 

and a tube whose outside is adjacent to the waveguide wall may 
be cooler and handle more power. For high-frequency ferrite 
modulators, where the rotation is varied by the application of 
an h.f. current to the magnetizing coil, the short-circuited-turn 
sflect of the waveguide sets a frequency limit; but if a ferrite 
tube is used, the magnetizing coil may be wound on to the 
Sutside of the tube so that the coil acts as the waveguide wall. 

Owing to the importance of rotators to microwave engineers, 
many theoretical investigations of microwave propagation 
through round waveguide filled or partially filled with ferrite 
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Fig. 1.—Typical ferrite permeability for positive and negative circu- 
larly polarized plane waves as a function of internal magnetic 
field, H. 
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Fig. 2.—Rotation of linearly polarized wave at 9370 Mc/s by a 2in 
rod of ferrite 0-25in in diameter inside a round waveguide 0-9 in 
in diameter as a function of applied magnetic field. 


have been published. The first theoretical treatment of round 
waveguide containing gyromagnetic media was given by Gamo,” 
who restricted himself to a completely filled waveguide but con- 
sidered a material that was gyro-electric as well as gyromagnetic. 
He gives a study of some cut-off frequencies and shows the varia- 
tion of propagation coefficient with waveguide radius. Kales? 
gives a similar theoretical treatment of ferrite-filled waveguide 
and also indicates the solution for a ferrite rod at the centre of 
the waveguide, but he does not give any results computed from 
theory. Suhl and Walker* have undertaken a more detailed 
study of the completely filled waveguide; like Gamo, they begin 
by considering a medium which is both gyro-electric and gyro- 
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magnetic, but because of the complexity of the solutions, they 
simplify the problems to the gyromagnetic material only before 
finding expressions for the propagation coefficient. They give 
a large number of results of calculations of cut-off frequencies 
and phase coefficients. They also discuss approximate perturba- 
tion methods of calculating the propagation coefficients for the 
partly filled guide, which confine the problem to very thin ferrite 
rods or to very dilute ferrite materials. In practice, partially 
filled ferrite waveguide is used whose dimensions are well 
outside the realm of validity of these approximate methods. 
Clarricoates* gives a perturbation theory of microwave propaga- 
tion in round waveguide with a ferrite rod in the centre. He 
makes the assumption that the ferrite has the same effective 
permeability to circularly polarized waves inside the waveguide 
as an infinite ferrite medium has to plane circularly polarized 
waves; he shows that this method gives ample accuracy for the 
design of ferrite devices. , 

Acknowledging the limitation of all previously published 
results, Waldron® gives an exact theoretical analysis of an 
infinite length of round waveguide with a ferrite rod at the centre. 
He has computed a large number of curves of cut-off conditions 
and phase coefficients for various sizes of rod and waveguide 
and various ferrite parameters. He has also computed!! values 
of the microwave field components and density of energy flow 
for the H,, mode as functions of transverse position in the 
waveguide. Waldron’? and Mirimanov and Anisimova® have 
also analysed microwave propagation in round waveguide 
with a tube of ferrite adjacent to the waveguide wall. 
Waldron gives an expression linking cut-off conditions for ferrite 
tubes and rods and has computed a few cut-off conditions, but 
no phase coefficients have been computed. Rizzi? also gives 
theoretical results for a ferrite rod or tube, and also a few 
results of rotation which were calculated for the design of a 
particular ferrite device. 

In the present paper propagation equations are given for round 
waveguide with 

(a) Ferrite filling. 

(b) Ferrite rod at centre. 

(c) Ferrite tube adjacent to wall. 

(d) Ferrite tube in centre. 
and propagation coefficients have been computed for the last 
three. Some specimen results are given. 


(2) THEORY 
(2.1) Ferrite Properties 


For a ferrite material magnetized to saturation in the z-direc- 
tion the permeability with regard to a time-varying microwave 
field is given by the tensor 


By aLee 0 
T= Vig fie yee EEO eS, ELE) 
0 0 1| 
where 2 = KotH, —=JSpok-H, 
B, =B Jpok-H,, Sy Lo-,H, ° . . ° (2) 
B, = MoH, 
and — ELON 
far PH — ww 
(3) 
ae Moyw 


Py? — w? J 


where y is the gyromagnetic ratio, w the microwave frequency, 


H the static applied magnetic field and Mo the magnetization 
in the material. 
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Polder! derived eqns. (2) and (3) connecting the periodic parts 
of B and H in a saturated ferrimagnetic medium by assuming 
that the classical model is applicable. However, eqns. (2) with; 
out the additional eqns. (3) have a more general significance than 
Polder’s derivation with the aid of the classical model migh} 
suggest. In an isotropic material completely magnetized in tha 
z-direction the most general linear relation between B and 
H, from symmetry considerations, is given exactly by eqns. (2)| 
Strictly, a ferrite is never isotropic, and the permeability tenso) 
will have a more complicated form when the magnetization 1) 
arbitrarily directed with respect to the crystallographic axis, bu. 
eqns. (2) have been found to be applicable for commercially 
available ferrites. 

For many applications of Faraday rotation the ferrite i 
magnetized well below saturation, but it is still assumed tha 
eqns. (2) describe the properties of the ferrite. No effect ha: 
yet been found to disprove this assumption. m, and kK, ar 
functions of the applied magnetic field, and except for the lossles: 
condition they are complex quantities. 

The ferrite has a normal permittivity, so that 


Di=. 696 -E ees sin nl Gg ee 


where ¢, will be a complex quantity except in the lossless case 


(2.2) Some Special Units 


Following Waldron,® some special units will be used in orée 
to simplify the computation. For microwaves in round metz 
waveguide all phenomena may be scaled with dimensions propo 
tional to wavelength. In this paper all dimensions will 
measured in units of the free-space wavelength, Ao, of the micra 
wave energy, so that if the actual dimension is R, the normaliz 
dimension used here will be r= R/Ap. Similarly, the propage 
tion coefficient, 8, is normalized so that B = Ao/A,, where ? 
is the waveguide wavelength. Moreover, the permeability an 
permittivity of the ferrite are taken relative to the medium fillir 
the rest of the waveguide, whether this be air (vacuum) or ar 
other dielectric material. If the waveguide is filled with 
dielectric other than air, the free-space wavelength is take 
to be the wavelength in an unbounded dielectric mediu 
Deducing the mathematics in terms of these normalized uni 
means that the frequency of the microwaves and the permittivit 
and permeability of free space cancel out in the characterist 
equations, so simplifying the computation. 


(2.3) Sign Convention 


The integer 1 describes the circular order of the waveguic 
mode; it is defined to be positive for a right-hand circulari 
polarized wave in a right-handed cylindrical-co-ordinate syste 
B is positive for waves travelling in the direction of positive . 
The static magnetic field is positive when directed in the positix 
z-direction. «, is negative for a positive static magnetic field - 
this is below that required for resonance, i.e. yH = w, as cant 
seen from eqns. (3). 

Circularly polarized modes are the fundamental modes pre 
pagating through gyromagnetic material. A negative circular: 
polarized wave is mathematically described by a negative integ: 
for n. But the propagation coefficient for a negative circular 
polarized wave passing through ferrite magnetized positively 
the same as that of a positive wave passing through ferri 
magnetized negatively, so that changing the sign of x, is math: 
matically equivalent to changing the sign of n and is easier f¢ 
computation; thus in the computation of the results recordé 
here a negative polarized wave is considered by a change « 
sign of «, rather than a negative value for n. 


e 
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(2.4) Differential Equations 
_~ In the waveguide Maxwell’s equations hold, ice. 
wD 7 


Cun — —= 
ot 


oirehis att evie ©) 
Curing —a— ae 
or 


If the expressions for the properties of the ferrite, eqns. (2) 
and (4), are substituted into eqns. (5), E, and H, are contained 
in a pair of differential equations and the other field components 
ate expressed in terms of E, and H,. Since Waldron and others 
have derived these expressions already, the intermediate steps 
will be omitted here. It is assumed that the field components 
vary by e/°! and e~/, The 2-dimensional differential operator 
_Y, is defined to denote (0/d.x, d/dy) in rectanguiar co-ordinates. 
So we have 


2 4 3 1 
: B, Vi, a Eg [Lo (E, fey .s B*)H, = geehy Perky: Ee s (6) 


B,V7E, ae wo €quole(u? > K?) V5: BPE, = 
— ja*eouoBk,nH, (7) 


where 7 = - a 


_ Eliminating H, and E, in turn from eqns. (6) and (7) gives 
{(u, V2? + wool Ce, — B?)(u, + 1) — «3e,]u,-V3 
+ wiiudu,[(< 1, — 62)? — (e-«,)2]PE,=0 (8) 


_and a similar equation for H,. 
Eqn. (8) may be put into the form 


(We yO + ypE,= 0. . « ._@) 
where 


: 2 
py. 27e, 


(Au, + DU — BY) — x? 
+ / {10 — By — Dp, — PP + 442,8'f) (10) 
where y, takes the positive sign and y, the negative and 
jpn ap? 
B 25 as, 
€,-y 
In cylindrical polar co-ordinates the solution to eqn. (9) is 
E, = [K,3,(yir) + L1¥n0ir) + Kad Cyan) + LeY lyarle” 
(11) 
where K,, K>, L; and Ly, are arbitrary constants determined by 
the boundary conditions. ‘y may be real or imaginary, and so 
may the arbitrary constants K and L, so that, in any actual 


calculation, modified Bessel functions are as likely to occur as 
not. VE, is given by 


V?E, = [— Kyi, OAD) — 


r 


LyytY¥ Av") 
— Kyy33,Ayor) — Loy3¥ Ayan le”? (12) 


Substituting this value of E, into eqn. (7) gives an expression 
for H,. The other field components are given by the equations 


a ped oe. ina ju one 6’) 


dE, 
Bn = Fle or + Bn 


we;piol? 


ee 1 a 1 0, 
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bef Sime Pils 
cogil — Xl — BP Eta = 6, (— ot 2+ py 2) 
we 2 dt 
LP Ve ee, 
Be €, He WEe,€y r 06 (15) 
Pe Spear Wee Jet (16) 


6, WG eo. _.OF 


(2.5) Field Components 

Appropriate substitution into eqns. (13)-(16) gives the follow- 
ing expressions for the components of the field in the unbounded 
ferrite medium: 

E, = [KJ,Ayir) + LV rir) + KoSa(y2") 

+ LoY(y2r)] exp j(n? + wt 
Ay) [Kh (vir) + L1Y,.017)] 
+ (A; — Azy3) [KaJnCy2") 

+ LyY,,(yar)]f exp i(n8 + wt — Bz) (17) 


=z) (11) 
i= HG, = 


He Mas - Agy7)— “[Ki, (i) + LY) 


t+ (A3 Agy3)=[KoJ (yar ) + LsY,(y2r)] 


— (As — Aey) yl KiS ir) + LY 019] 
— (As — Aepy3)ya[ KoJ Ly 2") +L¥s} 


exp j(n0 + wt — Bz) (18) 


He = iy (As — Agyi) “[KiSrt) + LY.) 


(As Agy3)=[KaJn(y2r ) + LoY,(y2")] 


+ (43 — AgyDy [Kinin + LY] 
+ (A3 — Agy3)y2lKaInQ/ar) + LYqxl 
exp j(n + wt — Bz) (19) 
5 1 (45 = Ary =[KSi() + L1Y(710)] 
— (Ay — Ayoy3)- “[KoJ yar) + LY (y2)] 
+ (Az — AgyDyL Kinin) + LV] 


+ (47 — Agy3)¥2[ KS yar) + LoYn(yar i 


exp j(nd + wt — Bz) (20) 
Ey = {4 - AyDAK IO) + LY 9] 
(4, — Agy3)—[Kal, (yar) + La¥ u(V20)] 
eee AyD LK). + LY.) 
+ (Ay — Ayoy5)¥alKoIn(Var) + L2Yn cnn} 
exp j(n? + wt — Bz) (21) 
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€, SF , 
Ap= Bx [pePh ae Doser? 
ea, 
ae 47° BK, 
fF See DES ees: 
Ue Sinise Vee | 
Age = 
Sg Sate iti 7. 2?) 
Ag — Velen? — BYP — 2 — BD + KPH] 
; ae a ' (22) 
Hts pe — B*) 
Oe Srigerich mera lass 9) 
Ay Ea, 
Ag = PA, 
ay PA One at 
1 
Aig = iy. a pene 


€- 277€, J 


and the primed Bessel functions are the differential derivatives 
with regard to the argument. 

Expressions for the components of the microwave field in an 
unbounded dielectric are obtained similarly to those for the 
ferrité. They are 


E, = [K3J,Cyar) + L3Y¥ n(/ar)] exp jn + wt — Bz) . (23) 


ere 7 lKaluler) + La¥ n(Yar)] exp {18 + wt — Bz) (24) 
where 


yz = 47°(1 — B?) (25) 


and 
i Hus EK ICH) + L3Y (Yar)] — Apryal KaS (var) 

=e Lavaca exp j(n8 + wt — Bz) (26) 
He = i Ay [Kah i(a") + Laat] + Aral KS (yar) 

at LY exp j(n0 + wt — Bz) (27) 
E, = j { Ay 1<[KaJ nal) + LAY n(Yat)] + Aira K35 (7a) 


- LY ial} exp j(nO + wt — Bz) (28) 


n 
Eg 7 { —Aj2- [K3J,(Yar) = L3Y (yar)] a A, YAKS (Yar) 


- LeYacver lh exp j(n8 + wt — Bz) (29) 


where 
27 
Ati 
Ya Se 15) 
Ain = BAy 
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(3) CHARACTERISTIC EQUATIONS 


The characteristic equation for round waveguide fully of 
partially filled with ferrite is derived by applying the relevary 
boundary conditions to the expressions for the microway) 
field. The method used in this Section may easily be extende: 
to give the characteristic equation for any circularly symmetril 
shape of ferrite inside round waveguide. ; 

The following constants are used to simplify the expressio 
for the characteristic equations and are defined here f 
convenience. : 

Define the constants F as follows: 


F, = Jar) 

Fy = Y,(y1r1) 

F3 = J,(yar1) 

Fa = Y yr) 
Fs = (Ay — Ay), | 
Fe = (Ay — Any) Y(yir'd 

Fy = (Ay — Agy3)In(yar) 

Fy = (Ay — AzyS)¥ (yar) 


Fo. == — (As AeyD_ Inn) + (A3 — 4ayp Vind 
Lie ae AsyD- Yaar) + (43 — Agyp v1 YnQiry 
Fup = — (As — Ae Inari) + (As = AayDyaInorar) 
Big = (As Acys) ; Y (yas) + (43 — Agy3)¥2Y nar) 
Tig ere AyD, Irn) + (49 — ApoypyiSnvit 
Fig LAG Ay) YiuQuiry) + (Ao — AroypviYnyird 
Fis = — (Ay ~ AeyD Infor) + Ao — AroyDyaIn(72") 
Big Chi AsyD)-Yi(ya") + (Ag — Aio¥3)¥2¥ nar) 


Define the constants G so that if F; is a function of r, ther 
G; is the same function of rp. 
Define the constants P as follows: 


Fay J nar 2) 
, Y AVar2) 
Jy i) 

P. == a a 
‘ Yalgt 2) 


Define the constants Q so that, if P; is a function of r, Q; i 
the same function of 3. 
Define the constants M as follows: 


M, a SV al) = PeVn(yary) 
M, = SAVar' 1) can P2Y Ya") 
M3 = AyyyalSn(Var1) — PY iar] 


n 
Ms = — A,.—M), 
Ta 
n 
M; care at Aiz—M, 
ry 


Me — Ay yal Svat 1) ie PY (Yar 1)] 


fs 
“Dein the constants N so that, if M; is a function of P and 


NV; is the same function of Q and ry. 
| Define the constants Sas follows: 


j S} > S(Val 1) 
. So = Arya (Vari) 


n 
‘ia Aja, InfYarv) 


(3.1) Ferrite-Filled Round Waveguide 


_ Although the characteristic equation for round waveguide 
illed with ferrite has been given before in various forms, it is 
lerived again here for completeness. 

_ Consider a round waveguide of radius r; completely filled with 
errite. The boundary condition is that the tangential electric 
ield is zero at the waveguide wall. Since the ferrite medium is 
2ontinuous through the origin, the constants associated with the 
Bessel functions of the second kind are zero. 

: Equating the longitudinal and circumferential electric fields to 
7etO gives 
F\K, + F3K,=0) 


31) 
Fi3K, + FisK, = 0 i 
Elimination of K, and K, gives 
FF; 
=\0.. 32 
Fi3F 15 ie 


which is the characteristic equation in the ferrite filled round 
waveguide. 


_ Fig. 3.—Cross-section of waveguide partially filled with ferrite. 


(3.2) Ferrite Rod at Centre of Round Waveguide 
‘Consider the waveguide configuration shown in cross-section 
in Fig. 3. 
_ Area A.—Ferrite medium, O< r< rj. 
- Area B.—Homogeneous dielectric medium, r; < r < rp. 
Area C.—Perfectly conducting waveguide wall, rp < r. 


~ Because area A is continuous through the origin, the constants 
associated with the Bessel functions of the second kind will be 
Zero. 

_ For the boundary conditions at the waveguide walls, equating 
the expression for the longitudinal component of electric field 
to zero gives 


K3J (aro) + L3Yn(Var2) = 9 (33) 

Therefore Ex = 21K. (34) 
Similarly, the circumferential component gives 

| Tipeeees Psa; (35) 


— 
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At the ferrite dielectric boundary, where r = r,, the tangential 
components of the electric and magnetic fields are continuous. 
Equating the expressions for these field components across the 
boundary gives 


K3;M, = K,F, + K,F; ] 
K4M, 3 K, Fs + K,F, 


36 
K3M; + KyM, = K, Fo + Kn Fi, ( ) 
K3Ms; + KyMe = Ki Fi3 + KyF\5 } 
Elimination of K,, K,, K; and K, from eqns. (36) gives 
F, F; M, 0 
F; F, 0 M, 
== 0 (37) 
Fy Fi, M3 Mg 
F,3 Fis Ms Mg 


which is the characteristic equation for the waveguide partially 
filled with ferrite. ; 


(3.3) Ferrite Tube Adjacent to Wall of Waveguide 


Again the configuration in the waveguide is shown in cross- 
section in Fig. 3, but in this case the ferrite occupies the tubular 
space inside the waveguide wall. 

Area A.—Homogeneous dielectric medium, 0< r <7. 

Area B.—Ferrite medium, rj; < r <1. 

Area C.—Perfectly conducting waveguide wall, r, < r. 


Because area A is continuous through the origin, the constants 
associated with the Bessel functions of the second kind will be 
Zero. 

For the boundary conditions at the waveguide walls, equating 
the expression for the longitudinal and circumferential com- 
ponents of the electric field to zero gives 


K,G, + L,G, + K,G; + L,G4 a ! (38) 


K,G,3 + LyGi4 + K,G,5 + LoGi5 = 0 


At the ferrite dielectric boundary, where r = r,, the tangential 
components of the electric and magnetic fields are continuous. 
Equating the expressions for these field components across the 
boundary gives 


K POOLE ore atk. 

Rif, + 1 Pe Re eK os 
Ky Fo + LyFio + KoFiy + LoFi2 = K3S2 + K4S3 
Ky Fy3 + LyFi4 + KyFis + LoFi6 = K3S3 + K4Sp | 


Elimination of K,, Ly, Ky, L,, K, and K, from eqns. (38) and 
(39) gives 
Fy, fo FS FS, 0 
F, Fe F, F,0 S, 
Fy Fyo Fy Fi2 S283 
Fi3 Fig Fis Fie S3 So 
Gi Go G2. G7; 0-0 
G13 Gy4 Gis Gig 0 O 


=0 (40) 


which is the characteristic equation for the waveguide partially 
filled with ferrite. 


(3.4) Ferrite Tube in Centre of Waveguide 


Consider the waveguide configuration shown in cross-section 
in Fig. 4. 
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Area A.—Homogeneous dielectric medium, 0< r< ry. 
Area B.—Ferrite medium, ry < r< rp. 

Area C.—Homogeneous dielectric medium, r,7 < r << 13. 
Area D.—Perfectly conducting waveguide wall, r; < r. 


Because area A is continuous through the origin, the constants 
associated with the Bessel functions of the second kind will be 
zero. In area C the arbitrary constants are Ks, Ls, Kg and Le. 


Fig. 4.—Cross-section of waveguide partially filled with ferrite. 


Area A.—Dielectric material. 

Area B.—Ferrite material. 

Area C.—Dielectric material. 

Area D.—Perfectly conducting waveguide wall. 


At the waveguide wall the boundary conditions are given by 
{similar to eqns. (34) and (35)]. 


Ls = — Q,K 
5 QO; *} (41) 
Le = = OKs 
At the boundary r = rz the boundary conditions are given by 
[similar to eqns. (39)} 
KsN; = K,G, + L,G2 + KyG3 + L2G, 
KeN2 = KiGs + L1G5 + K,G7 + L2G (42) 


KsN3 + KgN4 = KyGo + LyGio + KyGy, + L2G12 
KsN5 + KeNg = K,G13 + L1Gy4 + KG15 + L2G4¢6 
At the boundary r = r,; the boundary conditions are given by 
eqns. (39). 
Elimination of K,, L;, Ky, L2, K3, K4, Ks; and Kg from eqns. 
(39) and (42) gives 
Gi.G, GAG, 60 504N50 
Gist: GG AGE201000. NE 
Gy Gio Gi; Gi20 0 N3 Ny 
G13 Gig Gis Gig 0 O Ns Ng 
F, fo FF .85.0°0"0 
F, FF; Fy 0 S,0 0 
Fo Fig Fis Fi2 Sp S30 0 
Fiz Fig Fis Fi6 S3S20 0 


=0 (43) 


which is the characteristic equation for the waveguide partially 
filled with ferrite. 


(4) SOLUTION OF THE CHARACTERISTIC EQUATIONS 

Mathematical expressions have been given in Sections 2 and 
3 which define the conditions for microwave propagation in 
round waveguides partially filled with ferrite. It is now neces- 
sary to derive useful results from these expressions. The 
unknown in any waveguide problem is the propagation coeffi- 
cient 8. As this paper has already shown, the mathematics 
required to find the condition for propagation in a partially 
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filled waveguide is very involved. Bessel functions enter in) 
all round-waveguide problems, and for those partially filled w\ 
ferrite the argument of the Bessel functions is a term wh 
itself is the solution of a quadratic equation into which 1 
unknown f enters. So it is impossible to solve the equatic 
for the propagation coefficient except by trial and error, | 
trying values for 8 to find when the propagation equation 
zero. The problem is such that it can be solved only by recou 
to an electronic computer. A programme has been written 
perform these calculations on a Pegasus computer, and a 
details of this programme are given in Section 5. 


(4.1) Faraday Rotation 


For most applications the microwave engineer is interes 
in the Faraday rotation effect of waveguide partially filled w’ 
ferrite rather than the propagation coefficients of the two har 
of circular polarization—the difference between which gives 
Faraday rotation. Many authors, e.g. Waldron,® have deri, 
the expression connecting rotation with propagation coefficia 
and the derivation will not be repeated here. The rotaticni 


given by 
d= 2(P4 = PL « 2 eee 


measured in radians per unit length of waveguide, the unit 
length being Ay. 


(4.2) Identification of Modes 


In waveguide partially filled with ferrite there are no moo 
with either purely transverse-E or transverse-H fields. Tiw 
are longitudinal components of both fields, so that the nom 
clature of E (TM) and H (TE) modes are inapplicable. it 
possible to use the idea of quasi-E and quasi-H modes by relati 
them to the modes which propagate in empty waveguide. T 
propagation coefficient can be followed as the ferrite dimensic 
change, and at the limit of small ferrite size the mode may ’ 
identified from that which propagates in empty waveguir 
The theoretical analysis can distinguish only between modes 
different circular order, i.e. with H,g and E,g modes it ¢ 
only distinguish between- modes of different n and it cann 
distinguish between either E or H modes or modes of different 
To distinguish further between different modes of the same or¢ 
it will be necessary to follow the propagation coefficient to 1 
limit of small ferrite dimensions. The author does not belié 
that this investigation is worth the labour involved, since 1 
computations required are very lengthy and for normal applid 
tions interest is only in the H,;,; mode and whether any ott 
mode can propagate. 


(5) COMPUTATION OF RESULTS 


(5.1) General Principles 


The mathematics in Section 3 gives expressions for fe 
determinants which, when zero, give the propagation coefficie 
for four different configurations of circularly symmetric ferr 
loaded round waveguide. Three of these structures are 
interest to microwave engineers, namely 

(a) Ferrite rod at centre of waveguide. 
(b) Ferrite tube adjacent to wall of waveguide. 
(c) Ferrite tube at centre of waveguide. 

The obvious way to solve this ferrite-waveguide problem 
to write a programme to compute the propagation equation | 
each of the three configurations separately and to incorporate 
search-for-zero routine in each. But the mathematics leadi! 
to the expressions for the propagation coefficients of the thn 
configurations are similar and many intermediate results < 
the same. Moreover, the expressions for the propagati 


: 


fe 
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efficients of the reverse waves mostly use the same intermediate 
esults. So it was decided to calculate the value of the deter- 
ninant for the six different conditions (three forward and three 
everse) at one time, for a range of propagation coefficients, and 
hen to determine, by visual inspection of the results, the coeffi- 
ient for which each determinant was zero. This method of 
‘omputation was thought to be more economical in the computer 
ime than instituting an individual search for zero on each 
yhysical configuration. 


(5.2) Inadmissible Cases 


If the condition for the unmagnetized ferrite, i.e. Re (0), iS 
jut into the expression for the propagation coefficient, various 
erms in the determinants become infinite, so it is necessary to 
ise a different expression to find Bwhen x,=0. The condition 
or cut-off, ic. 8 = 0, has the same effect. Separate expressions 
or the two above special conditions have not been given here, 
yut Waldron® 7 gives very full treatment of the cut-off conditions. 
It has also been found that the expressions for the determinants 
n the propagation equations appear to have infinities as well 
is zeros as f is varied. At zero, the determinant changes 
‘apidly, so that these zeros are observed by a change of sign in 
his value and there is no indication whether it is zero or infinity. 
Moreover, if certain terms in the determinant tend io infinity, 
tis probable that in evaluating the determinant a small difference 
detween two very large quantities will occur, which the com- 
duter may register as zero. Such false zeros or infinities occur 
when 6 = 1 as well as for the conditions given above and others 
which are less easily specified. The propagation equations are 
>quivalent to a physical condition only when the determinant is 
zero, SO that its value has no significance except when it is zero. 
The infinities are only significant because they may be mistaken 
for propagating conditions. 


(6) EXPERIMENTAL VERIFICATION 


A large number of measurements have been made on two 
equivalent types of ferrite material, Rl and FR3, which are 
magnesium-manganese ferrites containing approximately 48% 
iron, 15° magnesium, 3% manganese and 34% oxygen. These 
measurements have been compared with theory. 


(6.1) Test Conditions 


For the tests the ferrite rod is 0-25 in in diameter and 2 in long, 
and the round waveguide has an inside diameter of 0:9in. The 
microwave frequency is 9370Mc/s, ie. Ay = 1:26in. The 
saturation magnetization is produced by a current of 115mA 
in a coil of 20000 turns wound around the outside of the wave- 
suide in a length of 3 in. 


(6.2) Measured Results 


‘With the ferrite rod matched into the empty round waveguide 
he saturation magnetized rotation is 320°. The absolute varia- 
ion on this rotation between different specimens is’ +18°, which 
s the specification which has been set for this ferrite material. 


(6.3) Measured Parameters 


The material constants of the two types of ferrite were 
neasured at microwave frequencies. 
The permittivity was measured in an Eo; resonant cavity on a 
od of ferrite about ;4;in diameter, giving 11-1 for RI and 
1-6 for FR3. These measurements were made at 8930 and 
850 Mc/s respectively. 
The tensor permeability was measured in a round cavity 
scillating in the degenerate H,;, mode excited by positive or 
egative circularly polarized waves. The method is substantially 
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the same as that used by Spencer, LeCraw and Reggia.!° The 
measurements were performed on discs of ferrite, 0-15in in 
diameter and 0-05in thick, magnetized normal to the plane of 
the disc. The measured effect of the intrinsic tensor per- 
meability is given in Fig. 5. The components of the tensor 
permeability, given in Fig. 6, are derived from the results in 
Fig. 5. 


au 
o4 0:2 
APPLIED MAGNETIC FIELD, Wb/m? 


PERMEABILITY 
° 
me 


15 


5.—Cavity measurement of tensor permeability of ferrite, 
measured on a disc 0-15in in diameter and 0-050in thick 
magnetized normal to the disc, at 9320 Mc/s, as a function of 
applied magnetic field. 


Fig. 


PERMEABILITY 


C T 


o4 0-2 03 
APPLIED MAGNETIC FIELD, Wb/m? 


Fig. 6.—Components of the tensor permeability of the ferrite, cal- 
culated from the measured results given in Fig. 5, as a function of 
applied magnetic field. 


x <x ERS: 
OOO Ib 


(6.4) Computed Results 


For computation the test conditions become 


Ferrite rod normalized radius, r; = 0-100. 
Waveguide normalized radius, r; = 0°357. 


The permittivities are given above and the diagonal and 
cross-diagonal components of the permeability tensor are given 
in Fig. 6. 

The computed results of the normalized propagation coeffi- 
cients are given in Fig. 7(a), while Fig. 7(5) gives the rotation of 
a linearly polarized wave measured in the units ‘twice right 
angles per free-space wavelength’ from eqn. (44). For both 
types of ferrite the saturation rotation (computed) gives 1:4 

13 
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Fig. 7.—Variation of computed propagation coefficient, 8B = Ao/Av, 
with magnetic field, H. 


(a) For the two hands of circular polarization. : 
(6) Rotation is the difference between the two values given in (a), measured 
in units of @ which become ‘twice right angles per free space wavelength’. 


GOERS: 
Ooo RI. 


from Fig. 7(6). This is a rotation of 200deg/in with an 
estimated accuracy of +7° at 9370Mc/s. This limitation on 
accuracy is governed by the accuracy of computation. Increasing 
the accuracy by an order of ten increases the computation time 
by about the same order. It is thought that the present accuracy 
is sufficient for most waveguide problems. 


(6.5) Comparison with Measured Results 


Experimental results (Fig. 8) show that the increase of satura- 
tion magnetized rotation is proportional to the length of the 
rod minus some small dimension: 


d=a(l—c). 


Where ¢ = Rotation of a given rod. 
o« = Rotation per unit length. 
1 = Length of the rod. 
c = Experimental constant. 


(45) 


Fig. 8 shows that, for our experimental configuration, 
c=0-lin. This experimental result has a very simple (if not 
exactly true) physical explanation. The ferrite rod is assumed 
to be uniformly magnetized, but there will be effects at the end 
of the rod where this is not true. These effects reduce the 
effective length of the rod by an amount which appears to be 
independent of the length, so that, to find the theoretical rotation 
of a 2in rod, the rotation per inch must be multiplied by 1-9 in 


oy 


2504 


i) 

Oo 

is} 
4 


ROTATION, DEG. 


0 0s Lo 4:5 2-0 
LENGTH, IN. 


Fig. 8.—Variation of measured rotation with length of a saturatis 
magnetized ferrite rod of 0:25in diameter inside a round wav 
guide 0-9 in in diameter at 9370 Mc/s. 


(that being the effective length of the rod). Computed results gi 
a rotation of 200deg/in, so that the 2in rod should have 
rotation of 380°, which shows reasonable agreement with: 
measured rotation of 320 + 18°. 


(7) SPECIMEN INVESTIGATION 


A specimen investigation has been carried out of the variatid 
of propagation coefficient of the round waveguide partial 
filled with ferrite as either the diameter of the ferrite rod . 
the inside diameter of the ferrite tube varies. The outst 
diameter of the tube and the waveguide diameter are fixed. Ti 
Section gives the results of the investigation. 


(7.1) Parameters Used 


A guess was made for ferrite properties to approximate 
R1 ferrite when magnetized to saturation. The manufacturer 
information gave the permittivity as 13, so the ferrite properti 
chosen were p, = 1, x, = 0:75 and e, = 13. It was assuma 
that the rest of the space was filled with air. Subsequ 
measurement, recorded in Section 6, shows that these valw 
for the ferrite properties are high; the permittivity especially / 
high, but the manufacturer’s measurements were possibly carri:i 


Fig. 9.—Variation of normalized propagation coefficient, B = Ao// 
with rod diameter or tube inside diameter, r;. 


Ferrite properties: u, = 1, xp = 0°75, er = 13, r2 = 0-357 and r; = 0-405, 
(a), (6), (c), (d) and (e): Ferrite rod of radius r; inside waveguide of radius r2. | 
(Cf), (g), (A), (i) and (j): Ferrite tube of radii r; and rz inside waveguide of radius ry’ 
(k), @), (mn), (n) and (p): Ferrite tube of radii r; and rz inside waveguide of radius r3.) 
(a), (f) and (k): Positive and negative circularly polarized waves for all circulan 

symmetric modes, i.e. Egg and Hog modes. 
(5), (g) and (/): Positive circularly polarized waves) for all modes of circular order 
(c), (A) and (m): Negative circularly polarized wavesf i.e. Eiq and Hiq modes. 
(d), (i) and (n): Positive circularly polarized waves) for all modes of circular order 
(e), (7) and (p): Negative circularly polarized waves i.e. Exq and Haq modes. 
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out at low instead of microwave frequencies. The calculation 


uses three normalized radii, namely 


r, = Radius of the ferrite rod or inside radius of the ferrite 
tube. 

r, = Radius of the waveguide, (a) and (5), and outside radius 
of the ferrite tube, (b) and (c). 

r; = Radius of the waveguide, (c). 


(The letters refer to the configurations listed in Section 5.1.) 

The investigation uses fixed values of r, and r; and varies r. 
As already mentioned, many measurements have been made of 
ferrite rods at 9370 Mc/s, i.e. Ag = 1-26in, inside a waveguide 
with a diameter of 0-9in; another size of round waveguide in 
common use has a diameter of 1-022in. r, and r3 were taken 
to be these dimensions respectively, normalized with regard to a 
free-space wavelength of 1-26in. They become r, = 0:357 and 
a 0-405. 


(7.2) Results 


As mentioned in Section 4.2 the theoretical analysis is able to 
distinguish only between modes of different circular order, i.e. 
with H,, and E,q modes it can distinguish only between modes 
of Gif Nn. For this reason all the results for a given con- 
figuration of ferrite, a given hand of polarization and a given n 
are recorded on the same graph. Results are given for values 
of n= 0, 1 and 2. In the results, the H,, and the Ej; modes 
have been labelled by consideration of the mode which can 
propagate in the limit of small ferrite dimensions; otherwise 
no attempt has been made to label the other modes which the 
results show can propagate in the ferrite-loaded waveguide. 

Graphs are plotted of normalized propagation coefficient, B, 
against the normalized radius, r,, for the different configurations 
of ferrite and for both hands of circular polarization showing 
all the modes propagated up to the circular order 2. Points 
were computed in steps of 0-025 in r, and in between if necessary 
for determining the shape of any curve. 8 was calculated to the 
nearest 0-1. The results are given in Fig. 9. 


(8) CONCLUSIONS 


The method of the theoretical investigation is such that it 
may easily be extended to give the characteristic equation for 
any circularly symmetric shape of ferrite inside round waveguide, 
in addition to the characteristic equations given in the paper. 
A programme has been written to compute results from this 
theory and is available to help in the design of reciprocal and 
non-reciprocal ferrite-waveguide components. 
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SUMMARY 


Faraday rotation of the plane of polarization of an electromagnetic 
wave, propagated through a medium in the direction of an indepen- 
dently applied steady magnetic field, has been interpreted in terms of 
gyromagnetic action and in certain circumstances as a consequence of 
Hall effect. 

The paper calls particular attention to the Hall-effect mechanism, 

which is shown to lead to different propagation coefficients for the 
right-handed and left-handed circularly-polarized components of a 
plane wave. 
_ The contention is advanced that a Hall effect can be expected to 
arise from a displacement current in the material medium and that, 
as a consequence, the Faraday rotation effect in dielectrics and semi- 
conductors may, in some cases, be significantly modified at frequencies 
above the microwave part of the spectrum. Some elementary calcula- 
tions are given in support of this argument. 


(1) INTRODUCTION 


The rotation which occurs in the plane of polarization of an 
electromagnetic wave propagated through a material in the 
direction of an independently applied steady magnetic field has 
been the subject of many investigations since Faraday first dis- 
covered it in 1845. This Faraday effect was originally observed 
With light transmitted through a transparent dielectric medium, 
but more recently very similar behaviour has been demonstrated 
at microwave frequencies in both ferrites and semiconductors. 
According to the particular physical conditions there are several 
closely allied but nevertheless distinctive mechanisms which have 
been used to explain Faraday rotation. In most cases the 
rotation is interpreted in terms of the precession about the 
direction of the steady applied magnetic field of the axes of 
spinning or orbital electrons. In a dielectric at optical fre- 
quencies or in a ferrite transmitting a microwave, the effect 
normally arises from bound electrons, their precession under the 
influence of the applied magnetic field giving rise to different 
velocities of propagation for the right- and left-hand circularly- 
polarized components of an incident plane wave. The model 
on which this kind of analysis is based is in the nature of an 
atomic gyroscope, but, in general, it forms a unit of a more 
complex system in accordance with the structure of the substance. 
As might be expected, the gyromagnetic action leads to 
resonances at particular Larmor frequencies, and according to 
their values, they can be ascribed to spinning charges in atomic 
structures of various kinds. A given resonance is accom- 
panied by an enhanced Faraday rotation and a corresponding 
increase in the absorption of power. 

In a semiconductor mobile charges play a vital part, and at 
low temperatures, well below ambient, these free electrons or 
holes can execute orbital motions and so provide for gyro- 
magnetic action associated with cyclotron resonance effects, 
when under the influence of a microwave and a steady applied 
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magnetic field. At room temperatures, however, the mean free 
path of the mobile carriers is too small to permit the setting up 
of orbital motions at microwave frequencies, and consequently 
the Faraday rotation in semiconductors must then arise from a 
different source. The essential condition for the gyromagnetic 
mechanism to operate in these circumstances is clearly that 
w>w,, where w and w, are, respectively, the applied and 
collision angular frequencies. If w<w, the Hall effect is 
known to be practically entirely responsible for the rotation of 
the plane of polarization of the wave. The present paper is 
concerned with this high-frequency Hall effect, which is of 
acknowledged importance at room temperatures in semicon- 
ductors, but which may also have an influence on Faraday 
rotation in other cases. 

The discussion, which is in terms of classical theory, treats 
the medium as a simple one having electrical properties defined 
by a conductivity o, a permeability x and a permittivity e. 
Analysis on this basis is clearly an oversimplification in many 
cases, but it does enable a helpful physical picture of the con- 
ditions to be obtained. The current produced by the electric 
field of the wave interacts with the steady applied magnetic 
field to generate a secondary or Hall electric field in a mutually 
perpendicular direction and of the same frequency as the wave.* 
This Hall field, when combined with the incident electric field, 
will clearly cause a rotation of the plane of polarization of the 
wave, and since the direction of the current in the medium is 
always aligned with the resultant electric field at any point, 
there must be a progressive increase in the angle through which 
the polarization is rotated as the wave moves forward. The 
analysis shows that the effect of the Hall electric field is precisely 
the same as gyromagnetic action causing the right- and left- 
handed circularly-polarized components of the incident plane 
wave to propagate with different velocities, giving to the medium 
an equivalent tensor permittivity. The accompanying rotation 
of the plane of polarization is always non-reciprocal. 

The contention previously advanced by the author! that 
there is a contribution to the Hall electric field from the dis- 
placement component of current in the material medium, as well 
as from the conduction component, has been maintained in the 
present analysis, and it leads to the expectation that the Hall 
effect plays a more important part than is usually thought to be 
the case at frequencies approaching the infra-red part of the 
spectrum. In this region, even at room temperatures, we should 
generally have w > w,, so that gyromagnetic action and cyclo- 
tron resonance again become significant, producing pronounced 
Faraday rotation. The question that arises, therefore, is how 
far this source of Faraday rotation is supplemented by the Hall 
effect in such circumstances, or whether the two mechanisms 
must be regarded as mutually exclusive. 

There is a very long list of important papers concerned with 


* It will be recalled that a Hall electric field arises without the independently applied 
steady magnetic field. This is a double-frequency Hall field in the direction of 
propagation of the wave and is generally of much smaller magnitude, being dependent 
on the interaction of the current in the medium with the magnetic component of the 
wave. The double-frequency Hall field is neglected as an insignificant quantity in the 
present discussion. 
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different aspects of Faraday rotation, but perhaps those most 
relevant to the present discussion are by Suhl and Walker,” Rau 
and Caspari,? Brown and Clarricoats,* and Stephen and Lidard.° 


(2) CASE FOR A CONTRIBUTION TO THE HALL EFFECT 
FROM DISPLACEMENT CURRENT IN THE MATERIAL 
MEDIUM 

In the first place it is important to recognize that the mechanism 
of the Hall effect, arising as it does from the interaction of a 
current and an applied magnetic field, is inherently incapable of 
distinguishing between conduction and displacement components 
of that current. At the same time there can clearly be no con- 
tribution to the Hall effect from free-space displacement current, 
because the effect is only manifest in the presence of a material 
medium. Moreover, mobile charge carriers in the medium 
must respond to an applied electric field in a way which is 
different from that of electric dipoles, and consequently in inter- 
preting the result of this mechanism we must use two different 
Hall coefficients, one for the conduction component and the 
other for the displacement component of the current concerned. 
It is well known that an electromagnetic wave incident on a 
material medium of any kind exerts pressure upon it. This 
radiation pressure is closely allied to Hall effect, the mechanical 
force being the direct result of the Hall electric field acting on 
the mobile charge carriers and on the electric dipoles within 
the medium.! 

In the case of a dielectric the radiation pressure must be due 
to displacement current in the material medium interacting with 
the magnetic field component of the wave to produce a secondary 
electric displacement in the direction of propagation of the wave. 
It seems, therefore, to be an inescapable conclusion that there is 
a Hall effect and a corresponding Hall coefficient associated with 
displacement current. We know that any such Hall coefficient 
associated with displacement current must be a very small 
quantity compared with the corresponding coefficient for con- 
duction current, so that only at frequencies well above the micro- 
wave band is Hall effect from displacement current likely to 
become of real significance. 


(3) ANALYSIS OF ELECTROMAGNETIC WAVE 
PROPAGATION IN THE PRESENCE OF HALL EFFECT 
Consider a TEM wave (Fig. 1) propagated in the +-z-direction 

and incident at z = 0 normal to the surface of a homogeneous 
medium of permeability 4, permittivity « and conductivity o. 
lf E, and £, are the electric field components induced by the 
associated periodically-changing magnetic field components, then, 
assuming a time factor e/@*, we have 


EF, . 
ae SOREO EEL ENA UR DS Ol were ee) 
OE 

and a = jou, * 5 . a aes . (2) 


With a steady independently applied magnetic field of density 
Bo in the direction of propagation of the wave, secondary Hall 
electric fields E,;, and E, 7, will be set up in the x and y directions, 
respectively. 

Thus we shall have resultant electric fields E.z and E,p along 
the x and y co-ordinates, and these resultant fields will be 
responsible for producing the corresponding current densities 
J, and J,, each of which will include both conduction and 
displacement components. 


Thus 
E.r = E+ Exy i a, o> Oaaeeeen)) 
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Fig.” 1.—Propagation of a TEM wave in the presence of Hall effee 


and Eg= EP Bp oe he 
Od. 

with J, = Expl(o + jwe) = — mt ee 

zZ 

oH | 

and J, = Eyre + jwe) = ie nn 


In accordance with the contention advanced here that the Re 


ment components of current in the material medium interactit' 
with Bo, we have ; 


Ew = — [cE,r2,Bo + jwle Ss €) EyrA Bol 5 { 
and Ey <i [CER Bo + jae — €) ExpA {Bol A { | 


where &, is the Hall coefficient associated with the conductic! 
component of current in the medium and is normally negativj 
for an n-type semiconductor or positive for a p-type. 

#, is the Hall coefficient associated with the displaceme? 
component of current in the material medium. This quanti) 
is negative for good high-frequency low-loss materials lili 
polythene, in which the positive charges associated with tt 
atomic nuclei have so large an inertia that they are unable - 
respond to the rapidly alternating applied electric field ari 
therefore take no significant part in the support of the dil 
placement current. 

If m is a factor taking into account the fact that the electr 
force on the individual mobile charge carriers in the mediu: 
differs from the applied field (for semiconductors, m = 8/3 
and x is the corresponding factor applicable to the electri 
dipoles in the medium, we have 


and 


F 


| = q and WN are, respectively, the electric charge and the 
lensity of charges, the subscripts being appropriate to mobile 
‘arriers in one case and electric dipoles in the other. 

_ Using eqns. (3), (4), (5), (6), (7) and (8) we have 


. J, = aE, — bE, (11) 
ind JASE DELO mie ek (12) 
| + jwe 
vhere a= g 
be 1 + BiloB. + jale — eBay)? So 
ia Boo + jwe)[oR, + jwle — €)B ] 
ind b= c oA 
1+ BioR, + jole—eQnAir ~ ° C 
iG that eqns. (5) and (6) become 
’ 0H 
— = aa lie OR fi aie e (15) 

i me (16) 
ind combining these with eqns. (1) and (2) we find 

it ia > : 

Sr = jwp(aE, — bE,) = K*E, — jnE, (17) 

DEE ye 2 5 
and JZ = jwuaE, + bE,) = K*E, + jnE, (18) 
where I Sate GO lees sk 9h NF Renin ots (19) 
and 7 = wpyb (20) 
Assuming solutions to eqns. (17) and (18) of the form 

Ea Asa (21) 
und E, = pAe~*? = pE,. . (22) 
02 

ve have we = VE. = K7E.. — InpE 
yr y? = K* — jnp (23) 
aE, Jn 
und Jz == vEy — Kee. -f ee 
vr opti K2 ye ee eaters. fe (24) 


fo make eqns. (23) and (24) consistent we must therefore have 


| sin = 17 orp? = —1 
nd Dime ef 
iving yak +7 (25) 
nd from eqn. (22) 
: E, = jE, (26) 
Vhen p = —j then E, = — jE,, and E, lags by 90° behind E, 


iving a right-handed tircularly-polarized wave with a propaga- 
on coefficient y, such that 


(27) 
Uternatively when p = +/ then E, = + jE, and E, leads E,, 


y 90°, giving a left-handed circularly- polarized wave with a 
ropagation coefficient y, such that 


yp aK nhs 


yi KP tesly 


(28) 
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Starting at z = 0 with linear polarization we can therefore write 
E,, = Ae~*r® + Ase (29) 


and remembering that the corresponding E,, field components 
are —jAe~‘r? for right-handed circular’ polarization and 
+ jAe~ for left-handed circular polarization we find 


Epa JAC g ee FAG ee (30) 

yr and y; are both complex so that 
SS Oe py ee het ee eee) 
and vy, = %,+ JB, . (32) 


The linearly-polarized wave incident on the medium under 
consideration at z = 0 has been resolved into right- and left- 
handed circularly-polarized waves which proceed to propagate 
through the medium with attenuation and phase-change coeffi- 
cients « and f, respectively, the subscripts distinguishing the 
quantities for the two directions of rotation. On emergence 
from the medium the two circularly-polarized waves if equally 
attenuated, would combine to give a linearly-polarized wave* 
whose direction of polarization is that for which the electric 
fields of the two circularly-polarized waves are in phase. Since 
8, % B, the two circularly-polarized waves travel with different 
phase velocities, and the direction of the resulting linearly- 
polarized wave at emergence from the medium will differ from 
that of the wave at incidence, giving rotation of the plane of 
polarization during transmission through the medium. If we 
suppose that the incident wave is vertically polarized we can 
resolve it into right-handed and left-handed circularly-polarized 
waves, so phased that their electric fields are coincident when 
they are vertical. Thus the two circularly-polarized waves at 
emergence from the medium of thickness s will have electric 
fields coinciding in direction at an angle @ from the vertical 


given by 
0 = +B, ae Bps 


@ is therefore the angle of rotation of the plane of polarization 
and this is clockwise when £, > ;. To calculate 0 some 
approximations can generally be made without significant error. 


(33) 


Let h = c2&,By (34) 
and u = wle — &)ByzBo (35) 
so that from eqns. (13) and (14) we have 

Oo + jwe 
= ——__—_.,.. 36 
OT +h + ju CG) 
and nies (¢ + jweth + ju) (37) 


1+ (h + ju) 


Now A and w are the Hall electric fields arising from conduction 
and displacement components of current, respectively, per unit 
applied electric field, so thath < 1andu <1. Wecan therefore 
write with sufficient accuracy 


a~(o+jwe) . (38) 
and b ~ (o + jwe)(h + ju) (39) 
giving, from eqn. (19), 
K = \/[jwpo + jwe)] = % + JBo (40) 
and consequently 
a = wr/(ue){4V/[1 + (ofere)?] — 15°” (41) 


* Since a, + «) the emergent wave is actually slightly elliptically polarized. 
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with Bo = wr/ (ue) {4V/[I + (o/we)?] + Re (42) 
while from eqn. (20) we get 

n = wulo + jwe)(h + ju) (43) 


and since |K?| > |n| we find from eqns. (27), (28), (31) and (32) 
that 


—y) =(@,-«) +i6,-Bd=-p . 44) 
or using eqns. (40) and (43) we have 
(a, — ot) a (ucy + hBo) 5 (45) 
with (B, as Bp == 45 (hag = uBo) ° (46) 
and from eqn. (33), 
6 = (8, — B)s = A [oRa — wle — €)AgPo] (47) 
or Verdet’s constant 
7] 
a Bos = to Bx = ele: = €—)2aBol : (48) 


(4) CALCULATIONS FOR FARADAY ROTATION ARISING 
FROM HALL EFFECT IN DIFFERENT MEDIA 


(4.1) Semiconductors at Microwave Frequencies 


It has already been emphasized that at room temperatures 
(300° K) and microwave frequencies, semiconductors produce 
Faraday rotation arising primarily from Hall effect. In spite 
of the fact that, in the circumstances, the displacement com- 
ponent of current in the material medium is often of the same 
order of magnitude as the conduction component, we shall still 
have u < A because Ry < R,. Asa good approximation, there- 
fore, eqn. (47) reduces to 


6 => Bosc. 


Zz 


Two cases of special interest will 


(49) 


o& being given by eqn. (41). 
be considered. 
(4.1.1) Germanium. 


Rau and Caspari? have investigated the behaviour of ger- 
manium both analytically and experimentally at a frequency of 
8-:74Gc/s. Their work was concerned with n-type germanium at 
room temperature having the following electrical characteristics: 


o = 6-25 mhos/m 
e, = 16 
s=4:6 x 10-3m 
Hall mobility = 0-364 m? per volt-sec corresponding to 
3m X 0:364 
SaG-25 


A steady magnetic field By = 0-143 Wb/m? was applied. Thus 


R, = — 


= — 6°87 x 10-?m?3/coulomb 


we = 7-77, and is of the same order of magnitude as co. From 
eqns. (41) and (49) we have 
Bosch wrv/€<, 1/2 
B= EH VII + (o/we)’] - 1}) (50) 
where +/e, can be identified as the refractive index. Apply- 


ing eqn. (50) to this case yields 6 = — 2-24° instead of the 
measured value of —3-47°. The theory given by Rau and 
Caspari based on the Drude—Zener model of free charges moving 
under the influence of crossed electric and magnetic fields gives 
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a rather different expression for 6 which seems to agree m 
more accurately with the experimental result. It is relevant! 
point out, however, that these authors, in neglecting any standi 
wave within the germanium on the grounds that the skin dey] 
was rather less than the thickness, seem to overlook the fact th) 
a substantial field (about one-third of the incident value) mu 
arrive at the far side of the crystal, and it so happens that 
dimensions are such as to give s ~ A/2 within the cryst 
From eqn. (45) with u < h, we find | 


—GHBoBy » is - . aad 
so that for the particular case of 
1 
hyp — OH) 
(8, — Bz. = —‘og/8p  - 2 2G ( 


and from eqns. (29), (30), (31) and (32) the ellipticity of t 
wave at the value of z given by eqn. (52) and represented 
the ratio of the major to the minor axis is 


i; NE + 6% + 2e cos (x/Bp) 

> {! + 2 — 2€ cos (co/Bo) : 
Thus, for the case of the germanium under discussion, we tt 
1 


Xp — A] 


a, — 4) = 


(¢ 


Z= 


tn 


Ey 


that when z = ( ) ~ 2cm, then 


~2 and t 
D4 ) 
attenuation of the wave in passing through this thickness of ¢ 
crystal is about 50dB, giving as the operational figure of mer?) 


@ (degrees) 
Attenuation (dB) 


It is of interest to compare this microwave Faraday rotati: 
in a semiconductor with the corresponding effect in a ferri 
When the applied magnetic force is well below the resona: 
value, one finds for a ferrite having a saturation magnetizati 
of 0-2 Wb/m? and a relative permittivity of 10, a rotation 
about 100°/cm, and this compares with only some 6°/cm for t 
semiconductor. The operational figure of merit of the ferrit 
therefore about 700. 


(4.1.2) Indium Antimonide. 


In the microwave part of the spectrum indium antimonide 
o > we so that eqn. (50) reduces to 


6 = 3-97 x 10-4Byso3?Bw'2 . . | 


Assuming the same frequency as for the germanium cryst. 
ie. f =8-74Gc/s, with electrical parameters iS n-t 
indium antimonide of o = 10* mhos/m and &, = — 6} 
10-4 m?/coulomb, we have for Verdet’s constant in hie case 


0 
V =— = — 3:19 x 10° degrees per Wb/m? per metre 


Bos 
which, although nearly 1000 times greater than for the ge 
manium sample, can only be demonstrated in practice to ¢ 
extent of about the skin depth, which is 100 times smaller. 


~ 0-2 


(4.2) Dielectrics at Infra-Red Frequencies 


Good low-loss dielectrics (without polar molecules) li 
polythene carry a current represented almost entirely by t 
displacement of bound electrons associated with the elect: 
dipoles, when a high-frequency electric field is applied to t 
material. In these circumstances eqn. (48) for Verdet’s consta 
reduces to 


Y= — = 


me —Aole—)25B) . . . 
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here, with we > o, 


a Bo = w/(ue) « (57) 
fence we have 
a 6 as Rye, Fig 1)\/e, 
Berio 76x 16 (58) 


faraday rotation at optical frequencies has been thoroughly 
xplored in a wide variety of dielectric materials, and the effect 
3 explained in terms of gyromagnetic action. For example, 
aeasurements have been made on quartz over a range of fre- 
uencies, and it is of interest to consider how far a Hall effect 
n that medium might be used to interpret the results. Applying 
qn. (58) to the following experimental data® for quartz at 18°C: 


@ f= 4-66 x 10!4o/s. «, = 2-37. V = 228°/m per Wb/m? 
Gi) f = 5-09 x 10!4¢/s. ¢, = 2-385. V = 277°/m per Wb/m? 
iii) f = 13-7 x 10!o/s. e, = 2-59. V = 2650°/m per Wb/m? 


ve find corresponding values of 2, between —1-5 x 10-1! and 
—1-6 x 10-1! m3/C. It therefore appears that, in this case, the 
faraday rotation could be very simply explained by the Hall 
ffect, and that the requirements are substantially satisfied with 
V increasing as the square of the frequency and R, remaining 
onstant at the very small value of about —1-5 x 107!!m3/C. 


(4.3) Semiconductors at Infra-Red Frequencies 


Faraday rotation in semiconductors at infra-red frequencies 
1as been examined by Stephen and Lidard* and by Smith, Moss 
ind Taylor.’ At these frequencies, even at room temperatures, 
»>w, and gyromagnetic effects become predominant, par- 
icularly in the vicinity of cyclotron resonance. Work under- 
aken by these authors shows that a theoretical analysis based 
my mobile carriers forming an electron gas is capable of giving 
1 good interpretation of the experimental observations over 
juite a wide range of frequencies. It is of interest, however, to 
consider what contribution, if any, Hall effect could make to 
“araday rotation at these frequencies. 

_In the first place it is important to remember that, as shown by 
<ronig,® the conductivity o is a function of frequency and 


Cd.c. 
where 7 is the relaxation time of the charge carriers. Kronig 


uso gave an approximate expression for permittivity as a func- 
ion of frequency, but in the circumstances under consideration 
where we are only concerned with orders of magnitude, this is 
lot very significant. 
From eqn. (59) it will be seen that at infra-red frequencies 
yne‘can expect o to be greatly reduced, and bearing in mind that 
he displacement component of current through the medium is 
it the same time much enhanced by the high frequency, eqn. (58) 
ipplies. 

Most of the experimental information available concerns 
ndium antimonide, and we shall therefore discuss this material. 
tis difficult to estimate the value of #,, but using the Clausius— 
Mlossotti relation and putting 


wae 

iy ( 3 ) 

a eqn. (10) we should expect with «, = 16 that Rym~ 
0-11m3/C. Inserting this figure in eqn. (58) enables a very 
ough estimate to be made of a possible Hall contribution to 


he Faraday rotation. At f=3 x 10'%c/s we thus find 
7 = 18°/m per Wb/m?. In the experimental work of Smith, 
ps, 


(60) 
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Moss and Taylor? on a sample of n-type indium antimonide 
having 1-1 x 107? conduction electrons per cubic metre they 
found a Faraday rotation in a positive direction of about 
10+ deg/m per Wb/m? and still larger values at lower frequencies. 
It seems, therefore, that the usual explanation of the Faraday 
rotation based on orbital free-electron carriers covers the major 
part of the phenomenon, and that any Hall effect, whilst not 
entirely insignificant, is relatively small. 


(5) CONCLUSIONS 


It is well established that Faraday rotation in a medium arises 
as a result of the local modification of the motion of the electric 
or magnetic carriers in the presence jointly of the steady applied 
magnetic field and the high-frequency wave. The phenomenon 
includes gyromagnetic action of various origins and Hall effect. 
The discussion presented here distinguishes the Hall-effect 
mechanism and identifies it as leading to different propagation 
coefficients for the right-handed and left-handed circularly- 
polarized components of the wave. The result is equivalent to 
giving to the medium a tensor permittivity. 

The contention is advanced that a Hall effect can be expected 
to arise from a displacement current in the material medium, and 
that, as a consequence, the Faraday-rotation effect in dielectrics 
and semiconductors may in some cases be significantly modified 
at frequencies above the microwave part of the spectrum. Some 
elementary calculations are given in support of this argument. 
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SUMMARY 

From the Kirchhoff equations applied to a ladder network, recur- 
rence equations are derived for calculating the voltages and currents in 
terms of the output voltage and current; from these, another set of 
equations is obtained for working from the input end of the network. 
It is shown that either set of equations is particularly suitable for the 
numerical calculation of transfer functions. A few general formulae 
are included for the voltage-transfer ratio of an RC ladder network. 


(1) INTRODUCTION 


The analysis and synthesis of ladder networks is important in 
communication theory and automatic control. In communica- 
tion theory the problem may be the representation of a trans- 
mission line by a lumped-parameter network or the design of a 
network to have prescribed frequency or transient-response 
characteristics.!_ In automatic control the ladder network is a 
convenient form of equalizing circuit for servo mechanisms, and 
such properties as pole-zero synthesis have been extensively 
studied.2 In process control, also, systems of ‘interacting 
transfer lags’ occur in the control of temperature and flow,? 
and these can be linearized and represented by an electrical 
ladder-network analogue; distributed-parameter systems such 
as heat-exchangers may also be approximately represented in 
this way. 

In spite of the importance of ladder networks in these fields, 
little attention seems to have been given to the choice of a con- 
venient and comparatively foolproof method of calculating their 
transfer functions; the need for one was encountered in analysing 
a demonstration fluid-flow network,* though this network can 
be treated algebraically. The method described here is intended 
mainly for the numerical calculation of transfer functions of 
networks with given elements, but a few algebraic expressions are 
obtained for RC networks. 


SOURCE 


(Vn th) 


Fig. 1.—n-stage 4-terminal ladder network. 


(2) FORMULAE FOR A GENERAL LADDER NETWORK 

Fig. 1 shows an n-stage 4-terminal ladder network with input 
voltage v, and output voltage vj. The elements are numbered 
from the output end and the notation used is as follows: 


Z,...2Z, = Impedances of series arms. 

yy -++¥y_ = Admittances of shunt arms. 

i, ... i, = Currents through z,... z,. 
U9. ++ U,—1 = Voltages across y;... y,,. 
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(2.1) Recurrence Equations for Voltages and Currents | 


The usual network equations give 


tm 


im = ie Ue 


1 
iq 


Um = Um-1 a Zane 


These are a pair of recurrence equations whereby, starting frc 
given values of ig and vp, one may derive successive curre 
and voltages up to v,. If the load impedance, vp/ig, is kno 
the method gives the transfer functions i,,/V9 and ¥,,/Vp for e 
m, and from the final equation the input impedance, vn, lin 
the network may be obtained. If the network is driven b 
generator (v,) via a source impedance z,, the input current: 
given by 

Ug 


ee GHA) 


and all the other currents and voltages follow from this. 
If, on the other hand, vo/ip is initially unknown and is to 
chosen to give a specified v,/i, eqn. (1) may be rewritten as 


Um—1 = Um — 2mm \ 
ne kn — Vmm-1 


Im-1 


Starting from given values of v, and i,, successive applicatic( 
of eqn. (2) yield the voltages and currents up to Up and ip. 

Another set of recurrence equations may be derived fre 
eqns. (1) by introducing quantities a,, and b,, such that 


jv, = an + OplZ, 
i, = 20a! be 


where Z,, = Umlim is the input impedance of the part of 
network to the right of node v,,. It is shown in the Appe 


that 

= a =i Zm4m \ 

=n TY mn om=1 wiVts 
The general solution is a linear combination of the follow: 
particular solutions: 


Daas 


an-1 


= | giving a, = 1 and b, = 0 
(b) i, = 1 giving a, = 0 and b, = 1 


from eqn. (3)) 
from eqn. (4),) 


e (a), repeated applications of eqn. (5) lead to the values 
= A and bp = B in the equation 


VnlVo = ay + bo/Zo 
ig v, = Avo + Big 
Similarly, in case (6) the equations lead to ay = C and by = Din 
| i, = CU + Dig 


These results are clearly equivalent to those obtained from 
eqn. (1) taking vp and ig as initial values. Eqns. (5) are useful 
mainly as a numerical check on the results obtained by the 
‘other method; they are not much use by themselves, since they 
do not yield intermediate voltages and currents directly. 


i} 


| (2.2) Response to Current Injected at an Intermediate Node 


) 
_ Suppose that the network is driven, not from the source (v,), 


which is now open-circuited, but from a current source (i) 
injected at node v; (this situation may well arise in the fluid-flow 


Fig. 2.—Current input at node 2; with v, open-circuited. 
} 
analogy). The network can then be split into two parts, as 
shown in Fig. 2. We have 


! 


b= ij — 1 + Yj41% 
‘ . 
SE ae yee am (0) 
. zt »( 2 “gl Ltt te 41) 
J 


‘The admittance i,/v; is calculated from eqn. (1) using given 
‘initial values ig and vp. The admittance i,;,;/v; is calculated 
‘from eqn. (2) starting with v,_; = 1 and i, = 0 and working 
with negative i’s to avoid introducing minus signs. Each 
calculation can be checked by using eqns. (5) in their direct or 
teversed form, as appropriate. Intermediate steps in the calcula- 
tions using eqns. (1) and (2) give the ratios between i and all 
voltages and currents. 


| 


_(@) A SYSTEMATIC PROCEDURE FOR NUMERICAL 
CALCULATIONS 


(3.1) Presentation in Tabular Form 


| The form of eqns. (1) suggests the method of setting out the 
‘calculation of currents and voltages shown in Table 1; here, 
ig... i, are built up in one column and %...¥, in another, 
and the left-hand column contains the successive multipliers 
y . . . Z, corresponding to each stage of the calculation. Below 
each multiplication a line is drawn and the new value of current 
or voltage is found by adding together the entries between this 
line and the one above. A similar process is followed if eqns. (2) 
or (5) are used. 


' 


(3.2) Transfer-Function Coefficients 
| The method can be adapted to give the separate coefficients 


f 


of p’ in a transfer function if this is a sum of powers of p, i.e. 


ie 
’ 
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Table 1 


TABLE OF CURRENTS AND VOLTAGES 


Multiplier Current Voltage 
io 

Y1 Y1%0 v0 
Z4 iy 2411 
ye y2¥1 v7 
22 i2 2212 
Yn YnUn-1 Un-1 
oa in Znin 

Un 


Fig. 3.—mth-stage components leading to power-series transfer 
function. 


if each y,, is a parallel combination, and each z,, is a series 
combination, of LRC elements. As shown in Fig. 3, let 


ln = Plim + Ry © UPC, 
. eS Yi r 
and write ap ta \ (8) 
V == 0, ph 


The range of summation depends on the value of m, the initial 
condition and the number of components present in eqn. (7). 
The recurrence equations (1) become 


. : 1 
Imp = Ii, + CrVm—1yr—1 ve paar ary Lom hertl 
m m 
1 (9) 
Umr = Um—=1,r Us | Ops Pree ar Rolin =e Giimr+1 
-m 
Table 2 shows the first few stages of Table 1 with the coefficients 


of different powers of p summed in different columns. In this 
Table ig and Vp are assumed to be independent of p. 


(3.3) Computation 


The computation follows the scheme shown in Table 2 in so 
far as the multipliers are present. To avoid excessive rounding- 
off errors, one more decimal digit is retained than is required 
in the answer. When a column builds up to the next higher 
digit place, the least significant digit is dropped. 

The network shown in Fig. 4 is used as a simple illustration 
of the method. Since the load impedance is known (ig = 9), 


i 
3-9 27 0:83 15 0-54 
ow 4c WV WW Fo - 
V5 8:7 16 55 aba | age a Yo 
-o 


Fig. 4.—Numerical example. 
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Table 2 
TABLE OF TRANSFER-FUNCTION COEFFICIENTS 
Current Voltage 
Multiplier nd i anh aoe 
Coefficient of Coefficient of 
p-3 p~2 pa} p® pi p2 Pp p-2 poi p® p p? 
700 
1/pL; voo/L1 vo0 
1/Ry voo/R1 
pC, vo0C1 
1[pCy ie i in iy, -a/C{ | tol Ct | inal Cy wb 
Re ~al i 4, -1R{| hoR{, | tRi +m 
pL{ i, -1l4 | tioli i, Ly 
WpLy | 1, -2/L2 | 1, -1/L2| viofE2 | eufL2 | vi2/Le2 4, =2 UE mee 10 V1 1 
1/R 4, -2/R2 | 1, -1/R2| v10/R2 v11/R2 12/R2 
pC2 %, -2C2 | %1, -1C2 | v10C2 %11C2 v42C2 
etc. ease) ny =) oy ei 120 i21 i22 143 


eqns. (1) yield all currents and voltages in terms of ¥p. Table 3(a) 
shows the calculations; to three decimal digits the result is 


is[vp = 0-227 + 31-5p + 387p? + 720p3 + 392p4 + 36-8p5 
 Reaaneree GLO) 

Vs[% = 3-15 + 164p + 1590p? + 2850p3 + 1530p4 + 143p5 
(11) 


A check on v;/Up is provided by eqn. (5), worked out in Table 3(d). 

The rounding-off errors in eqn. (11) are negligible, since the two 

answers differ by not more than one unit in the fourth digit. 
Table 3(c) gives the additional calculations needed to find the 


impedance to current injected at node v,. Thus 
iz 10:3p + 37-6p? 
— == Mics eee le) 
V, 1+ 32-0p + 31-2p? 
while from Table 3(a) we have 
iy _ 0-227 + 1-10p + 0-143p? (13) 
V 1:464+1-999 +0-214p2 ° °° 
From eqns. (6), (12) and (13), 
i 0-227 + 1-10p +-0-143p* 10-3p + 37:6p? 45-5 
V2 1:46 + 1-:99p + 0:214p2 1 + 32-0p + 31:2p? a 
(14) 


As a check it may be verified that the numerator of i/v, is the 
same as eqn. (10) (this can be shown to follow from an application 
of the reciprocity theorem). 


(4) FORMULAE FOR v,/vo IN A SIMPLE RC LADDER 


One of the instances where general algebraic formulae may 
be useful in ladder-network response calculations concerns the 
simple RC circuit shown in Fig. 5. This Section gives a few 
formulae for v,/v9 assuming infinite load impedance (ig = 0). 


Rn Ry 


Fig. 5.—RC network. 


(4.1) General R and C Values 


For Fig. 5 we have y,, = pC,, and z,, = R,, [not Ry, as i 
eqn. (7)]. In the notation of eqn. (8), eqns. (1) become 


tne a ba hn + Cr tt } 
Umr = Um-1, r la Rilme 


to 


Ci 
The initial conditions are ip = 0 and Up = 1, so putting r = 


in eqn. (15) gives i,9 =O and v9 = 1 for all m. Thes 
imt == eas + (ore and OF las Um—1,1 oe TONE a so that 


m m k 
it = 2a Cj and Oms = DRUG 


The next application of eqn. (15), with r = 2, gives, similarly, 


m q p-i k 
Mma = 2a Ro 2s Cp Rd Cj 


where the lower limit of p and q is 2 since ij, = vy = € 
Formulae for higher values of r may be written down by inspec 
tion. The transfer function v,/vp is now given by 


Uv 
ree nd Dnt es seen Ur 
n k vi: CP ust k n 
=l+pE RUG +P DR MGURUCG +... +p Gay 
1 


The summations may be rearranged in various ways by algebra: 
manipulation. In particular, if the order of the R and 
summations in each (RC) pair is reversed, we arrive at a formuh 
which would have resulted from applying eqns. (5). 


(4.2) General R’s, Equal C’s 


In this case the transfer function is expressible in terms of tk 
n time-constants 7,,= CR,,. The following formula for th 
numerical coefficients of the various 7 products in »,/v9 we 
suggested by inspecting the first few functions v,,/v9, and may tl 
verified by substitution into eqn. (15): 


DiS eh lapse tA Galion Bae eT eee TjTK 


‘Multiplier 


“f1/4-4 
‘| p0-63 


0-54 
(po-42 
1-5 
| es 
0-83 
pi-6 


i 2-7 
- —ps-7 
3-9 


Multiplier 
B-9 
i ps-7 
2-7 
pl-6 
0°83 
ps’s 
i 1-5 
_ p0-42 
0-54 


14-4 
p0:-63 


“Multiplier 

p87 
2:1 

i pl-6 
0-83 
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Table 3 
CALCULATIONS FOR NETWORK SHOWN IN Fic. 4 
(a) Current and Voltage Coefficients with Vo and J —=.0. 
. Current Voltage 
0-2273 1 
0-63 
0:2273 .0-63 0-123 0:3402 
0:4717 0:1429 1123 0:3402 
O22 73) les|02) 0-1429 0-341 1-653 0-2144 
8-052 10-96 1179 1-464 1-993 0-2144 
0-2273 9-154 11-10 1-179 0-189 E598 9-213 0:9786 
2-645 15-35 15-08 1-566 1-653 Sosy)| 9-427 0:9786 
OF 227713 aul 80 26°45 16-26 1-566 0-614 31-86 71°41 43-90 4-228 
19-72 360-6 703-3 390-4 36°78 2:267 41-45 80-84 44-88 4-228 
Oe22 7 3as le SD 387-0 TALES 392-0 36-78 0-886 122-9 1509 2 806 1529 143-4 
3-153 164-4 1590 2851 1533 143-4 
(b) a and 6 Coefficients with 1/v; = 1. 
b-Coefficients a-Coefficients 
329 1 
30) 33-93 
Dail 91-61 1 33°93 
6-6 91-61 10-56 146-6 
0-83 36-93 121-6 1 44-49 146-6 
7-43 128-5 121-6 40-86 706°8 668-8 
dS 128-0 1280 1003 1 85-35 853-4 668-8 
8293" 2565 1402 1003 Sill 107-7 588-8 421-2 
0-54 48-1 519 679 227°4 1 89-10 961-1 1258 421-2 
9-47 304-6 16971 1682 227-4 2-153 69-24 436-6 382 ailey 
a7 UIP) 1210 1060 143-3 
3-153 164-3 1590 2 850 1523 143-3 
(c) Current Input at v2, Calculation of —i, and v2 from Eqn. (2). 
Current (reversed) Voltage 
8-7 1 
oO 8-7 0 23-49 
6 37°58 1 23-49 
0 10-3 37-58 0 8-55 31-19 
1 32-04 Std 
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where the summations extend over all values of the suffixes, 
which are r in number, such that a>b>...>j>k, and 
where the numerical coefficient has the value 
A=(a— bd(b—o)...G—kk 

For example, with n = 4 the formula gives 
] + plat, + 373 - 272 + 71) 

+ p*(37473 + 47472 a 37471 ao 2737 + 2737 + T2T}) 

+ p?(274737> a 274737 | + 2747271 + 73727}) 

+ ptr473T2T1 


V4lV9 = 


(4.3) Equal R’s and Equal C’s 


Let r= CR. The coefficients of successive functions v,,/v 
can be derived very simply by writing eqn. (1) as 


and building up the coefficients in a difference Table (Table 4). 


Table 4 


VOLTAGE-TRANSFER COEFFICIENTS FOR RC NETWORK WITH 
R=C=1, % =1, AND ip = 0 


"0 ; 
al 1 
ca 1 1 
12 1 P23 
v2 1 3 1 
B 1 Ss 3 
V3 1 5 6 1 
14 1 6 10 4 
v4 1 7 15 10 1 
is 1 8 21 20 5 
Cre | 9 28 35 15 1 


Thus, for example, 
Vs[Vp = 1 + 1Spr + 35(pr)? + 28(pr)? + 9(pr)* + (pr)> 
It is clear from the Table that the coefficients are closely related 
to the binomial coefficients; in fact 
(m +r)! 
(2m)! (m — r)! 


——- aE) 


mr 2r 


(5) CONCLUSIONS 


The equations for currents and voltages in a ladder network 
form a set of linear recurrence equations which are convenient 
for numerical calculation, and there are computational advan- 
tages in calculating transfer functions this way instead of writing 
down the complete algebraic expression and substituting 
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i 


4 


numerical values. A parallel set of equations Pea | 
numerical check. 

Formulae for RC networks are comparatively simple, ari 
the general form of the coefficients of certain transfer function 


can be calculated in this case. | 
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(7) APPENDIX: PROOF OF EQNS. (5) 
Since Z,, = Umlin, we have 


Ural nga a Libnll ms 


oF GP =i 1JZm—1) . : . (i 
from eqn. (la). 


Alternatively, eqn. (15) gives 


OP ies = 1-+ Zilinl Caen 


S122 Vat Zl a -- 2 
from eqn. (16). 
Suppose it is possible to express any 2,, 


Lim = apt BilZae- %. =. ee 


in the form 


where a,, and b,, depend only on y,.44...2Z,. Then 


Qn—1 + De 112m —1 = (ay, = ap VA a CON opr ) 
= (Cl + 2,¥e) + ZedZae lem + Vin tl See 


The coefficient of a,, in eqn. (19) is formed by using eqn. (11 
for UmlUm = and the coefficient of b,, by using eqn. (16). Sine 
Zm—1 1S independent of y,,...Z,, eqn. (19) splits into t 


equations, one involving the coefficients of 1/Z,,_; and one ni 


bb, Epr= 6, “ae S05 Ie Oe eee 
Ll aa Csr ZnS man a Vine 
= an aP Ve D, x erie soe. (Si 


from (5a). 

Since eqn. (18) can be made to hold for m =n by suita 
choice of a, and 5, it must hold for all m, subject to eqns. (4! 
Egn. (18) is, in fact, equivalent to Thévenin’s theorem. 


ea 
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THE PART PLAYED BY SURFACE WAVES ON THE REFLECTION AT A FERRITE 
BOUNDARY 


| By L. LEWIN, Associate Member. 


) (The paper was first received 3rd August, and in revised form 18th November, 1960. It was published as an INSTITUTION MONOGRAPH in 
February, 1961.) 


’ SUMMARY 

It is shown that the solution given in a previous paper for the 
reflection at a ferrite boundary in a rectangular waveguide is invalid 
in a certain region because it implies a finite power flux into the wave- 
guide walls. This flux can be taken care of by means of Bresler’s 
‘surface waves, which can propagate in the anomalous region, and 
which were postulated in order to resolve a thermodynamic paradox. 
Their reality when the ferrite is lossy, however, requires further 
elucidation. 


(1) INTRODUCTION 


Ina previous paper! (to which reference is made for equations, 
notation, etc.) the problem was examined of the reflection of a 
dominant rectangular waveguide mode from a transversely 
magnetized ferrite region, the guide being empty for z < 0 and 
filled with ferrite for z > 0. An expression was given for the 
discontinuity reactance jX representing the energy stored in 
higher modes generated at the ferrite boundary, the formula 
being a function of a parameter 


bs eae aa 
aT of 6 


ele Veie 
1 — M/K 


Here, M/K is a measure of the magnetic properties of the 
ferrite and is zero when the ferrite is unmagnetized, in which case 
the problem degenerates into the simple one of reflection at the 
boundary between two uniform media. According to the 
manner of solution given, the formula should be valid for all 
‘values of M/K, but it was apparent that the reactance, which 
involved (4 — p)*, would be complex for M/K > 1, and it was 
postulated that the result could be valid only for |M/K oat 
although the reason for such a restriction was not known. 

It is the purpose of this further paper to explain why the above 
restriction is necessary and to examine what alterations are 
required to give the correct form for X. 


(2) FIELD AT THE GUIDE WALL 


_ The axial magnetic field at the guide wall in the ferrite is 
easily obtained from Sharpe and Heim’s paper: 


=i o£, K oF, 
w(u? — K?) dx 


a wy oz 
‘Here, p and jx are the components of the permeability tensor 
and py = (u? — K*)/p. 

At the guide wall E, = 0, so that H, < OE, / dx. Since the 
flow of power into the wall is given by H, x E,, there is a power 
flow proportional to E, d£,/dx, and this must be zero since the 
walls have been assumed to have infinite conductivity. Of 
course, E, = 0 as x > 0 or a, but d£,/dx can become infinite, 
$0 that it is also necessary that the product be zero. 


(1) 
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According to eqn. (19) of Reference 1 the field as 
cos @ = cos (7x/a) > | is 
E, —> $7? 
es 29 (2) 
dE,| dx > fP 


Hence the power flow at the waveguide wall (x = 0) vanishes 
as f*?—, and it is necessary that Zp > 4 for a zero power flux. 
Similarly, as x > a, 6 = 7 — # with J > 0, giving 
E, —> y?~?P } 
dE, [dx —> yp!-2P 
The power flow to the wall as x >a is 43-4? so that Zp <# 


for a zero flux. Hence the solution given in Reference 1 has 
limits of validity 


(3) 


Bee Dee a ee eee eee) 
If we put M/K = e/®, then 
1 1 
=.-_+. |] —j SOc Moae =: 
Pp 3+ Fm og (—j tan f/2) (5) 


Hence &p = t or ¢ according to the sign of B, and the limits 
in eqn. (4) correspond to |M/K| = 1. This confirms the earlier 
postulate on the limits of validity of the solution. It is now 
necessary to see what modifications in the solution are required 
when & p is outside the above limits. 


(3) A MODIFIED FIELD DISTRIBUTION 


Eqn. (19) of Reference 1 has one disposable constant, B, 
which was chosen to give E, = 0 at the guide wall. If we could 
dispense with this condition for Zp < + or Zp > 3, B could 
be chosen to give zero power flux to the walls. If Zp <i and 
B = 0, eqn. (19) gives 


cos > 
le eXN 2 
z= | (=) dx 
=H) 


As ¢->0 this gives E,—> const. + 6*?, dE,/d3¢—> ¢P*! 

and £, dE,/3p>0 as fd>0. If d= 27-4, E> y?-”, 

dE,/dd > Y!-” and E, dE,/dp > ye *”? > 0 as f > 0. 
Similarly, for Zp > ¢ take B= —1. Then 


As 60, E,> 4”, dE,/d6—> ¢—!, and E,dE,/d¢ > 
et 0. If ¢ ue ab, ve Le + 4-27, dE,[IP—> 
y3—2 and E, dE,/d¢ > 0 as > 0. 

Hence, in both cases, the necessity for zero power flux to the 
walls is met at the cost of permitting a non-zero electric field at 
one of the walls, in the first case at x = 0, in the second at x = a. 
What justification could there be for such a procedure? And 


if justified, why limit it to Zp <4 or > 2? 
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(4) CONDITIONS AT THE GUIDE WALL 


It will help to understand these questions if we note the 
reasons for choosing E,=0 at a perfectly conducting wall 
under more familiar conditions. Since tangential electric fields 
are continuous, a non-vanishing field would set up an equal field 
in the metal, and with an infinite conductivity, an infinite current 
density would be caused. This in itself need not be a reason for 
dismissing a non-zero field, since such currents can, in fact, 
be set up—at a sharp edge, for example. But it is essential that 
such currents be integrable, otherwise they would cause infinite 
radiation. This is always so with an edge current. In the 
present case we have a field varying as C + x??*+? across the 
ferrite face. How does it vary along the wall? (An infinite 
current density at z = 0 would be permissible if it vanished fast 
enough for z > 0.) Close enough to the corner of the ferrite 
the constant term behaves as a component of a plane wave, 
giving a finite axial extension along which the field is non-zero. 
This is impermissible, since a finite region of infinite current 
density would give infinite radiation. Hence, if we wish to 
retain the features of the modified field distribution, it is necessary 
to find some way of reducing the field to zero at the walls—a way 
which, moreover, is not applicable to the range 4 < Zp < i, 
where we have no need for an additional solution. 


(5) SURFACE WAVES 


Bresler? has shown that the commonly accepted set of sinus- 
oidal modes is not complete in a certain range of the material 
constants and applied magnetostatic field. In brief, he finds 
that if one examines the problem of a ferrite which does not 
completely fill the guide cross-section, a surface wave may be 
formed which hugs the crack between the ferrite and the guide 
wall, and in the limit in which the crack goes to zero this wave 
does not vanish, but can carry a finite amount of energy. More- 
over, its presence is required for the resolution of a thermo- 
dynamic paradox, and its reality must therefore be presumed. 
Although the reason was not given as to why it is essential to 
start with the analysis involving a finite crack and only at the end 
proceed to the limit, we will accept here that this process is 
necessary. We shall examine first the range of parameters over 
which the surface wave is required. 

The equation for the propagation coefficients is given by 
Bresler’s eqn. (37) in which we are interested in the limit 
1—A—D=D-—0 (ie. a crack on each side of the ferrite of 
width D approaching zero). 

The propagation coefficient 8 is normalized to the free-space 
value k = 27/A, and in the limit D0 we need values of 
q = kD@ such that as D0, 0-0 in such a way that q is a 
finite solution of the equation 


(cotha +5 +2) =0 (6) 


Here v; and v2 are related to the material coefficients. Solving 
eqn. (6) and expressing the constants in terms of the magneto- 
static field H and saturation magnetization M, gives 


ty|M,| 
wt+yWH+iM) °° ° 


q = 5 log (7) 
This obviously gives real values of q, and therefore of 0 = g/kD: 
when w > y|H +4M,|. In addition, a requirement that @ be 
positive leads to w < y|H + M,|. These are exactly the limits 
at which, for a lossless ferrite, we have Zp = + or 3. Hence 
we can say that, just at the limits at which the solution in Refer- 
ence 1 breaks down owing to a non-zero power flux to the 
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waveguide wall, surface waves appear whose physical duty, it : 
now clear, is to convey this flux away. | 
In the lossy case we rewrite eqn. (7) (for a positive field) as _ 


dae ayM, 
Bm — (HH + 4M, — jo 


The requirement that 6 be positive, which is connected with t 
requirement that e~®* represent an attenuated wave, mus 
become #6 > 0, or 


w<yWH+iM)+vV[GyMY2—-2] . . G 


The requirement that q be real is more difficult to deal witr 
since, presumably, we must let g become complex if the ferrit 
is lossy. This implies a surface wave of infinite attenuation : 
D->0, and we must decide the limits at which such a wave i 
to be no longer considered real. In the lossless case eqn. ( 

gives an imaginary component of 0 or jz according to the sigs 
of w — y(H +4M,). In general, the imaginary part is 


a 


jarc tan 
i o — WH + 4M) 


and this equals jz/2 at the cross-over frequency w=y(H+4M.) 
This would seem to be a reasonable limit to choose, and thes 
considerations therefore indicate surface waves when 


V(H +4M,)<w<y(H+4M,) +—/[GyM,)? — «] G 


Unfortunately, these limits are not the same as Zp <4 or >? 
in the lossy case. From eqn. (10) of Reference 1 we find th 
above limits for p when 


(A? — w? + «*)(B? — w* + &) + 42a? = 0 di 


where A = y(H + 4M,) and B= y(H + M,). 
Hence 


w* = 4(42 + B2 — 2a?) 


+ 4y/[(4* — B?)* — 8a2¢4? + BP (Ae 
and this is the same as eqn. (10) only in the limit « = 0. 
The lower limit, for « small, is 
a? 342 + B 
wr A A Bago 4 - oe ee ee 


and hence is contained within eqn. (10). 
The upper limit of eqn. (12), for small «, is 


(14: 


whilst the upper limit in eqn. (10) is similarly 


a? B(B + A) 


w~ B 33 ee oe (15 


Since 3B? + A? > B(B + A), eqn. (14) is contained withir 
eqn. (15). Hence, surface waves exist in the range Z p<t 

& p > 4, but, as defined by eqn. (10), also somewhat outside this 
range. The significance of these waves existing when they are 
not wanted is not too clear, since, with their infinite attenuations 
they could always be considered unreal and ignored; and ye 
their presence is required within the limits given by eqn. (12) 
It seems rather arbitrary to keep them when they satisfy eqn. (12? 
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(6) MODIFIED FIELD DISTRIBUTION 


A function such as 
> sin (2n + 1)¢ 

1 2n + 1 

as the value 77/4 for 0 < ¢ < zm but zero at 6 = 0, 7. Hence, 
L the air-filled part of the waveguide we can contemplate a 
eld which behaves like a constant close to the waveguide wall, 
ut which nevertheless drops to zero just at the wall. In the 
rrite-filled region in which a minute crack is supposed to exist 
etween the ferrite and the wall, the field need not drop to zero 
t the ferrite edge. Field continuity is supplied by the surface 
fave, which collapses rapidly to zero in the space between the 
trite and the waveguide wall. Hence the surface wave can 
upply the features postulated at the end of Section 4 to permit a 
olution of the integral equation which is non-zero at ¢ = (0, a). 

Unfortunately, the introduction of the surface wave invalidates 
2¢ whole of the analysis it was introduced to save. For 
xample, eqn. (1) of Reference 1 was obtained by an integration 
y parts, the integrated part vanishing at the limits. This will 
ow no longer be so, and a further term, corresponding to the 
zagnetic field of the surface wave, is also needed earlier in the 
srmulation. This alteration has not yet been made, and is 
articularly difficult because of the introduction of the crack. 
‘his disappears in the limit, but the earlier part of the analysis 
; very much complicated thereby. 

It is interesting to note that the analysis in Reference 1, if 
aken at its face value in the invalid range, with the change 
f permitting the modified field distribution of Section 3, gives, 
or the discontinuity reactance, 


oy aah ifogeya at Fi sae 
Tome eM 
a4 


,|M/K| > 1 (16) 


this is real, and agrees with Sharpe and Heim’s expression for 
Us K. It is not believed that it is correct, however, since 


36h. 


the accompanying surface waves must obviously be carrying 
away or absorbing power, so that X should be complex to take 
this lost power into account. It is just possible, however, that the 
reactive term might be given correctly by eqn. (16), but the 
complete analysis is necessary to confirm this. 


(7) CONCLUSIONS 


A new physical role has been found for the surface waves. 
postulated by Bresler in order to resolve a thermodynamic 
paradox. Their purpose is to carry away power adjacent to the 
waveguide wall in an arrangement in which a strong magneto- 
static field would otherwise have caused a field distribution to 
build up with an impermissible power flux into the waveguide 
wall. The significance of these waves when the ferrite is lossy, 
however, requires further elucidation, since the accompanying 
attenuation would be so large that they normally would be taken 
to be non-existent. So far as the reflection at the ferrite boun- 
dary is concerned, the difficult mathematical problem of a guide 
partially filled with ferrite must first be solved, with the limit of 
zero crack between ferrite and guide wall taken only at a suffi- 
ciently late stage in the analysis. 
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SUMMARY 


The paper is concerned with the concept of surface impedance as 
applied to the theory of radio-wave propagation over a real, i.e. 
inhomogeneous and irregular, earth; some of the conclusions may 
also be of value in the theory of waveguides, cavity resonators and 
certain types of aerial. 

The advantages and limitations of the surface-impedance concept 
are shown in connection with a very general integral equation for the 
field strength. 

The approximations and physical phenomena underlying the surface- 
impedance concept are first discussed in the simplest case of a homo- 
geneous and flat earth. The analysis is then extended to a horizontally 
stratified earth; it is then possible to characterize the earth by certain 
effective parameters depending on frequency and the geometric 
structure of the soil. The same is also true in the cases of a spherical 
or not too excessively irregular earth. The discussion is then 
generalized to the case of an arbitrarily inhomogeneous earth. The 
height/gain function and the shape of the ellipse of polarization are 
discussed. Approximate boundary conditions for the Hertzian vector 
and Hertzian scalar function are related to the concept of surface 
impedance. 

Practical conclusions are drawn with regard to the existence and 
measurement of the effective earth constants and to some aspects of 
geological prospecting by radio methods. 


LIST OF PRINCIPAL SYMBOLS 


E, H = Electric and magnetic force, respectively. 
D = Electric flux density. 
w = Angular frequency. 
A, Ay = Actual wavelength and wavelength for free-space 
propagation. 
Lo, €9 = Absolute permeability and permittivity of free space. 
L, , = Absolute and relative permeability. 
e, €, = Absolute and relative permittivity. 
o = Conductivity. 
e’ = Complex absolute permittivity =e/eg = € — jo/w. 
€, = Complex relative permittivity = e, — jo/(weg). 
y = Propagation coefficient = +/(w7pe’). 
Yo = Free-space propagation coefficient = w(tgeg)!/? = 


27] Xo. 
Zo = Intrinsic impedance of free space =(pug/e€)!/? ~ 
376-7 ohms. 
Z = Intrinsic impedance = y/(we’) = wp/y = (u/e’)!/? 
= Zo(uple/)'2. 


Ja, 


xy? 


Z, = Impedances for field components E,,/H,, E,/(—H,). 
Z, = Impedance in the direction of the positive z-axis. 
Z, = Surface impedance. 

5 = Depth of penetration. 


Subscript ¢ denotes the tangential component of a vector. 

Subscripts a and e denote that the quantity pertains to atmo- 
sphere and earth, respectively. 

Rationalized M.K.S. units are used throughout. 
factor exp (jw?) is suppressed. 
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(1) INTRODUCTION 


The propagation of radio waves over a real, i.e. inhomogeneor 
and irregular, earth is an extremely difficult problem in math 
matical physics. In certain practical applications, such © 
broadcasting, an exact knowledge of the field strength az 
structure is often not necessary. It is then possible to introd: 
essential simplifications, for instance to assume that the earth 
spherical and homogeneous. However, even in this simpie 
case, the rigorous mathematical analysis is very complicated ar 
rigorous analysis by classical methods of the more compl) 
problem of radio-wave propagation over a real earth must 
considered as almost hopeless. Essential progress has 
made possible only by the introduction of approximate bounc 
conditions. 

These may be formulated mathematically in a number of wey 
one of which is the concept of surface impedance. Because 
its more direct physical significance and its connections with ¢) 
concept of impedance in circuit theory, the concept of suriz 
impedance has been applied frequently in recent investigaticr 
it is used, therefore, as a basis in the present paper. 

An attempt is made to give a review of the physical phenomer 
underlying the concept of surface impedance,! to show ti 
consequences which follow therefrom with regard to field stru 
ture and attenuation, and to draw a number of practical c 
clusions. Special consideration is given to a real (inhom: 
geneous and irregular) earth. 

Some of the theoretical remarks may also be of value in ti 
theory of waveguides, cavity resonators and certain types 
aerial. 


=_* 


(2) INTEGRAL EQUATIONS FOR FIELD STRENGTH 


The advantages of surface impedance in the theory of radi! 
wave propagation may be shown most conveniently in connectia 
with the vector integral equation for the field strength. TI 
derivation of such equation by Monteath? was based < 
Ballantine’s ‘Corollary TI? of the electromagnetic reciproci’ 
theorem.? In the present paper we shall, however, use anoth 
approach, which is very simple and also shows clearly the ori 
of certain limitations of the method. 

Let V be a closed region of space bounded by a regular surfac 
S, and let P and Q be two vector functions of position whic; 
together with their first and second derivatives, are continuov 
throughout V and on the surface S$. Then, as shown I 
Stratton,* 


Jiro . curl curl P — P.. curl curl Q)dV 
o> $ (Q x curlP — P x curlQ).dS . ( 
IS 


where dS is assumed to be in the direction of the inward norma 
Eqn. (1) will be applied to the following problem (Fig. 1). 
Real (irregular and inhomogeneous) earth S; is surrounde 

by a not necessarily homogeneous atmosphere. The sho: 


—_— — _ 
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Fig. 1.—Real earth S, with transmitting aerial at Vi, and auxiliary 
fictitious earth S2 with its transmitting aerial at V>. 


Transmitting aerial (dipole) 1 at V, is replaced by an equivalent 
current distribution of density J;. The electric and magnetic 
jelds produced by aerial 1 will be denoted by E,, H,. 

At the same time we consider a second, auxiliary and fictitious 
sroblem: the same atmosphere as before, a current distribution, 
J,, in a small volume V, equivalent to a short aerial (dipole) 2, 
and an earth S, whose surface at no point protrudes above the 
surface S,;. The electrical properties and shape of the auxiliary 
sarth S, may be almost arbitrary; the limitations will be men- 
tioned later. The fields produced by aerial 2 will be denoted 
by E,, A. 

_ Returning to eqn. (1), we put OQ = E;,P = E,. Vis assumed 
to be the volume outside the real earth S;; it is bounded on the 
outside by the infinitely distant surface S,,. 

The electromagnetic field in the atmosphere satisfies Maxwell’s 
equations: 

Cite — Jou ma . « © CO) 


CULE OD de ea ee oe (3) 


Substituting in eqn. (1) we obtain 


[ Eiedv — | Ed + jw | ED, — E,D)dv 
Vo VY V 


—[(E,xhh-E) x H)dS . @ 
Si, Sco 


Since both aerials have been assumed to be short, the vectors E, 
inside V, and E, inside V, are approximately constant and may 
be placed outside the integral sign of the first and second 
volume integrals. The remaining simplified volume integrals 
over V, and V> are then proportional to the electric moments 
p, and p, of the respective aerials: 


J,dV = jwp, 

st ing a ay gre) 
J,dV = jwp2 

V2 


The surface integral over the infinitely distant surface ‘Seo 
vanishes because of the radiation condition. an0% 
The volume integral over V vanishes only if the permittivity 
of the not necessarily homogeneous atmosphere is a scalar 
Quantity or a symmetrical tensor. The upper atmosphere, 
however, is a magneto-ionic medium and its permittivity is an 
antisymmetrical tensor. In the paper—as often in theory—the 
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permittivity of the atmosphere is assumed to be a scalar 
quantity. Physically, it means neglecting the influence of the 
ionosphere on the propagation of radio waves, or, more simply, 
neglecting the ionospheric wave. This is a very serious simplifi- 
cation of the problem and must always be checked very carefully. 

It must be emphasized that eqn. (4) has been derived on the 
assumption that both the vectors E, and E, are continuous, 
together with their first and second derivatives. Where there 
are discontinuities in the electrical properties of the earth or 
sharp irregularities in its surface, the field will show singularities. 
The volume and surfaces of integration must then be changed 
correspondingly in order to avoid discontinuities and thus 
certain additional terms may be produced at these singularities. 
Physically, this means that at the respective singularities there 
appear, for instance, line currents or charges which we must 
take into account separately (see also Section 5.2). It is not a 
problem peculiar to radio-wave propagation. It will also be 
found, for example, in the cases of corrugated waveguides, 
cavity resonators and aerials. This essential complication seems 
to have been overlooked. 

Returning to eqn. (4), we assume that the electric moments of 
the aerials are equal (|p;| =|p2| =p). Eqn. (4) then gives 


(En = Edn — EL] Ei x th Ba x HydS . © 


where (E;),2, (E2),; denote the projections of electric field 
intensities E,, E, existing inside volumes V>, V; in the directions 
of electric moments pp, pj, i.e. (E;)y2, (E2)p; are the components 
of electric force along the directions of aerials 2, 1. 

As a consequence of the assumption that the permittivity of 
the atmosphere is a scalar quantity, the fields satisfy* the reci- 
procity theorem.>»® 3 Consequently (E,),; may be considered 
as a component in the direction of p, of the field existing at V, 
and produced there by aerial 1, if this aerial is placed, not over 
the real earth S;, but over the fictitious earth S,. Consequently, 
the surface integral in eqn. (6) expresses the change of the field 
on transition from a fictitious to a real earth. 

The case when the transmitting aerial is a magnetic dipole 
can be dealt with similarly. The current distributions J,, J, 
within the aerial are replaced by fictitious magnetic polarizations 
M,, M, (J = curl M), and H;,, H> are substituted for Q, P in 
eqn. (1). In order to avoid volume integrals in connection with 
the inhomogeneities of the atmosphere we shall assume a 
homogeneous atmosphere of permittivity ¢). Denoting the 
magnetic moments of the aerials by m,, m, (m = { MdV), and 
assuming as before |m,| = |m| = m, we obtain an expression 
similar to eqn. (6): 


CI) m2 = Ham + —— | Er x Hy — Ex My)dS . (7) 


Woll <s, 


The integral equation (6) is equivalent to, or represents an 
alternative formulation or a generalization of, expressions 
derived previously by a number of authors on the basis of 
the approximate boundary conditions of Leontovich’*! or 
Ballantine’s formulation of the reciprocity theorem.” 32-36 


(3) INTRODUCTION OF THE SURFACE IMPEDANCE 
CONCEPT 


To introduce the concept of surface impedance we shall 
consider eqn. (6) under the following assumptions: an inhomo- 
geneous and spherical earth S,, a homogeneous and spherical 
earth S,, a homogeneous atmosphere and both aerials vertical; 
consequently we shall consider the vertical component of an 
electric field, produced by a vertical dipole. 


* It is interesting to note that eqn. (4) lends itself readily to a very simple discussion 
of the problem of reciprocity relations in radio-wave propagation. 
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The scalar triple products in the integrand of eqn. (6) reduce 
to products of tangential components. Consequently the 
integral in eqn. (6) may be written as follows: 


ii Exy : Fy, : 
= = | #,,4D,| — sn (E,,, ,) — — sme Hy) |as. 
wp Js, lt ape ( lt 2t H, 21 t 
The tangential components E,,, H>, of the auxiliary field E,, Hy 
existing over a homogeneous spherical earth are mutually 
perpendicular; E, is directed radially (Fig. 2). The tangential 


Fig. 2.—Arrangement of the tangential components of the field. 


A; Real aerial 1 producing the real field Ey, HW}. 
A> Auxiliary aerial 2 producing the auxiliary field Ep, Hp. 


components E£;,, H,, of the field over the inhomogeneous 
spherical earth are not necessarily mutually perpendicular, nor 
is E,, always radial; the deviations, however, are generally not 
very great. 

The largest contribution to the integral (8) comes from those 
parts of the surface S where the phase of the integrand is 
stationary, i.e. from points such as B lying not too far from the 
line A,A, (Fig. 2). As a consequence the angles (£,,, H>,), 
(E,,, H,,) at such points are nearly right angles, and both sine 
terms in eqn. (8) may be omitted as an approximation. 

The value of F,,/H>, is known from the rigorous theory for 
a homogeneous spherical earth. Except for points lying very 
near to the transmitting aerial (A, in Fig. 2) E,,/H>, is practically 
constant and may be calculated readily. We shall show later 
that the same is true in many cases for E,,/H,, We thus see 
that a number of unknown quantities in eqn. (6) may be cal- 
culated approximately in advance and the computations are 
simplified considerably. But at the same time the introduction 
of a number of approximations may cast doubt upon the results 
unless the whole procedure is checked very carefully. 

The ratio of electric and magnetic forces has the dimension 
of impedance. Considering a direction m, we may introduce 
orthogonal co-ordinates uw, v so that u, v, n form a right-handed 
triplet. The u- and v-components of the vectors E, H may be 
combined into impedance relations: 


jaa leks = Ly; E,|(— H,) = Ly - (9) 


The algebraic signs of the components in the expressions for the 
field impedances Z,,, Z,, ate chosen so that in each case the 
corresponding directions also form with n a right-handed triplet 
(Zup: U, UV, .N; Ly, V, —u, n). If the field impedances Z,,., Zp, 
are equal, the impedance properties of the field in the direction 
of m are described in a unique manner by a single quantity 
Zy = Ly, = Zyy the (field) impedance in the direction of n. 

We are often interested in the impedance properties of the 
field in a direction m normal to a surface (e.g. a surface of 
discontinuity); the u- and v-components are then the tangential 
components of E, H. If the field impedances Z,,, Z,, are 
equal, Z, = Z,, = Z,, is termed the (field) impedance normal 
to S. 

When the surface S shows a constant normal impedance, Z,, 
independent of the field structure, Z, is called the surface 
impedance of the surface S; we denote it by Z,. 

The field impedances Z,,, Z,, are, in general, not equal; 
moreover, they change from point to point. The corresponding 
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electromagnetic problems are then almost always very comple 
In a number of important practical cases the surfaces of dij 
continuity may, however, be assumed to possess approximate| 
a surface impedance; this facilitates the solution of the corr 
sponding problems considerably. In fact progress has bee 
achieved in many cases only after the direct or indirect introdu 
tion of the surface impedance concept. | 
As shown by egns. (6) and (7) and the subsequent remark 
the problem of impedances emerges in a very natural way who 
discussing the influence of a body on the field. The simple 
and very important case is when the body is a good conducti 
surrounded by a dielectric. The propagation coefficient of t! 
conductor is then very much larger than that of the surroundiii 
medium, and the wavelength, A, inside the conductor is veg 
much less than the wavelength outside it. The structure of ti 
field at some point inside the conductor is then determiny 
practically by the field distribution over the adjoining part | 
the surface of the conductor with dimensions of the order 
magnitude of A. As A is very much smaller than the wavelengs 
outside the conductor, the changes of the outside field overy 
distance A are very small. Thus, when considering the fies 
inside the conductor we may assume that the ‘generating’ fies 
over the adjoining part of the conductor’s surface is appro» 
mately constant, i.e. that the surface of the conductor is appro» 
mately an equiphase surface. 
As an example, let us consider the case of a good and hom 
geneous conductor, with permeability 4. and complex permittiv# 
e«’, surrounded by a dielectric. The structure of the field insi¥ 
the conductor is then approximately the same as that of’ 
homogeneous plane wave propagating perpendicularly insi 
it. But for a homogeneous plane wave inside a homogenes’ 
medium, the impedances Z,,,, Z,,, in the direction of propagatic 
are equal: 
Zijg 2 Fp TO ea 


Z =p fey? = Lo(p,Je aw? cage kd | 
is the intrinsic impedance of the conductor and 
Zo = Woleg) 336-7 chms*® 2 Auman 


is the intrinsic impedance of free space. Consequently, in ti] 
approximation, the surface of the conductor will show a surfa 
impedance Z, equal to the intrinsic impedance of the conduct: 


Zp Zito cee Bape 


where 


The idea underlying the concept of surface impedance wi) 
suggested for the first time by Leontovich in 1940 in 
unpublished theoretical investigation. The concepts of i 
dance and surface impedance were introduced into fie: 
theory by Schelkunoff.3” 78 Important papers by Leontovich,| 
Rytov,*? Griinberg,’? Booker,*#? Monteath,2 Petrovsky ar! 
Feinberg,** and Bass?> must also be mentioned. 

The concept of surface impedance and its application | 
analysis involve a number of approximations. The purpose : 
the present paper! is to discuss these approximations, especial 
with regard to real (inhomogeneous and irregular) earth, ar 
to try to show some of the consequences and limitations whid 
follow therefrom. 


(4) SURFACE IMPEDANCE OF A HOMOGENEOUS 
STRATIFIED EARTH 


(4.1) Surface Impedance in the Case of a Homogeneous 
Flat Earth 


As the starting-point in the discussion of the surface impedan 
we choose the case of a flat, homogeneous earth surrounded t 


F 


: 


i homogeneous atmosphere with parameters ¢, = €9, t, = Lo» 
Ta 0. The electromagnetic field over the considered area of 
arth S surface is assumed for the moment to be without singu- 
arities. The xy-plane is the plane of earth’s surface with the 
axis directed upwards. 

The field inside the earth may be expanded in a finite or 
ofinite sum of suitable orthogonal functions; as such we choose 
lane waves. We shall consider now the simplest case, when 
t is sufficient to take into account only the first term of such an 
‘xpansion, ie. when it is possible to represent the field by a 
ingle, homogeneous or inhomogeneous, plane wave. 

_A plane wave propagating inside a homogeneous medium is 
tharacterized by the components Yex Vey Yer of the propagation 
‘oefficient y,. These components are, in general, complex 
ex = ex — iPox, etc.). Their real and imaginary parts may be 
sonsidered as components of two vectors Yee, Yes. The 
vectors Y,# and y,,s fix in space a certain plane which we will 
lenote by S). 

| To each pair of vectors y,”, , there belong two types of 
Mane waves, a transverse electric and a transverse magnetic 
me. To simplify the expressions we choose the directions of 
he x- and y-axes so that the plane S, cuts the xy-plane along a 
ine parallel to the x-axis. In such case the field vectors in the 
itmosphere just above the surface of the earth satisfy the 
‘ollowing relations: 


(a) Transverse electric wave: 


| = a Ere8, 
; Ej, =, Ezy rt Lee (a g2 = gaieay (14) 
1 Ser ded 
Hox — 7, (— g2 — gyn si 
nar t &x8y 
ter 7, T= 93 Ee? 8) 
1 
H,, = 7 Heeb Fay Pa ai<artene eaeican tiaeike ot (17) 
b) ‘Transverse magnetic wave: 
bere 
me 2 Bee 
Ex&. 
Fay = 20 gp — gyi ee 
eo — 7,€,8,H 4, (20) 
Haz =0; Hay #0; Har = Gt Tamera pal ta) 


come cer sharon 


In the above formulae Z, denotes the intrinsic impedance of 
he earth, 2,. = Yex/y. and gy) = Yeylye. The curves of complex 
elative permittivity «, and intrinsic impedance Z for typical 
soils as functions of frequency are given in Figs. 3 and 4. 

It follows from these expressions that the impedances Z,,, 
Zyx are, in general, different and, consequently, there is—in 
rinciple at least—no unique impedance which could be con- 
sidered as the surface impedance Z, of the earth/atmosphere 
interface. 

The above results have been obtained on the assumption that 
he wave inside the earth is plane. As a consequence, the 
omponents of field vectors in the atmosphere should change 
long the surface of the earth all in exactly the same manner as 
jescribed by the expression exp (—j.x.* —JYcyy). In the case 
of radio-wave propagation, the field structure in the atmosphere 
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Fig. 3.—Complex relative permittivity, </, for typical soils and copper 
as a function of frequency, f- 
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Fig. 4.— Intrinsic impedance, Z, for typical soils and copper as a 
function of frequency, f. 


——— ea 
—--- argZ 
(a)-(f) as in Fig. 3. 


is not so simple.. The wavelength in the atmosphere, however, 
is approximately equal to the wavelength in free space, Ag; 
consequently y,,, Yay and, because of the continuity of tangential 
components, y,.», Yey are of the same order of magnitude as 
Yo. We find thus that g,, g, are of the order of magnitude of 
(€;.Mre) 1/7; as follows from Fig. 3, they are generally very small. 
As a first approximation we may, therefore, assume g, = g, = 0. 
This is equivalent to the assumption that the surface of the earth 
is a plane of constant phase and amplitude and that the waves 
in the atmosphere and inside the earth are homogeneous plane 
waves propagating perpendicularly to the earth’s surface. As 
mentioned in Section 3, the surface of the earth shows, in this 
approximation, a surface impedance equal to the earth’s intrinsic 
impedance. Assuming p,,=1 we obtain from eqns. (13) 


and (11) 
Z, ae Z. = (Ug/<Z)'? a Zol(€;e)'!? . (22) 


These are the so-called approximate boundary conditions of 
Leontovich. We have formulated them in terms of the surface 
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impedance. Later, in Sections 4.4 and 6.1, we shall give the 
alternative original expressions. 

Under the assumed approximations the field inside the earth 
may be represented by two homogeneous plane waves propa- 
gating perpendicularly to the surface. The electric and magnetic 
vectors of both waves are mutually perpendicular; their magni- 
tudes and phases depend on the properties of the field above 
the surface. Consequently, in the general case the field inside 
the earth is an elliptically polarized plane wave. 

The first critical investigation of the approximations under- 
lying the boundary conditions of Leontovich was made by 
Rytov.3? He not only discussed the case of a homogeneous 
conductor with a plane surface but also the cases of inhomo- 
geneous conductors and curved surfaces. He used a perturba- 
tion method, taking as the starting-point the field over a 
perfectly-conducting body of the same shape. The fields outside 
and inside the conductor he expanded in series according to 
ascending powers of a small parameter, 5, the depth of penetra- 
tion of electromagnetic waves into the conductor. For 6-0, 
it is sufficient to consider the zero-order terms only. The 
outside field is then the same as over a perfect conductor, and 
the inside field is a wave in agreement with the assumptions of 
Leontovich. Since it is a perturbation method, its success 
depends on the difference between the zero-order solution (field 
over a perfect conductor) and the final solution. In most 
problems of radio-wave propagation over a real earth this 
difference is very large and the method is not a convenient one. 
Some of Rytov’s conclusions are, nevertheless, of a fundamental 
character; they were summarized Jater by Leontovich!® as 
follows: 

The conditions for the application of approximate boundary 
conditions (of Leontovich) for absorbing bodies are the following: 
The depth of penetration of the wave into the body (6) and the 
wavelength inside it (A) should be small as compared with the 
wavelength in the surrounding space (Ao), the distance to the sources 
of the field, and the radii of the curvature of the surface of the body. 


The changes of ¢/ inside the body along the distance of a wavelength 
A (or pentration depth 0) should be small. 


Fig. 5 gives the curves of A, 6 and Ap for typical soils and 
copper as functions of frequency. 


d, Ao AND 8, m 
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Fig. 5.—Wavelength inside the conductor, A, and in free space, Xo, 
and the depth of penetration, 6, for typical soils and copper as 


functions of frequency, f. 


i Ao 
(a)-(f) as in Fig. 3, 

The boundary conditions of Leontovich are based on the 
assumption that the surface of the earth may be considered 
approximately as equiphase, i.e. that the changes of the field 
along it may be approximately disregarded. Any improvement 
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of boundary conditions must, consequently, take into accov 
the changes of the field along the earth’s surface. Accordil 
to the remarks in Section 3 it is sufficient to consider the chang 
of the field over comparatively small areas with dimensions } 
the order of A; these changes are, in general, very sma 
Expanding the field components in series we may theref¢; 
retain the terms of first order only. The comparison of th 
expressions with an exponential function will then give 
‘effective’ values for y,, y. | 
As an example we shall consider the field produced over 
homogeneous and flat earth with u,., = 1 by a vertical dipo 
situated above the surface of the earth. We orient the x-, y- a 
z-axes as indicated at the beginning of Section 4.1; the axis ; 
the dipole coincides with the z-axis. We shall consider ¢ 
propagation of the wave along the x-axis. If the angle whit 
the wave normal makes with the surface of the earth (with ¢ 
x-axis) is #, then yz, ~ yo cos W, Yay = 0; also, because of t 
continuity of tangential components, y,. ~ yo cos, Yey =! 
The only tangential components of the field are E,, H,; cons 
quently the wave inside the earth is a transverse magnetic way 
Eqn. (18) then gives 


E cos? yy 1/2 
7h see caxges 2y1j2~ — ( = ) 
- a ZAL —92)*} ZA 1 o 
seat Zo rots fal Oe 
1/2 (€;. ae cos2 py! y 


( “ ) 
; 3 
Eje — cos? # 


The change of sign in eqn. (23) compared with eqn. (223) 
because the reference directions are different: inside the ear 
for eqn. (22), and outside for eqn. (23). In this improw 
approximation, Z,, depends on the properties of the field 
the atmosphere. Consequently it is not characteristic of ¢ 
surface alone and we may regard it as the surface impedar 
in such cases only when we are sure that the structure of t 
field (i.e. the coefficients y,, y,) over the considered area . 
sufficiently close to the structure assumed as the basis whe 
calculating Z,,. 

Comparison of eqns. (22) and (23) shows that the improvem 
consists in the introduction of a factor (1 — g2)!/* and, as: 
consequence, in replacing 


ead ( fre ) 
ne pee €,. — cos* ob 2 ia 


or, approximately, ¢/, by (e;. + cos? #) (22 


The approximate formula (25) has been obtained previously t 
Soviet scientists by a different method (cf. Feinberg’s disc 
sion,!* pp. 95 and 96); it also follows from eqn. (5) of Monteatk 
paper.2 The exact formula (24) has been derived recently ¢ 
different methods by Petrovsky and Feinberg,24 and Bass.) 
The present derivation shows very clearly the physical sense : 
the approximations underlying formulae (24) and (25). Ti! 
fundamental approximation consisted in our case in assumiti 
Yax ~ Yo COS, Yay =0. This is equivalent, in fact, to tt 
assumption that the wave over the earth’s surface is a home 
geneous plane wave propagating at the grazing angle ob. 

As can be seen from Fig. 3, the replacement of €,. by tk 
coefficients according to formulae (24) and (25) represents j 
many cases a completely negligible change. In such cases 
may use first-order approximation, i.e. the surface impedana 
according to eqn. (22). 

As follows from eqns. (22) and (23), the Z,., impedance ma 
differ considerably from the intrinsic impedance Z, in suci 
cases only when g,. = y,,/y,islarge. If there are no singularitié 


r rapid changes of the field in the atmosphere, then, as we 
ound previously, g, is of the order of magnitude of (¢ (712 = 
Ere — joe|(weo)]~'?. This expression is large only if the 
yonductivity is small and the frequency high (see ee, SN, 1a 
uch cases we must use for the impedance the more complicated 
so of the type of eqn. (23), ie. we must consider the 
lependence of the impedance on field structure. The failure of 
he simple equation (22) in such cases may be explained physically 
vy the change of electric properties of the earth. For low 
wrequencies it has the character of a comparatively good con- 
ductor [e,. < o,/(weo)]; for high frequencies it behaves like a 
lielectric [e,, > o,/(wep)]. For high frequencies the propaga- 
ion coefficient of the earth is not much larger than that of the 
wtmosphere and the wavelength inside the earth is not much 
smaller than that in the atmosphere; at the same time the ratio 
xf the depth of penetration to wavelength increases with fre- 
quency (see Fig. 5). Consequently for high frequencies the 
zreat difference between the electrical properties of the earth 
and the atmosphere which existed at lower frequencies vanishes, 
but just this difference made it possible to introduce the approxi- 
mate boundary conditions of eqn. (22). 

_ The coefficient g, may also be large where the field shows 
2xceptionally rapid changes, e.g. in the immediate neighbourhood 
of the sources of radiation, or very near a pronounced irregu- 
larity or an abrupt change of electrical properties of the earth’s 
surface. In such cases the impedance will certainly change from 
point to point. When considering it we are faced with two 
essential difficulties. First, the impedances will depend on the 
structure of the field, which will be known only after solving the 
whole problem. Secondly, serious doubts may arise with regard 
to the simple formulae of the type of eqn. (23). The fundamental 
basis was there the assumption that the field in the atmosphere 
may be approximated locally by an exponential expression, i.e. 
replaced locally by a plane wave; in such a case the wave inside 
the earth may be also approximated by a plane wave. When 
the changes of the field in the atmosphere along a distance of 
the order of a wavelength in the earth become large, the whole 
previous approximation is doubtful and a more rigorous approach 
seems necessary [see Monteath? eqn. (5), and Bass?> eqn. (7)]. 

_ In the immediate neighbourhood of the sources of radiation 
an additional difficulty appears in connection with the failure 
of the conventional method used for the evaluation of the 
surface integrals of the type found in eqn. (6). In this method 
the shape of Fresnel zones is described by an approximate 
formula which fails in the vicinity of the transmitter and receiver. 
At present there is only an indirect answer to this problem based 
on a number of investigations® 9 1!» 7° !4 of the propagation of 
tadio waves produced by a vertical dipole over a homogeneous 
earth. The authors used conventional approximations for the 
shape of Fresnel zones and assumed surface impedance to be 
constant over the whole surface of the earth. The results which 
they obtained were equivalent to the results of a rigorous 
analysis. This seems to indicate that—at least for the vertical 
dipole—the errors of the conventional surface-impedance 
method in the immediate neighbourhood of the transmitting 
and receiving aerials are not very important. 

If the field inside the earth be replaced, as previously, by one 
or by two plane waves (transverse electric and transverse 
magnetic) with the same propagation coefficients then the 
changes of all components of field vectors along the surface of 
the earth are described by the same coefficients y,, Vy. In 
the majority of practical cases the structure of the field is, 
however, more complicated. An example of such a field is 
shown in Fig. 6. The resultant field at the point A is composed 
of the primary field E°, H2 and the secondary field £7, Hs: 
This latter is produced by some inhomogeneity or irregularity 
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Fig. 6.—Resultant field as a superposition of the primary and the 
secondary fields. 


——-> Primary wave. 
-—---~+> Secondary wave. 


in the earth’s surface existing at the point S. The primary field 
at A is propagating along the x-axis showing the propagation 
coefficients y, ~ yo, yy =0. The secondary field at A is 
propagating parallel to the y-axis, its propagation coefficients 
being y, = 0, y, ~ Yo. Consequently the components of the 
resultant field at A show the following propagation coefficients: 


E,d= Eg) ¥en Yo Yy =9 
E,,(= E%) Vx =; Vy = Yo 
A, f= 3) os eae 0, Yy = Yo 


A, (= oe He) Vx = Yo» 


In the general case of a real earth the resultant field is a 
superposition of the primary field and a number of secondary 
fields produced by all inhomogeneities and irregularities of the 
earth’s surface. As a consequence, each component of field 
vectors may show different propagation coefficients y,, Need i 
such cases we may disregard the field changes altogether, 
assume approximately y, = y, =0 and use the approximate 
boundary conditions of Leontovich. Or we may try to improve 
the analysis by expanding the field inside the earth in a number of 
plane waves; the analysis becomes, however, very involved. 

The improvements of approximate boundary conditions must 
always be considered in connection with the properties of the 
real earth. As we shall show later the inhomogeneity and 
irregularity of the earth’s surface may change the structure of 
the field inside the earth prefoundly. In such cases all pre- 
viously discussed improvements of boundary conditions may be 
completely meaningless. 


(4.2) Surface Impedance in the Case of an Earth Composed 
of Parallel Layers 


The real earth exhibits very complex and random inhomo- 
geneity, partly because of its complicated geological structure, 
partly as a result of human activity. This has three conse- 
quences. First, it makes the theoretical analysis extremely 
difficult. Even such a comparatively simple case as plane-wave 
propagation in a parallel-stratified medium with continuously- 
changing parameters has not yet found a general and rigorous 
solution. Consequently a rigorous mathematical analysis of the 
much more complicated problem of the real earth seems prac- 
tically hopeless. Secondly, the earth’s inhomogeneity is the 
cause of casual fluctuations of the amplitude and phase of the 
field vectors in the atmosphere. The knowledge of such field 
fluctuations is in most practical applications not necessary. 
Thirdly, the analytical expressions describing the changes of 
electrical properties of the earth from point to point are in 
most cases unknown, and there is hardly any hope that they will 
ever be known. Because of all these reasons it is necessary to 


368 


keep a judicious balance between the rigours of analysis, the 
introduced simplifications and practical needs. 

The simplest case of an inhomogeneous earth is a flat earth 
composed of a number of homogeneous parallel layers; for all 
of them we assume p, = 1. As in Section 4.1, we take the 
earth’s surface as the xy-plane; the z-axis is upwards. 

The electromagnetic field inside any of the layers consists of 
a transmitted and a reflected wave. Such waves may be always 
represented by an appropriate sum of a number of plane waves. 
According to our previous remarks it seems admissible to 
simplify the analysis by approximating the real field by a set 
of homogeneous plane waves propagating perpendicularly to 
the boundaries of the layers, i.e. parallel to the z-axis. For such 
waves the field vectors are parallel to the xy-plane. They are 
mutually perpendicular and their ratio is equal to the intrinsic 
impedance of the layer (E,/H, = Z,). The resultant field just 
under the surface of the earth is a superposition of a transmitted 
(Ef, H!) and a reflected (E’, H’) wave. Each of these waves 


may be resolved into two waves with the components E,, H, and ° 


E,, H,.; both behave in exactly the same manner. We assume, 
therefore, for simplicity that the transmitted wave has com- 
ponents E!,, H2, only. The components of the reflected wave 
are then E’, = CE!,, H’,. = — CH!,, where the complex factor ¢ 
may be regarded as the reflection coefficient from the interior of 
the earth; it is, of course, || <1. 

Adding the transmitted and reflected waves and taking into 
account the continuity of tangential components of field vectors 


we obtain the surface impedance Z,: 


By OE, P+ beh Zz 
dn ie a tai Cee ers 4 sis i (4 Cae 


The subscript 1 denotes the intrinsic impedance of the first (top) 
layer. According to eqn. (26) the surface impedance does not 
depend on the properties of the field in the atmosphere; con- 
sequently eqn. (26) constitutes a generalization of eqn. (22). 
The errors and limits of application of eqn. (26) may be estimated 
in the same manner as before in the case of homogeneous soil. 

The result obtained shows that, as regards the surface impe- 
dance, there is no essential difference between a homogeneous 
and a parallel-stratified earth. The same is true with respect 
to the propagation of radio waves; this follows directly from 
eqns. (6) and (8). In fact, let us take as S; a stratified earth 
and as S, a homogeneous earth. The field over the stratified 
earth is the same as over the homogeneous one if the surface 
integral (8) vanishes; this takes place when E, ,/H1, = E,,/H>,, 
i.e. when the surface impedance of the stratified earth is the 
same as that of the homogeneous earth.* 

We may therefore replace the stratified earth formally by a 
homogeneous one with the same surface impedance Z,. The 
electric parameters of the latter may be then called the effective 
parameters of the stratified earth; we shall denote them by 
(Es defs (Eredefs (eer. According to eqns. (22) and (26), 


(26) 


Z,= 


1+ fy)? Z% Zz 
ie = acs tats 
: (; a 4 (€,-2)1 (€rer 27) 
and thus 
pe 
(ref = (Cer — 7 See = =) 
Dee Spe crate BS a ce aCAy 
=(5) © = GD) [Go ; eG, sap 


* The above condition should be fulfilled over the whole surface of the earth, 
i.e. also in the immediate neighbourhood of the sources of radiation where the field 
shows very rapid changes. The corresponding changes of impedance for the homo- 
geneous and the stratified earth may be different, but in view of the discussion in 
Section 4.1 this will probably have no essential influence on the field. 
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Fig. 7.—Effective electric parameters of a stratified soil as functi 
of the intensity of the reflected wave. 

Polar diagrams of the coefficient ) = (1 — C)2/(1 + ©)2 for |¢| = paramere: 

The top layer, h metres thick, is fresh water (€-1 = 80, 6, = 2 x 10-3 mhos/m 
The bottom layer is wet ground (€,2 = 15, og = 2 x 10-2 mhos/m). 


—--- Polar diagram of |) = F(A). 
——-— Polar diagram of (€/e)ef = F(h) reduced in size 20 times. 


In Fig. 7 the solid lines show polar diagrams of ob 
dd — 47/1 + ¢)? with |¢| as the parameter. When the 
reflected wave is strong (|¢| large) the effective complex per 
mittivity (€;.)er = B . (e;.); may differ considerably from (e/,) 
as regards both its phase and amplitude. This means that tha 
effective permittivity (€,.).- and the effective conductivity (c,), 
may both be markedly different from the parameters of the top 
layer (€,.)1, (o),; they may be even negative. 

As an example, the dotted lines in Fig. 7 show the pola 
diagrams of % and (e;,),, for a certain case of a 2-layer earth’ 
The surface impedance may be computed according to the well. 
known formula for the input impedance of a stratified mediu 
(see, for instance, References 41, 42, 43): 


4e2 aie Zot tanh (iy¥e1h) 
Zot + Zo tanh (i7¥e1h) 


where h denotes the thickness of the top layer and subscripts 1, Z 
refer to the top layer and the underlying ground, respectively. 

The diagram of (€; er =f (A) from Fig. 7 is a spiral whick 
starts, for h = 0, from the point (€/,)., = (€;.)> (the earth is 
then homogeneous with the parameters of the underlying 
ground). For h-> © this spiral winds around the point (€;,); 
as a consequence of the diminishing intensity of the reflected 
wave caused by the attenuation inside the top layer. Fro 
Fig. 7 and eqn. (28), there are certain thicknesses of the to 
layer for which (reef OF (o,)er are negative, or (<,er iS positive 
but larger than that for pure water, i.e. larger than is possibl 
for any homogeneous soil constituent. We thus see that th 
effective electric parameters of a stratified earth are certai 
formally introduced quantities only, essential for the proble 
of radio-wave propagation but not representing any conven- 
tionally averaged parameters of the stratified medium. 


Z, WS 


(29, 


ii # ode obtained are confirmed by experiments of Gross- 
4 iii who measured the effective electric parameters by the 
vave-tilt method and in a number of cases found negative values 
of (€,.)¢ OF (Def. 

_ The amplitude and phase of the reflected wave depend on 
he reflection coefficients from the boundaries between the 
layers and on the phase velocity and attenuation factor inside 
he layers, which change with frequency. Consequently the 
| fective electric parameters of a stratified soil are not constant 
yat also change with frequency. 

Conversely there arises a possibility of determining the struc- 
jure ofa stratified earth from the measurements of the frequency 
tharacteristics of the effective parameters. We shall discuss it 
‘nm Section 8. 

A parallel-stratified earth with continuously changing pro- 

rerties may be considered as the limiting case of an earth 
vomposed of n homogeneous layers when n—> 00. Asa result, 
he physical phenomena and the general conclusions for con- 
inuously-changing properties are the same as for the earth 
composed of only a few homogeneous layers. Mathematical 
os becomes, however, very involved and rigorous solutions 
jaye been found only in certain comparatively simple cases. An 
excellent review of the problem has been given recently by 
3rekhovskikh.* 
_ The. whole previous discussion shows that in the case of a 
stratified earth the effective electric parameters may be used for 
the calculation of the so-called numerical distance in exactly 
rue same manner as ordinary parameters in the case of a homo- 
geneous earth. 

The problem of radio-wave propagation over stratified earth 
has been investigated by a number of authors; for details we 
tefer to the original papers.*!: 42: 44, 47-57 
| 
_ (4.3) Surface Impedance in the Case of a Curved Surface 
_ The wave inside the earth may be thought of as being generated 
by radiation sources distributed over its surface; the properties 
of this wave depend, consequently, on the shape of earth’s 
surface and on the field distribution over it. As follows from 
our previous discussion, the wavelength A, in the earth serves as 
a reference distance. Consequently, if the surface of the earth 
differs from a plane by much less than A, over an area with 
dimensions of the order of A, (i.e. if the radii of curvature of the 
surface are much larger than X,) then the structure of the field 
inside the earth is approximately the same as in the case of a 
plane earth. This conclusion is in agreement with the remarks 
of Leontovich quoted in Section 4.1. We thus see that all 
previous results for a plane earth may be extended to the cases 
of a spherical or not too irregular surface. Because of this we 
shall often assume for simplicity in the following Sections the 
earth’s surface to be plane. 

As we shall show later the structure of the field just above 
the surface is determined by the properties of the field inside the 
earth. Thus a normal to the earth’s surface, and not the direc- 
tion of the vertical, serves as a reference direction for the fields. 
This conclusion is in agreement with the results of the measure- 
ments of the wave tilt in rolling country.°*°° 
- Fundamental difficulties arise in the case of sharp irregularities 
in the earth’s surface, such as jagged rocky mountains, etc. 
Neither of the premisses which are essential for the introduction 
of approximate boundary conditions are then fulfilled: the radii 
of curvature of the surface are not much Jarger than 4,, and the 
ield in the atmosphere in the neighbourhood of such irregulari- 
ies shows rapid variations. Consequently, it is not possible to 
ise the concept of surface impedance in such cases, or when 
ising it we must expect considerable errors. 
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(4.4) Approximate Boundary Conditions for the Hertzian 
Vector and Hertzian Scalar Function 


The boundary conditions for field vectors in the form of 
surface impedance are useful when using integral equations of 
the type of eqn. (6). When adopting a different mathematical 
approach it is necessary to use other formulations of boundary 
conditions. The approximate boundary conditions for electric 
force, E, Hertzian.vector, II, and Hertzian scalar function, II, 
have been derived previously” ® 1% 13, 14,24,25 without any 
reference to the surface-impedance concept. We shall discuss 
now the approximate boundary conditions for II and II in a 
different manner, using surface impedance as the starting-point. 
Thus a common basis will be provided and it will not be neces- 
sary to repeat the whole discussion. The approximate boundary 
conditions for E take the form of a partial derivative along the 
direction of a normal, i.e. the form of a height/gain function; 
they will be discussed in Section 6.1. 

We start with approximate boundary conditions for the 
electric Hertzian vector II. We consider a plane earth, not 
necessarily homogeneous, surrounded by a homogeneous atmo- 
sphere with €, = €9; a vertical dipole is the source of radiation. 
We introduce cylindrical co-ordinates z, r, p and choose the 
earth’s surface as the r, ¢ plane. The z-axis we direct towards 
the atmosphere with the dipole situated on it. We assume that 
the field may be described by means of the vector II parallel 
to the z-axis, i.e. by the IJ, component only. Outside the 
sources the field vectors are determined by the relations 
E=curlcurllZ, H=jwe,curlll. Substituting it in the 
expressions for the field impedances at the surface of the earth 
(2,5 = E,JHs, Z,, = — E,lH,) we obtain 


Zz 
0 /oll, ; oll, 
ad oe) = —leatersg | 
The simplest case is that of a homogeneous or parallel-stratified 
earth. The field is then axially symmetrical, dI1,/0¢ = 0, and 
only the first of eqns. (30) need be considered. The impedance 


Z, is approximately constant except in the immediate neighbour- 
hood of the transmitting aerial; we will consider it as constant 


(30) 


for all values of r (cf. remarks in Section 4.1). Putting 
Z,¢ = — Z, we obtain 

dII,/dz = jweZ, IL, (31) 
On substituting for Z, from eqn. (22) this reduces to 

30 se JY . G x “ (32) 


0z ~ (ein z 


This is the final form of approximate boundary conditions for 
II, for a homogeneous earth. An improvement might be 
achieved by using eqn. (23) instead of eqn. (22) for Z,. 

In the general case of an inhomogeneous plane earth the use 
of a vertical Hertzian vector represents only an approximation. 
First, the formula H = jwe,curlII always gives H, = 9. 
Secondly, in a general case the impedances Z,, and Zs, may 
be different (cf. Section 5); eqns. (30) then reduce to different 
expressions for dI1,/0z. 

In the case of a homogeneous spherical earth we introduce a 
radial Hertzian vector rll; II is the so-called scalar Hertzian 
function. A similar reasoning gives for II the same boundary 
condition as before according to eqn. (31) 


IIL/dIr = jwegZ, II (33) 
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In the general case of an inhomogeneous spherical earth the 
same difficulties appear as in the case of an inhomogeneous 
plane earth. 


(5) SURFACE IMPEDANCE IN THE GENERAL CASE OF AN 
ARBITRARILY INHOMOGENEOUS EARTH 


(5.1) The Case of Oblique Stratification 


As the introduction to the general case of an inhomogeneous 
earth, we shall consider now a plane earth with oblique stratifica- 
tion (Fig. 8); the earth’s surface is the xy-plane and a radio 
wave propagates over it; in Fig. 8 it is indicated by rays 1, 2. 


A 


PF 
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Fig. 8.—Field configuration in the case of oblique stratification. 


The problem as outlined above represents a very complicated 
case of diffraction by a wedge. In the immediate neighbourhood 
of the edge of the wedge, A, the structure of the field is certainly 
very complex, but at some distance from A, for instance at B, 
we may try to represent the field in the earth approximately by 
a number of plane waves propagating according to geometrical 
optics. Theoretically multiple reflections appear; because of 
rapid attenuation of the waves inside the earth we may take into 
account the strong waves only (waves 2! and 2iii) and disregard 
all following reflections (waves 2i’, etc.). The structure of the 
field inside the earth, and thus the impedances Z,,, Z. yx» depend 
on the superposition of a number of plane waves (transmitted 
wave li and reflected waves 2ii, 2iii), With increasing distance 
from A the intensity of reflected waves decreases. At the same 
time the phase difference between the transmitted wave 1‘ and 
reflected waves 2, 2iii is changing. As a consequence Z,,, Z,,. 
change from point to point. At some distance from A the 
reflected waves become so weak that they may be disregarded 
completely. Z,,, Z,, then have values characteristic of a 
homogeneous earth. We thus see that the changes in impe- 
dances are limited to the comparatively small part of the earth’s 
surface in the immediate neighbourhood of the place where the 
oblique layer meets it. 

The impedances depend on the frequency in the same way as 
for a parallel-stratified earth; they depend also on the direction 
of wave propagation above the surface. There are three factors 
which contribute towards it. First, the direction of the propaga- 
tion of transmitted waves (waves 1 and 2') is not fixed. How- 
ever, the transmitted waves propagate in most cases almost 
exactly perpendicularly and consequently this will not be, in 
general, of great practical importance. Secondly, the field 
inside the earth is formed as the superposition of waves 
travelling along paths of different length. The difference of the 
path lengths and thus the phase difference between these waves, 
and consequently also the values of the impedances, depend on 
the direction of wave propagation above the surface. Thirdly, 
the reflection coefficient from the oblique boundary and the 
geometrical configuration of field vectors in the waves 1i, 2ii, 2iii 
depend on the state of polarization of the waves with respect 
to the boundary, and consequently on the direction of propaga- 
tion above the surface. 

We thus see that the impedances depend on the properties of 
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the field in the atmosphere. Moreover, as a consequence { 
the third factor, Z,, may be different from Z,,. As a resu! 
there is no unique value of impedance which could be regarde| 
as the surface impedance at the considered point of the eartht 
surface. These conclusions find confirmation in the results « 
measurements of the shape of the ellipse of polarization ov) 
inhomogeneous earth;4° we shall return to it in Section 7. 
In the case of an oblique stratification with a continuop 
instead of an abrupt change of electric parameters, the physicy 
phenomena and the conclusions are essentially the same. Ti 
only difference is that the changes of the field in the immedi 
neighbourhood of A in Fig. 8 are more gradual. 


(5.2) The General Case of an Arbitrarily Inhomogeneous 
Earth 


In the general case of an arbitrarily inhomogeneous earth it 
structure of the wave inside the earth is very complex. It. 
then impossible to approximate to the field by one or a fe 
plane waves and analysis becomes very involved. Consequent 
it is necessary to introduce serious approximations; however, | 
is often difficult to estimate the limits of application and 1 
accuracy of final formulae. 

Some results for an inhomogeneous earth may be found 
Rytov’s paper.2? However, his formulae take into account <2) 
influence of horizontal stratification only and disregard chan 
of electric parameters along the surface of the earth. TT 
problem of an inhomogeneous earth has also been investigat¢ 
by Feinberg; we shall discuss it shortly in Section 6.1. 

Taking as a basis the discussion of oblique stratification »¥ 
may formulate the following general conclusions for the case + 
an arbitrarily inhomogeneous earth: 

(a) The impedances Z,,, Zyx may change over the earth’s surf 
from point to point. 

(b) The impedances may differ considerably from the vaiu 
characteristic of a homogeneous soil of the same electric properti: 
as that of the surface layer. 

(c) The impedances Zxy and Z,, may be different and may deper 
on the direction of propagation of radio waves above the surfa: 
thus it may be impossible to characterize the earth’s surface by 
uniquely determined surface impedance. 

(d) The effective electric properties of the earth may be a functic 
of frequency. 

When the changes of electric parameters are very gradual, tk 
earth may be considered locally as homogeneous. Accordi 
to Leontovich (see Section 4.1) the condition is that the relativ 
changes of electric parameters of the soil along a distance ; 
be small. 

In the case of gradual changes of electric properties ther 
appear in the earth additional distributed currents and charg 
A discontinuous change of electric properties may be considere: 
as the limiting case of gradual changes when the thickness ¢ 
the transition zone decreases towards zero. The distribute 
charges and currents are then compressed into line or surfaa 
charges and currents, i.e. into certain discrete secondary soure 
of radiation which produce corresponding secondary fields. 1 
the existing theoretical investigations these discrete secondan! 
sources have always been disregarded, but they may be of sort 
importance. The discrete secondary fields show singularitie 
consequently they change the field considerably in the immedia 
vicinity of the discontinuity. Moreover, as discussed i 
Section 4.1, this fact changes the impedances over the who! 
neighbourhood. The picture is thus quite different from tk 
situation when, for instance, two areas are assumed with differer’ 
but constant surface impedances and no secondary sources at 
taken into account at the discontinuity. 

Similar phenomena appear in the case of gradual changes 
electric properties, only the effect is not so pronounced. Th: 
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: the physical background for changes of field and impedances 
t the inhomogeneities of the earth’s surface. 

The above discussion shows qualitatively that inhomogeneities 
f the earth’s surface may act as secondary sources of radiation; 
1€ same conclusion follows formally from eqns. (6) and (7). 
Jonsequently the field at some point of the surface is, in general, 
superposition of the primary field produced by the primary 
ource of radiation and a number of secondary fields produced 
y inhomogeneities of the surface (cf. Fig. 6). The resultant 
eld may thus possess field components not present in the 


rimary wave. 


(6) THE HEIGHT/GAIN FUNCTION 


(6.1) The Height/Gain Function for Points immediately 
above the Earth’s Surface 


When considering field structure just above the earth’s surface 
y@ May assume for simplicity a homogeneous atmosphere with 
The field in the atmosphere then satisfies the equations 


div E, = 0, curl H, = jweoE, (34) 


Ve assume for simplicity a plane earth and choose a rectangular 
ystem of co-ordinates so that the earth’s surface is the xy-plane 


a — £0: 


nd the z-axis is directed towards the atmosphere. Introducing 
he impedances E,,/H,, = Z yy, Ezy/Ha, = — Zyx we obtain 
rom the first of eqns. (34) 
En. oH, 0H, WZ WZ. 

= — ee GY. ax oe vx 
oz 2g WB 7 Zoe oy Hay ox | Fax oy eo 


n the case of homogeneous or parallel-stratified earth, 
txy ~ Zy, ~ — Z,=aconstant. Eqn. (35) and the z-com- 
ionent of the second of eqns. (34) then give 


0£,,/0Z = jwegZ En, (36) 
Jn substituting for Z, from eqn. (22), eqn. (36) reduces to 


Oz eZ) 
3qn. (37) represents approximate boundary conditions for the 
ctor E as they were frequently applied in theoretical investiga- 
ions; they may be improved in suitable cases by using eqn. (23) 
or Z, instead of eqn. (22). Eqn. (37) is at the same time an 
xpression for the height/gain function for small heights above 
he earth’s surface. 

In the general case of an inhomogeneous earth, 0£,,/0z 
lepends on the local properties of the soil in a complicated 
Manner, as shown by eqn. (35). However, if the changes in 
lectric parameters of the earth in the horizontal direction are 
ery gradual then, according to Section 5.2, the impedances are 
pproximately the same as those given by the formulae for a 
iomogeneous or horizontally stratified earth. Consequently we 
ut, as before, Z,, ~ Z,, ~ — Z,, but now consider Z, as a 
unction of position; this gives 


az S 


die Pregl ! 
ee = jwégZ Eg: = zee grad Ls . (38) 


Let us consider a special case when the electric properties of 
he earth are constant in a vertical direction but are changing 
lowly in a horizontal one (i.e. they are functions of x, y only). 
in substituting for Z, from eqn. (22), eqn. (38) reduces to 

JY¥o 


vE, 1 : 
a —_E, grad €/, . 
Wz (eZee 7 eee grad €,¢ 
his is eqn. (40.14) in Feinberg’s paper;'* he derived it by 
nother method. 


(39) 


(6.2) The Height/Gain Function for Greater Heights 


We shall consider the problem of height/gain function for 
greater heights from a qualitative point of view only, using the 
integral equation (6) as the basis of the discussion. The con- 
tributions to the final field from different parts of the earth’s 
surface are not equally strong. This is mainly the result of 
phase relations and may be best visualized by means of the 
Fresnel zones!* (Fig. 9). The parts of the surface which lie 


ee 


Fig. 9.—Fresnel zones for greater heights of the receiver above the 
earth’s surface. 


T Transmitter. R Receiver. 

inside the first Fresnel zone, between A, and A), give contribu- 
tions of approximately the same phase; consequently they 
interfere constructively and produce a strong field. If we con- 
sider, on the other hand, the parts of the surface which lie 
outside the first few Fresnel zones we find that they cut the 
Fresnel zones at short intervals, at B,, C;, D,, etc. The corre- 
sponding field contributions show rapid phase variations, inter- 
fere destructively and thus have practically no influence on the 
field* at R. Consequently only the points inside the few first 
Fresnel zones are of importance for the field at R. With 
increasing height of the receiver this area contracts; for great 
heights it comprises only the points in the neighbourhood of the 
transmitting aerial. Analytically this is clearly a transition 
from the diffraction theory fer small heights to geometrical- 
optical approximation for very large heights. 

Whereas for small heights we found that the height/gain 
function depends on the local field distribution, for greater 
heights it depends on the field distribution over a considerable 
part of the earth’s surface. It is interesting to note that for 
greater heights the height/gain function is influenced not by 
the area below the receiver but by a part of the earth’s surface 
lying closer to the transmitter.!4 


(7) ELLIPSE OF POLARIZATION OF THE FIELD IN 
THE ATMOSPHERE 
As in Section 6.1 we assume a plane earth and a homogeneous 
atmosphere with €, = € 9. The surface of the earth is the 


xy-plane with the z-axis directed towards the atmosphere. The 
z-component of the second of eqns. (34) gives 
Welan © Wale. 
jweEe, = 2 — 2 (40) 


For simplicity we assume that the wave propagates along 
the x-axis and that E,, = H,, = 0. Introducing the surface 


* An exception to this general picture is, for instance, a slope of a hill approximately 
parallel to a corresponding Fresnel zone. Such a slope produces a strong contribution 
similar to the reflection from a mirror. 
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impedance Z, = — E,,/H,, and assuming that E,, ~ exp 
[—i(ya.x + 4] we obtain 
1 0c mmels 


Yax _ ‘VE 
Yax ox YaxZs ox Mi 


WeoZ, 


(41) 


For a homogeneous or parallel-stratified earth, Z, = a constant, 
E ~ 0, Yax ~ Yo, and hence 


Epi = IZ (42) 


On using for Z, eqn. (23) (Z, = — Z,,, = 0), for a homo- 


geneous earth eqn. (42) reduces to 


Ex a Gx i. 1)1/ 
E €. 


az re 


(43) 


This is eqn. (108) in Norton’s paper.®! According to eqn. (43) 
the electric force is elliptically polarized in a vertical (xz) plane. 

In the case of an inhomogeneous earth the shape of the 
ellipse of polarization as given by eqn. (41) is different from that 
for a homogeneous earth. Moreover, as the surface impedance 
Z, may depend on the direction of wave propagation (cf. 
Section 5), the shape of the ellipse of polarization also may be 
different for various directions of propagation. This result is 
in agreement with experiment. Grosskopf in one of his investi- 
gations*® measured the shape of the ellipse of polarization along 
a certain inhomogeneous path placing the transmitting aerial first 
at one end of the path and then at the other. In these two cases 
he found different shapes of the ellipse of polarization at the 
same points of the path. The investigated path showed most 
probably an oblique stratification of the soil. 

In the general case of a real earth the inhomogeneities and 
irregularities of the surface act as secondary sources of radiation; 
consequently the resultant field may possess field components 
not present in the primary wave. The tangential components 
of field vectors may be then elliptically polarized, and not linearly 
as for a homogeneous earth, and the ellipse of polarization may 
thus lie in an oblique plane and not in a vertical one. These 
conclusions are supported by the results of theoretical investiga- 
tions of coastal refraction by Furutsu® and Senior,®? who found 
elliptical polarization of tangential components, and by the 
results of careful measurements of the wave deviation by Pressey, 
Ashwell and Roberts,°4 who were faced with comparatively 
strong random secondary fields. 

When measuring the shape of the ellipse of polarization we 
may meet with some difficulties in practice. As discussed in 
Section 4.3, the normal to the earth’s surface and not the 
vertical serves as a reference direction for the forward tilt; 
consequently, in rolling country it may sometimes not be easy 
to determine the angle of the wave tilt experimentally. As 
suggested by Grosskopf and Vogt,®:4> the direct measurement 
of the axes of the ellipse of polarization may be replaced by an 
indirect method based on the measurement of angles only. 
The fundamental assumption with this method is, however, 
that the tangential component of electric force is linearly 
polarized; in a general case of an inhomogeneous and irregular 
earth this condition may be not fulfilled. 


(8) PRACTICAL CONCLUSIONS 


The problem of effective electric parameters of the earth is 
of considerable practical importance. In a general case they 
depend on the structure of the soil, the frequency and the direc- 
tion of wave propagation. Soil in most cases shows a very 
random inhomogeneity; the measurements often give markedly 
different electrical parameters of the earth at comparatively 
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adjacent points.® 6746 Consequently only suitable averaih 
values are needed for most practical purposes. | 
In the cases of a homogeneous or parallel-stratified ear. 
the measurement of the shape of the ellipse of polaria 
tion’4-46, 58-61, 65, 68-73 or the height/gain function for sm, 
heights makes possible the computation of Z, and thus | 
effective electric parameters [cf. eqns. (36), (37), (42) and (434 
In the case of an inhomogeneous earth such simple determinatia} 
of local electric parameters is not possible; moreover, it is necoy, 
sary to take into account the statistical character of these pari 
meters and to calculate suitable average values. 
These effective electric parameters depend on the structure 
the soil; consequently they show seasonal variations caused | 
the changes in vegetation or in ground-water level, by snow 
etc.74-76 y 
When compiling conductivity maps all these factors, especia) 
the frequency dependence, should be taken into account. ff 
seems that a number of problems await solution, both > . 
regards theory and methods of measurement. 1) 
In the cases of a parallel-stratified earth the shape of ¢ 
ellipse of polarization and the height/gain function for sm 
heights depend on the surface impedance, which in turn is§ 
function of frequency and soil structure. Conversely, the poss 
bility. arises of determining the local earth structure fros 
measurements of the frequency dependence of the wz 
tilt?” 79.45.49 or the height/gain function. It is thus, 
principle, possible to develop a comparatively simple rad 
method of geological prospecting. d | 
An obvious limitation of this method is the comparativey 
small depth of penetration of electromagnetic waves into ti] 
earth (cf. Fig. 5). Consequently it is possible to investigate 
this way only the uppermost strata of the earth’s crust. 
Because of analytical complications and limited accuracy 
measurements, the practical computations have been made. 
general, on the assumption that the earth is composed of oni) 
two homogeneous layers having electric parameters which 2: 
independent of frequency. In fact, the changes in elecir} 
parameters with depth are generally much more complicated 
and the parameters show some frequency dependence.®® 
The most fundamental difficulty is, however, caused by tt 
inhomogeneity of the earth’s surface in the horizontal directiod 
Consequently, the simple formulae for a homogeneous + 
parallel-stratified earth may be used only if there is reason ~ 
believe that the structure of the ground is sufficiently hom 
geneous horizontally, e.g. when at a number of adjacent poini 
the measurements give approximately the same results. 
single measurement at an isolated point may be complete: 
meaningless. 
As regards the possibility of geological prospecting at greatt 
heights above the earth’s surface,*? we refer to Section 6.2. 
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SUMMARY 

The paper describes two graphical methods of calculating the 
instantaneous voltages and currents which result from feeding a 
sinusoidal current to a resonant circuit which employs a non-linear 
inductor. The voltage-integral method uses a step-by-step approxima- 
tion to the actual inductor characteristic, including hysteresis. Know- 
ledge of the detailed waveforms facilitates the determination of the 
optimum magnitude and timing of a pulse to trigger a ferroresonant 
circuit from the dissonant to the resonant state. Calculated waveforms 
are satisfactorily confirmed experimentally. 

Alternatively, the phase-plane method allows the use of a piecewise 
linear approximation to the magnetization characteristic of the core 
of the inductor (e.g. three straight lines), but at the cost of ignoring 
hysteresis. 


(1) INTRODUCTION 


A resonant circuit containing a non-linear inductor may 
exhibit two distinct stable states of voltage and current at one 
frequency, and is then known as a ferroresonant circuit. The 
use of such a circuit as a digital computing element has been 
‘suggested.!.2 

Preliminary analysis of the non-linear circuit can be under- 
taken by various quasi-linear techniques,*** from which it is 
possible to deduce a figure of merit for a non-linear inductor and 
the optimum conditions under which it can be used. From their 
nature these techniques provide no information on the current 
and voltage waveforms in the circuit, but assume that they are 
‘sinusoidal; and even more important, they provide no informa- 
tion on the type of trigger pulse required to switch the circuit 
from one stable state to the other in the minimum time. In the 
paper an analytical technique described as the ‘voltage-integral 
method’ is developed to take account of the inherent non- 
linearities in the ferroresonant circuit, and to provide detailed 
information on transient and steady-state voltage and current 
waveforms and on the magnitude and duration of the trigger 
pulse required for optimum triggering. The voltage-integral 
method is a simple graphical technique by which the required 
waveforms are built up step by step from small linear segments. 
Results can be obtained quite rapidly and accurately by hand, 
but the method is particularly suitable for a digital computer. 

Another technique, using a phase-plane method, is useful in 
certain circumstances and is described briefly in Section 7.1. 


(2) VOLTAGE-INTEGRAL METHOD 


For a detailed analysis of the non-linear resonant circuit it is 
necessary to have complete information on the properties of the 
non-linear reactor. For a non-linear inductor this information 
is conventionally presented as a B/H loop relating the magnetic 
flux density in the core to the applied magnetic field, though, 
for a particular inductor, the same curve drawn to an appropriate 
scale will relate the total magnetic flux, ©, to the instantaneous 
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inductor current iz. A method will be described for analysi' 
the performance of such an inductor when connected ini 
parallel ferroresonant circuit which is fed from a constay 
current sinusoidal source. 


CONSTANT— 
CURRENT 
SOURCE 


Ig SINwt 


Fig. 1.—Ferroresonant circuit fed from constant-current source. 


Referring to Fig. 1, the flux equation for the inductor mm 
be written: 


fi 
nd = | (v —ipRdt . ’ 
0 


while the circuit voltage, v, across the capacitor is given by 


1 t 
i aR sin wt — i,)dt 


Thus, eliminating v between eqns. (1) and (2), flux change? 
given as a function of inductor current, i,, and the known dri: 
current. 

This function is, in fact, already defined by the B/H loop : 
mentioned above. Thus a sequence of values of ® and i,, whi 
satisfy simultaneously eqns. (1) and (2) and the B/A loop, 
give the voltage, current and flux waveforms as functions 
time. 

The solution is obtained by a stepwise graphical technique ! 
which a value of i; is chosen and assumed constant for a she 
period of time, so that eqn. (2) may be integrated to give v | 
a function of time. This function is then integrated graphica: 
over the same period of time and the resistive loss term s 
tracted, so that eqn. (1) yields the flux change during that tir 
interval. This flux change at constant current is then plotted | 
a vertical line on the inductor characteristic (Fig. 2), and it 


INDUCTOR CURRENT 


Fig. 2.—Step-by-step approximation to the magnetization process 
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ssumed that the two match adequately if the characteristic 
isects the vertical line. In general this will not be the case 
) that a step which gives a suitable match must be found by 
jal. With practice it is possible to choose the correct current 
nmediately, in at least 90% of the cases, so that complete 
dlutions can be built up quite rapidly. 

Direct integration of eqn. (2) with iy constant gives 


| ada iz 

PG) COLOR yt SBeet oy F253) 
The first term can be plotted directly (see Fig. 3) and the 
2cond superimposed step by step as new values of i, are deter- 


SLOPE 
u/c (a) 
Ww i 1 ! : 
Ma 
Pas | | ! 
re) ! YN Ty 
9 1 4 fC ~zh-cos wt) 
| ! 


TIME —— 


Fig. 3.—Graphical construction for voltage across the circuit of 
: Fig. 1. 


uined for each time interval. The difference between the two 
urves then gives the instantaneous circuit voltage. 

Eqn. (1) may be integrated by noting that i, is constant and 
iriting it in the form 


t 
0 


he voltage integral may be evaluated by measuring the area A, 
etween curves (a) and (A) of Fig. 3, and thus the flux change 
1ay be found. This flux change at constant current is then 
lotted on the B/H loop of Fig. 2 to see if an adequate match 
as been obtained. If not, the chosen value of i, must be 
ltered as described above. 

Since this is a second-order system, two initial conditions are 
quired, and these are conveniently taken as the initial values 
f voltage and inductor current. These enable the first section 
f the curve in Fig. 3 to be drawn and the first flux step to be 
btained. If necessary, initial conditions corresponding to the 
feady state may be obtained approximately from the resistive- 
urrent/reactive-current characteristic.4 The size of step should, 
f course, be smaller when the flux is near an extreme value and 
1¢ two curves in Fig. 3 are crossing. It is also helpful to mark 
1e current axis of the hysteresis loop with a scale of volts per 
lillisecond, which corresponds to the slope of curve (a) of Fig. 3. 

In the dissonant steady state the flux will traverse some minor 
yop on the B/H characteristic, and this loop will normally have 
» be obtained by interpolation from a number of measured 
alues. The complete hysteresis loop of the inductor usually 
as very steep sides which are almost straight, and the dissonant 
Yop is essentially contained by these sides. Other minor loops 
re possible, such as loop (a) in Fig. 4, which is not symmetrical 
bout the current axis but yet has almost the same area as the 
ue dissonant loop. There is also only a very slight net current 
) that the damping in traversing loop (a) is only very slightly 
ore than that for the true dissonant loop. Hence, if the 
reuit is disturbed so that it traverses loop (a), it will take a 
atively long time to settle back to the true dissonant loop. 
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LOOP (a) 


DISSONANT 
STEADY STATE 


= 
INDUCTOR CURRENT 


Fig. 4.—Hysteresis loops traced with different voltage swings 
across the circuit. 


Symmetrical loop. _---- Loop (a). 


Thus, slight errors in the initial conditions assumed for the 
analysis could necessitate iteration round a number of cycles 
before the steady state was reached. One can, however, note 
the difference between the end-point of the first cycle and the 
estimated initial conditions, and use this to modify the initial 
conditions, rather than continue the first trial. Usually two or 
three cycles will give sufficiently accurate results. 

The hysteresis and resistive losses in the resonant steady state 
are very voltage dependent, so that this state is very resistant to 
perturbations and convergence upon it is rapid. 


(3) COMPARISON WITH EXPERIMENTAL RESULTS 


The experimental check of the method was carried out at 
200c/s, using an iron-cored transformer (the characteristics of 
which are given in Fig. 5) resonating with a 33 wF capacitor. 


60 
50 
40 
'30 


20 


INDUCTANCE, mH 
PARALLEL RESISTANCE, OHMS 


24 28 32 


te) 4 1 16 20 
VOLTAGE (P-P), VOLTS 


Fig. 5.—Inductance and resistance/voltage characteristics of the 
experimental inductor at 200c/s. 
—---— Parallel resistance. 


Inductance. 


Initial conditions were chosen by trial with the aid of the 
resistive-current/reactive-current plot as mentioned above, and 
a steady-state dissonant curve was plotted as shown in Fig. 6(a); 
the corresponding predicted inductor voltage and current wave- 
forms are shown in the left-hand parts of Figs. 7(a) and (6). 
These curves show that the voltage is almost a pure sinusoid of 
amplitude 7 volts, about 83° phase advanced on the drive 
current. The inductor current waveform contains many har- 
monics, as would be expected from the nature of the hysteresis 
loop, and its peak amplitude is about 0-11 amp. Comparison 
of these calculated waveforms with the measured ones, shown 
in Fig. 8(a), shows that the measured voltage is closely sinusoidal 
in form and has an amplitude of about 6-7 volts. The calculated 
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Fig. 6.—Investigation of circuit behaviour by the voltage-integral method. 


(a) Gi) Ua/@C)U — cos wt). 


(ii) 1/C) if izdt in the dissonant steady state. 
(iii) Voltage resulting from the trigger pulse. 


(iv) (0-5 millisec) and 


(iv)’ (5-10 millisec) (1/C) f izdt after triggering. 


(5) Continuation of curves (i) and (iv)’ of (a). Curve (iv)’ continues to (v) (10-15 millisec), then (vi) (15-20 millisec) and (vii) (20-25 millisec). 


and measured current waveforms are also very similar in shape 
and the measured amplitude is 0-1 amp. 

The drive current waveform shown in Fig. 8 contains some 
higher harmonics which were introduced by non-linearities in 
the drive oscillator. These harmonics were found to be unim- 
portant since they were strongly attenuated by the resonant 
circuit. A test was made by introducing considerable additional 
distortion into the drive current waveform, and it was found 
that this had negligible effect on the other circuit waveforms. 

In the theoretical analysis the voltage waveform is obtained 
by integrating the drive current [eqn. (2)], and if this contains, 
say, 10% of the third-harmonic component, the integration 


reduces this to about 3%. The additional integration of eqn.. 
to obtain the flux change further reduces the third harmonic 
about 1%. It was therefore considered adequate in the theoreti 
analysis to neglect the harmonic content of the actual dri 
current and assume it to be sinusoidal, for simplicity. 

No attempt was made to evaluate the resonant steady sti 
directly, but the state attained some five cycles (25 millisec) af 
triggering was assumed to be sufficiently close. The calcula: 
waveforms following a trigger pulse are shown in Figs. 7 
and (b) and their construction is described below. Here bo 
the inductor current and voltage are definitely non-sinusoic 
although the current waveform again contains a higher prop: 


4 


16 
14 
12 
10 


[\ 


| 
| | 
TRIGGER 
PULSE DURATION 


VOLTAGE, VOLTS 


10 12 


14 
TIME, 


SS St ea 
On eNO) OO 


DEOL OnO 
© A OO © 


\ 


TRIGGER 


PULSE 


Sa 


EES Se 
os A 


INDUCTOR CURRENTS, AMP 
| 
° 
aS 


10 12 


NEWPORT AND BELL: THE ANALYSIS OF NON-LINEAR RESONANT CIRCUITS 


14 
TIME, 


377 


an es 


18 26 28 30 


16 
MILLISEC 


(a) 


a 


20 22 24 26 28 30 


16 
MILLISEC 
(6) 


Fig. 7.—Calculated waveforms. 


(a) Circuit voltage. 
(6) Inductor current. 


on of harmonics than the voltage waveform. The constructions 
wr the fourth and fifth cycles, shown in Fig. 6(b) as curves (vi) 
ad (vii), are almost identical, indicating that they are close to 
le steady state. The voltage amplitude for the fifth cycle, 
ig. 7(a), is about 13-5 volts, which compares fairly well with 
1e measured value of 12-0 volts [Fig. 8(5)], and the shapes of 
1e waveforms are also very similar. Better agreement would 
= expected if further cycles were calculated. 

The calculated peak current on the fifth cycle is 1-6amp, 
hich is rather more than the measured current of 1-3amp. 


’ Vou. 108, Part C. 


This discrepancy is possibly due to error in the saturation curve 
of the hysteresis loop for currents above lamp, since a very 
slight error in the slope of this part of the curve would cause 
considerable error in the current associated with a given flux. 
Also, the straight-line approximations used in the construction 
of Fig. 6(b) show a considerable change. in slope from one line 
to the next, so introducing further errors. With more elaborate 
approximations a closer agreement could be expected between 
the calculated and measured waveforms, but they are already 
reasonably close in both magnitude and shape. 
14 
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(ii) 
(ii) 


Git) (iii) 


(0) 


Fig. 8.—Oscillograms of experimental waveforms of drive current, 
circuit voltage and inductor current. 


(a) Dissonant. Poe 
(i) Inductor current: 0-05 amp/division. 
(ii) Voltage: 5 volts/division. 
(iii) Drive current: 0-1 amp/division. 
(6) Resonant. 
(i) Inductor current: 0:5 amp/division. 
(ii) Voltage: 5 volts/division. 
(ii) Drive current 0:1 amp/division. 
All waveforms are at 200c/s. 


(4) APPLICATION TO THE TRIGGERING OF A 
FERRORESONANT CIRCUIT 

To enable a ferroresonant circuit to be used as a computing 
element it is necessary to be able to switch, or trigger, it at will 
from one stable state to the other. It is desirable that the 
transition shall take place as rapidly as possible, and also that 
the output from one ferroresonant circuit can be made to trigger 
another. 

When a ferroresonant circuit is transferred from its dissonant 
to its resonant state there is an increase in stored energy in the 
circuit, which can, in principle, be supplied from the trigger 
mechanism or from the carrier source, or part from each. One 
method of controlling the circuit is effectively the same as that 
used in magnetic amplifier; the core is divided into two parallel 
parts with separate trigger windings on each. These windings 
are so connected that in the linear regime they have no mutual 
inductance with the resonant winding. When the core is 
operated in a non-linear regime, there is interaction between 
the non-inductive trigger winding and the resonant winding, 
and most of the energy required to saturate the core is drawn 
from the drive circuit. (For an analysis of this phenomenon in 
magnetic amplifiers see Reference 5.) 

The alternative method of triggering is to inject the necessary 
additional energy into the resonant circuit, and if a pulse of 
correct magnitude and phase is injected the switching is instan- 
taneous. It is, in principle, possible to place an increment of 
charge on the tuning capacitor at an appropriate time, but, in 
practice, it is easier to achieve the same effect by injecting a 
current pulse into the inductor: e.g. by having a separate winding 
coupled to the resonant winding [Fig. 9(a)], a method which is 
described as the transformer-coupled trigger circuit. The 
equivalent circuit for the transformer in Fig. 9(a) is shown in 
Fig. 9(6). Since the trigger pulse is at constant current the 
ideal transformer simply alters its amplitude by the turns ratio N, 
and R, and L, have no effect on the circuit as seen from A and B. 
Thus the only impedances of importance are R,, Lj, R3 and L;3. 
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Fig. 9.—Ferroresonant circuit with transformer-coupled triggering 


(a) Typical practical circuit. 
(6) Equivalent circuit. 


R; is the resistance of the secondary winding, which was measur! 
to be 1-87 ohms in the transformer used for subsequent tes: 
To estimate the significance of the other impedances, tf 
secondary winding was short-circuited and the primary wincl 
fed with a known current pulse. With a rectangular prima 
input pulse, as in Fig. 10(a@) curve (i), the secondary curre 


T. ~L3/Ro 


(ii) 


(ii) 


(6) 


Fig. 10.—Calculation of components of equivalent circuit. 


(a) Principle of method: transformer response. 
(i) Input. (ii) Output. 
(b) Experimental waveforms. 
(i) Secondary current: 0:2 amp/division. 
(ii) Primary current: 0:2 amp/division. 
Pulse width, 2-5 millisec. 


would be of the form shown in curve (ii), and if we assui 
L;>L, and R;> R, the rise time-constant, 7,, is appre) 
mately equal to L,/R; and the decay time-constant, 7>., 
approximately L3/R>. 

The measured waveforms of the primary and seconde’ 
currents are shown in Fig. 10(6). From the secondary curré 
waveform it can be seen that the rise time-constant 7, is qu 
negligible, so that the inductance L, can be neglected. There 
a slight decay of secondary current during the pulse because t 
time-constant tT, = L3/R, is not infinite. This time-consté: 
can be estimated from the oscillogram of Fig. 10(b); as t 
initial rate of decay of current is about 38 amp/sec from a curre 
of 0-31 amp, the time-constant is approximately 0-31/38 sec: 
8-2millisec. Taking the measured value of R, of 1-87 ohn 
we have L3 = 7,R, = 8:2 x 1073 x 1-87 = 15:3 mH. 

This agrees well with the low-flux-density inductance of Fig.) 
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1¢ flux density in the core remained very low during these tests 
cause the primary and secondary magnetomotive forces were 
nost exacily equal and opposite. In practice, the droop of 
sondary current due to the finite value of T will be less, because 
is unlikely that the trigger pulse will be applied at the instant 
the drive-current cycle when the core flux density is zero, 


TRIGGER 
CURRENT 


Fig. 11.—Simplified equivalent circuit of triggering system. 


hus L3; will normally be considerably larger than 15 mH (its 
inimum value) and 7, will also be considerably larger. As 
ost of the actual triggering tests used pulses about 1 millisec 
ide the effect of the finite value of 7, is negligible. 

Since 7, is very large, the current flowing through R; and L, 
negligible, for short trigger pulses, and we may assume that 
le trigger current is added to the drive current (Fig. 11). This 
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(6) 


(a) 


Fig. 12.—Oscillograms resulting from the application of a triggering 
pulse phased to end at a maximum of the drive current. 


(a) Drive current and pulse: 0-2 amp/division. 
(6) Inductor current: 1 amp/division. 
(c) Voltage: 10 volts/division. 


enables the voltage-integral method to be applied during and 
following a trigger pulse. 
The waveforms in Figs. 12 and 13, which show the drive 
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Fig. 13.—Triggering waveforms, with various 
phases of the trigger pulse relative to the 
drive current. 


(a) Pulse slightly late. : 
(b) Pulse finishing at a zero of drive current. ae 
(c) Pulse half a cycle later than (a) and (6): the circuit 
is not triggered. ; 
(d) Pulse correctly timed but of increased length. 
(e) Pulse still longer, causing over-shoot. 
(i) Voltage. 
(ii) Inductor current. 
(iii) Drive current and pulse. 
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current and the trigger pulse, were obtained by applying the 
sum of the two independent waveforms to the oscilloscope, so 
that they could be compared for phase and pulse durations. 

Since negligible trigger current flows through the ferroresonant 
inductor it must all flow into the capacitor; the interesting result 
appears that triggering does not affect the inductor but simply 
adds more charge to the capacitor. In the example analysed, 
Fig. 6(a), the effective trigger current was 0-27 amp lasting for 
1 millisec. This is a total charge of 0:27mC, and so the voltage 
on the 31-8F capacitor should change by about 8-5 volts. 
Experimentally, Fig. 6(a) indicates a voltage change of about 
7-7 volts, and a flux change in the inductor due to the trigger 
pulse of about 0:16 x 10~°Wb in 1millisec. This compares 
with the maximum rate of change of flux of about 7:5 x 
10-5 Wb/millisec. This is sufficient confirmation that, for short 
trigger pulses, all the trigger current flows into the capacitor. 
In the recordings of inductor current (see Fig. 12, for example) 
a pulse appears when the trigger pulse is applied. This is 
because it is only the secondary current which is being measured 
and the pulse is the current pulse which flows into the capacitor, 
while its flux in the inductor core is cancelled by that of the pulse 
in the primary winding. 

Using an analysis similar to that of eqn. (2) a rectangular 
trigger pulse lasting from f, to ¢, can be seen to add a ramp to 
the capacitor voltage beginning at time ¢, and continuing with 
a slope I7/C until it reaches a value (7/C)(t, — t,) volts at 
time tp. 

In the voltage-integral analysis a ramp is therefore added to 
the curve of (,/wC)( — cos wt) at the appropriate time and 


Poe. 
the new curve of =| izdt is plotted as before. Hence the 


voltage waveform can be obtained during and after the trigger 
pulse, and the voltages and currents studied during the transition 
from the dissonant to the resonant state. 

Using the same transformer and capacitor as before, the 
voltage equation, including the trigger current, is 


1OCS 10° 
V = 5(1 — cos 4001) — = | zat + Fqlttts ~ te) — 7-0 
0 


The effective trigger current, J;, is —0-27amp, so that the 
voltage ramp has a slope of 


0:27 x 106 os 
= 31-8 8-5 volts/millisec 
and its duration is 1 millisec starting slightly after the drive 
current has reached its positive peak [Fig. 12(a)]. 

In Fig. 6(a), the voltage-integral method has been used, and 
the difference between curve (i), V = 5(1 — cos 400?f), and 


y 10° e ; ; 
curve (ii), V = 31-8 ‘ izdt, gives the dissonant steady-state 


voltage over one cycle from 0 to Smillisec. The drive current, 
0-2 sin 40077 amperes, reaches its positive peak at 1:25 millisec, 
so that the trigger pulse ramp is applied at 1-5 millisec, slightly 
after the peak, and continues to 2.5 millisec, as shown by curve 


(iii). Continuing the construction of the curve of | izdt then 


gives curves (iv) and (iv)’. It can be seen that, at the end of 
the trigger pulse, the inductor current is only slightly different 
from what it would have been if there had been no trigger pulse. 
The circuit voltage is now given by the difference between 
curve (i) and curves (iii) and (iv) (the trigger current is negative). 
The analysis is continued from Fig. 6(a) to Fig. 6(b), where 
curves (v)-(vii) show three consecutive cycles. The actual 
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voltage waveform obtained from these curves is shown i 
Fig. 7(a) and the current waveform in Fig. 7(5). 

The results obtained experimentally are shown in Fig. 1] 
oscillograms (6) and (c). Oscillogram (a) gives the pha 
relationship between the drive current and the trigger puls) 
Comparing Figs. 12(c) and 7(a), it can be seen that the wavy 
forms are virtually identical even to the distortion caused by th 
trigger pulse. From Fig. 7(a) the amplitudes of successix 
voltage peaks after triggering are —4-8, +12, —14°8, +1i 
—16:7, +15:7 and —14-8 volts, and from the oscillogray 
corresponding amplitudes are —4-5, +12, —13-5, +15, —1! 
+15 and —14 volts. The agreement is within experiment 
accuracy, and some of the residual error may be caused f 
slight inaccuracy in the hysteresis loop at large inductor current 
Fig. 12(5) gives the current waveform, which should be co 
pared with Fig. 7(b). The reason for the trigger pulse appeari 
on the measured waveform is explained above. From Fig. 7/ 
the amplitudes of successive current peaks are —0-32, +0-4 
—1-4, +1-53 and —2-Oamp, and from Fig. 12 they are —@: 
+0:9, —1-1, +1:4 and —1-Samp. Although the waveform 
are very similar in shape there is a significant difference in i 
amplitudes, because again a slight error in the saturation cur 
of the hysteresis loop can cause a large error in the peak induct 
current. These results show that the voltage-integral methoe » 
analysis can give a complete transient analysis of the non-lin 
resonant circuit. 

Since the circuit voltage and current in the dissonant sia 
are nearly sinusoidal, it may be assumed as a reasonable approx 
mation that the triggering pulse is being injected into a line 
circuit; and knowing both the dissonant and resonant volta 
as functions of time, and one of the trigger pulse parameters, s 
its duration, 7,,, it is possible to calculate the amplitude [7 an 
the finishing time f, required for instantaneous triggering. 
both the dissonant and resonant voltages are virtually sinusoi 
and of known phase difference, the calculation of the pui 
parameters is relatively simple. (The equations for the chan 
of voltage and current due to a pulse are given in Section 7.2.) 

Since the pulse current is considered to flow entirely into 4! 
capacitor, immediately after the pulse has ended the capacit 
current is back to its dissonant value, but the voltage has be 
increased by an amount corresponding to the additional char 
on the capacitor. For instantaneous triggering both the curres 
and voltage must be at their resonant values immediately aft’ 
the pulse, which must therefore end at the time in the dri¥ 
current cycle when the dissonant and resonant capacitor currer 
are equal. Since the r.m.s. resonant current is much larger th: 
the r.m.s. dissonant current, this equality occurs close to the tir: 
at which the resonant current passes through zero (and t 
voltage is at a maximum). In the resonant state the circy 
impedance is mainly resistive, so that the voltage maxim 
occurs at about the same time as the drive current maximum.: 

The effect of departures from appropriate pulse timing ai 
pulse duration is illustrated in Figs. 12 and 13. Fig. 13(a) sho 
a pulse of the correct polarity which finishes just at the dri 
current maximum and triggering occurs with very slight d: 
tortion of the voltage waveform. With the pulse finishti 
slightly later, Fig. 13(b), the result is virtually identical. Fig. 
shows a pulse advanced a quarter of a cycle so that it finishes: 
a zero of the drive current. There is considerable wavefon 
distortion, and the circuit takes about twice as long to switch | 
the resonant state as with correct timing of the trigger puld 
This has been confirmed by voltage-integral analysis as shown | 
Figs. 7(a) and (6). If the pulse is delayed half a cycle so that' 
is of incorrect polarity, Fig. 13(c), the circuit does not trigger ini 
the resonant state. | 


Returning to the same starting-point for the trigger pulse : 


1 
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1 (a), an increase of duration to 1-8 millisec gives an acceptable 
sult [Fig. 13(@)]. With a pulse of 2-5millisec [Fig. 13(¢)] 
vere is considerable overshoot, showing that too much energy 
; fed into the circuit, and it takes one or two cycles for this 
Kcess energy to be dissipated. During the latter part of this 
*Smillisec pulse it is no longer true to say that the inductor 
urrent is unaffected by the trigger pulse, since the inductor is 
aturated and of sufficiently low impedance for a large propor- 
on of the trigger current to flow through it. Hence there is a 
urge spike on the inductor current waveform during the latter 
art of the trigger pulse. 

Although it is theoretically possible to trigger a ferroresonant 
ircuit on and off at the supply frequency, this is of no value in 
ractice, as virtually all the circuit energy would then be provided 
y the trigger pulse and none would be available for driving other 
ircuits. Usually it is desirable to draw a rectified output from 

ferroresonant circuit and store this voltage in an interstage 
apacitor. It can be arranged that when the capacitor has 
harged up to the peak resonant voltage, the stored charge is 
ufficient to trigger another ferroresonant circuit. A suitable 
ating pulse can be provided to discharge this capacitor through 
ve trigger winding of the required circuit. The value of the 
apacitor, and the ferroresonant transformer ratio, must be 
djusted to give the correct trigger pulse. Since the triggering 
nergy is stored in the interstage capacitor, the ferroresonant 
ircuit connected to this capacitor must be in its resonant state 
yng enough to charge the capacitor fully. With appropriate 
ircuit design three or four cycles of the supply frequency should 
e adequate, and it would be expected that the maximum pulse 


ate attainable in practice would be about a quarter of the supply - 


equency. 
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(7) APPENDICES 
(7.1) Phase-Plane Analysis 


The principle of phase-plane analysis is that two variables 
lich are related functions of time are plotted against each 
her. In the present application the two variables are inductor 
trent and voltage; and the relationship between them is 
sumed to be single-valued, i.e. hysteresis is ignored. First 
nsider the case of a parallel combination of a linear lossless 
ductor and capacitor fed from a step-function source. If a 
rve is plotted of the voltage v across the circuit as a function 
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of the inductor current, an ellipse is obtained, and by normalizing 
the scales so that 


UN at het. 14/1 
it becomes a circle with its centre at 


ie — LiL == Le 


Now, if a resistor R, (linear or non-linear) is placed in parallel 
with the LC combination it will shunt some of the current, Toes 
the amount depending upon the instantaneous value of the resis- 
tance and the instantaneous voltage across it, so that less will 
be available to drive the other elements. A curve of — RK, can 
be plotted on the wv’i’-plane (phase plane) as shown in Fig. 14, 


L 


NON-LINEAR 
RESISTOR 


STEP 
APPROXIMATION 


Fig. 14.—Approximation to current through non-linear resistor by 
sequence of constant-current steps. 


and this can then be approximated by a series of current sinks 
each of which is operative only over a certain voltage range. 
For instance, over the voltage range P—Q the equivalent sink 
absorbs a current i;, and thus over this range the current available 
to drive the LC combination is Jj, — i,. The way in which the 
resistance characteristic is approximated by current sinks is 
fairly arbitrary and non-critical; but the best arrangement is for 
a given sink to absorb as much current at the centre of its voltage 
range as the actual resistor does at the centre of the same range. 

Now, to draw the phase-plane characteristic of the parallel 
LCR circuit, note that if a current step is applied to a linear LC 
circuit the currents and voltages in the circuit will be sinusoidal 
functions of time, and the corresponding trajectory in the 
vi’-plane is a circle. The non-linear circuit may be approxi- 
mated over successive small ranges by a linear circuit with 
different parameters for each range, and its trajectory built up 
from given initial conditions, say v = 0, i, = 0, as a series of 
circular arcs. These arcs have their centres on the i’-axis, at 
a distance I}, — i, from the origin, where i, is the equivalent 
current sink over the voltage range of any particular arc. Thus 
a piecewise circular approximation to the actual phase-plane 
characteristic is obtained, a simple example of which is shown 
in Fig. 15. With a rudimentary approximation to the resistor 
characteristic, something approaching slide-rule accuracy is 
possible. 

To obtain the actual current or voltage waveform, note that 
the rate of rotation of the operating point about the centre of 
each arc is w radians per second, where w = 1/,/(LC). Thus 
the time taken to traverse each arc can be calculated and timing 
marks plotted on the curve, from which the various waveforms 
can be obtained. 

If the step-function source is now replaced by an arbitrarily 
varying current source, J,, becomes I,,.. To take account of 
this variation the current waveform is approximated by a series 
of steps. Over any one of the steps the phase-plane characteristic 
can be constructed by the method described above, using the 
source current value dictated by the stepwise approximation to 
the actual current waveform. At the end of the time interval 
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NEGATIVE RESISTANCE CHARACTERISTIC 
(DISPLACED BY Ig) 


CURRENT SINK APPROXIMATION 


Fig. 15.—Simple example of phase-plane analysis of non-linear 
resonant circuit. 


the source current changes and the construction is continued 
with this new current. To determine the point on the charac- 
teristic at which the source current is changed, note that the 
operating point is always rotating with constant angular velocity 
~@ about the appropriate centre. Thus, for the time interval f, 
to ft, the operating point rotates through an angle 0, where 


t —t ‘ 
§ = 2! radians 


V(LC) 
Hence it is necessary to keep a check only on the angle of rota- 
tion of the compasses, and when this reaches 6, to make an 
appropriate step change in the value of the source current. 

The inductance affects only two of the parameters in the 
phase plane, the scale of the current axis i’ = ii/L and the 
angular velocity of the operating point, w. 

An approximate representation of the effect of a non-linear 
inductor is obtained by taking an approximation to the actual 
flux/current curve in the form of a sufficient number of straight 
lines (generally three or five). Each of these lines then represents 
a constant value of the incremental inductance. The flux/current 
curve is assumed to be single valued for simplicity, and the loss 
due to hysteresis is included by reducing the parallel resistance. 
A 3-line piecewise-linear approximation to the flux/current 
curve is indicated in Fig. 16. Up to the current ix, the inductor 


Paes 


THREE-LINE 
APPROXIMATION 


te 


Fig. 16.—Piece-wise approximation to magnetization characteristic. 


is considered to be in the unsaturated state and to have a constant 
inductance L,; but for higher currents the inductor is assumed 
to be saturated and to have a smaller, constant value L,. Thus 
two different scales are necessary for the normalized current, i’, 
namely i, = i\/L, and i, = i\/L,. The unsaturated scale, i 


s 
uo 
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starts with its origin coincident with the origin of the currer 
axis and extends for positive and negative currents up { 
\i,| = ixs/L,. When the trajectory has been plotted as far ¢ 
ig the saturated scale of i; is adjusted along the current axis ¢ 
that it coincides with the unsaturated scale at the curret 
corresponding to the inductance break point. It is, of cours} 
necessary to plot the non-linear resistor characteristic to eaq 
of the i scales so that the appropriate current-sink approxima 
tions can be obtained. | 

The initial conditions are most conveniently expressed as tl! 
circuit voltage and the inductor current at some specified tim, 
and, of course, the drive current must be known on the sanr 
time scale. 

Normally the object of the analysis is to determine the voltag 
and current waveforms in the two steady states. With arbitra 
initial conditions, the voltage and current will probably, chang 


NORMALIZED INDUCTANCE, L/L 
BS 


) 
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NORMALIZED RESISTANCE, R/R 
wW +b wo (o)) 


nO 


O 5 10 15 20 
VOLTAGE (P-P), VOLTS 
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30 


Fig. 17.—Approximation to characteristics of inductor as measur 
by resonant circuit. 


(a) Inductance. £ = 60mH. 
Actual inductance characteristic. 
—-—~—-— Linear approximation. 

Ly = 60mH. Ly, = 2:5mH. 


(b) Resistance. R= 210 ohms. 
Actual resistance characteristic. 
-—-~—- Linear approximation. 

Ry = 210 ohms. Rs = 5-5 ohms. 


Curves are proportional to reciprocal inductance and reciprocal resistance, 
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INITIAL TRANSIENT 
FROM ZERO 


RESONANT 
STEADY STATE 


Fig. 18.—Phase-plane construction of dissonant and resonant steady states of experimental circuit, using values 
of inductor parameters from Fig. 17. 


Ls =2-5SmH Ly = 60mH 


r a few cycles, the number being dependent on the initial 
mditions and circuit damping, before steady-state oscillations 
e obtained. The number of transient cycles can be minimized 
7 making an estimate of the initial conditions which lie close to 
© steady-state conditions, with the aid of the quasi-linear 
alysis given in a previous paper.* The plot of reactive current 
jainst resistive current there described will give the current 
nplitude directly, and the phase angle between drive current 
id circuit voltage as the angle between the drive-current vector 
the stable point and the resistive-current axis. The initial 
mditions determined in this way are usually closer to the steady 
ate for the dissonant condition than for the resonant condition 
cause the non-linearities are more pronounced in the Jatter. 
The phase-plane method requires instantaneous values of 
ductance and resistance, and approximate values can be 
‘tained by a synthetic method. The variation of mean 
ductance and resistance with applied voltage can be measured 
-means of either a bridge or a resonant circuit: the latter has 
e advantage of permitting the voltage applied to the inductor 
be measured directly, while the total drive current is measured 
th the aid of a small resistor in series with the resonant circuit. 
1e values measured should be the fundamental components of 
> voltage and of the non-sinusoidal current. One then assumes 
approximation to the true non-linear characteristic, e.g. a 
ine approximation, and computes the slopes of the three parts 
the characteristic which will give the best fit to the experi- 
ntally measured variation of mean inductance with voltage. 
gs. 17(a) and (b) show the estimation of inductance and 
istance by this method. Using these approximate inductor 
aracteristics and a resonant 33 uF capacitor, the resultant 


phase-plane characteristic is obtained, as shown in Fig. 18. 
The corresponding voltage and current waveforms are com- 
pared with the measured waveforms in Fig. 19. 

It can be seen that the phase-plane method of analysis yields 
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Fig. 19.—Comparison of voltages and current waveforms calculated 
by phase-plane analysis with experimental values. 
Calculated x Measured. 


reasonable results provided that the non-linearity is not too 
great. It has the advantage that it is not necessary to know the 
detailed non-linear characteristic of the reactor, a simply obtained 
mean characteristic being sufficient. Because less information is 
used the resultant waveforms are not as accurate as those obtained 
by the voltage-integral method. 
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(7.2) Equations for Instantaneous Triggering 


By making the assumption that the ferroresonant circuit is 
linear when it is in the dissonant state, it is possible to calculate 
the equivalent circuit impedance, if the voltage and current 
waveforms and phases are given. 

For a linear resonant circuit with a parallel oubiaton. of 
inductance, capacitance and resistance, it can easily be shown 
that 


eae Fe aie ites) 


@ Ziel” 


apaen™ Varma) 
where 7? = 


¢ = Phase angle between J and V = arc tan R[(1/wL) — wC]. 
w = Drive-current angular frequency. 


Thus the equivalent linear circuit can be calculated and its 
response to a trigger pulse obtained. 

It is worth noting that, although the equivalent circuit assumed 
above is correct for sinusoidal voltages and currents at the 
drive-current frequency, it will be in error for pulse currents. 
The error increases as the circuit damping and the pulse length 
increase. In the subsequent analysis, it has been assumed that 
both the damping and the pulse length are small enough for this 
error to be neglected. 

The total current includes the trigger pulse, which may be 
assumed to be constant-current of value J; beginning at t = ft, 
and ending at t = t,. Since the circuit is linear, superposition 
can be applied, and it is necessary to consider only the effect of 
the trigger pulse. The trigger response must then be made equal 
to the difference between the resonant and the dissonant steady 
states, and if the trigger response is added to the dissonant 
steady state, the result will be the resonant steady state. 

The basic equation is V = JZ, and, using Laplace transform 
notation, 
y= = 
1+p— +p*Lc 

R 
Now I = I;[H(t — t,) — H(t — t,)], where H(A) is a unit step 
function. As /7 is constant, 


I. 
ps i [exp (=pt,) exp (—ptp)] 


and it follows that 


VQ) = “TIe-8 sin n(t — 1,)JH(t — ¢,) 
L : 
— Seles sin n(t — t,) H(t — t,) 
where Ce ! 


LC 4C?R? 
a =(t —1¢,)/2CR 


B =(t —4,)/2CR 
Thus, when t = fy, 


Ir 
Vi, = Se Ta?CR sin nT. 
sone ¢ 
where Tz = ft, — t,, and for instantaneous triggering 


I 
(Vries — Vaisdo = ota sin nT . 


(4) 
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Similarly the circuit currents must be at their resonant val 
just after the end of the trigger pulse. Since the sinusoidal dri‘ 
current J equals i, + ip + ic after the pulse and ig = Vi! 
equating values of ic will ensure that all currents have i 


resonant values. Thus | 
: g Sar 

= Ir [exp (—pt,) — exp (—pt)] | 

| 


1 2 
(p cle a) ap 1h 
Therefore it follows that at t = t,4 


ig = Tpe~Tal?OR (cos LG a sin nT.) —Ip 


1 
2CRn | 
and for instantaneous triggering the difference in capacity 
currents is 


| 
I ies | 
(ines — igis)o4+ = Ips~T#?CR( cos nTz — 5CRn 2 nT) — I; ( 

Basically eqns. (4) and (5) give the change of voltage a 
current in a ferroresonant circuit caused by the application of) 
fairly short trigger pulse of amplitude J; and duration 7 
Thus if the dissonant circuit voltage is known the circuit voltag 
and current after the pulse can be calculated. 

In principle, knowing both the dissonant and resonant voltag 
as functions of time, and one of the trigger pulse parameter 
say its duration 7,, it is possible to calculate the amplitude . 
and the finishing time ¢, required for instantaneous triggeri 
If both the dissonant and resonant voltages are virtually sinw 
soidal and of known phase difference, the calculation of #& 
pulse parameters is relatively simple. 

In the ferroresonant circuit used for all the previous tes 
the dissonant voltage is almost sinsuoidal, but the resona 
voltage contains a large proportion of higher harmonics, a 
the current waveforms are even more non-sinusoidal. To verifi 
eqns. (4) and (5) the differences between the resonant and th 
dissonant voltages and currents after a given trigger pulse wer 
obtained by the voltage-integral method. The parameters ¢ 
the pulse shown in Fig. 13(d) were used, since this is an examp: 
of almost instantaneous triggering. 

The pulse parameters are 


I7 = —0-27amp, t, = 2-5 millisec, t, = 4-3 millisec, 
(Ty, = 1-8 milliseg 


and Fig. 20 is the voltage-integral plot during the pulse. 
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Fig. 20.—Calculation by voltage-integral method of the triggerin 
process recorded in Fig. 13, oscillograms (d). 
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Kt the end of the pulse (4:3 millisec), the circuit voltage is 
-16-4 volts and the inductor current is —0-19amp. These 
re the same as the voltages and currents at the points indicated 
y the two arrows at 19-3 millisec in Figs. 7(a) and (b), showing 
hat the circuit is virtually resonant when the pulse ends. This 
s verified by Fig. 13(d). 

The dissonant voltage and inductor current at an equivalent 
ime in the cycle [say 4-3millisec in Figs. 7(a) and (5)] are 
—5-7 volts and +0-05amp. 


Thus (Ves — Vais» = —10-7 volts 
nd (ies — igis)y = +0:24amp 


Jsing the equivalent circuit values calculated in Section 4 with 
he aid of Figs. 9 and 10, the voltage and current changes due 
o the trigger pulse can be obtained: 


I; 
V, = 7 Tal2CR gin nT. 
eng a 


Tpe~Ta?PCR (cos nT; — sin nT) —Ip 


1 
2nCR 
. 1 1 1/2 

vhere a (= — es) 

nd, putting C = 31-8 uF, L = 68-4mH, R = 287 ohms, and 
ri = 1-8millisec, we obtain 


V, = 39°55Iy i, = —0-754Iy 
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Thus, with J; = —0-27amp, 


V, = —10-66 volts iy = +0-203 amp 

These compare well with the values of —10-7 volts and 
+0-24amp obtained above. 

It was previously stated that with a short trigger pulse virtually 
all the trigger current would flow into the capacitor. This result 
is also apparent from eqn. (4), where 


I. [,T, 
Vetta hla = cae as Tz,20 


Thus for short pulses 


The maximum pulse duration, Ty,,, for which this equation 
can be used can then be calculated, if the maximum tolerable 
error in V is defined. 

Taking the maximum error to be 5%, T,,, is defined by 


sin Li 


0:95< en FaPeR(, 
NT 


which, in the case examined above, gives a maximum pulse 
duration of about 0-Smillisec for the approximation to be 
valid. 
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DESIGN OF CYLINDRICAL SURFACE WAVEGUIDES WITH DIELECTRIC AND) 
MAGNETIC COATING ) 
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(The paper was first received 15th December, 1959, in revised form 3rd September, and in eee form 29th November, 1960. It was publiste, 
as an INSTITUTION MonocraPu in March, | 


SUMMARY 


The paper deals with wires whose coating has both dielectric and 
magnetic properties. Approximate formulae are given for the field 
concentration, propagation time, group velocity, power distribution, 
characteristic impedance, losses and maximum transmissible power 
for such coated wires. 

The magnetic coat concentrates the field more strongly than does 
the dielectric one. The field concentration increases quickly with 
increase of permeability and hardly depends on permittivity. 

The attenuation is due to the conductive, dielectric and magnetic 
losses of the guide. The dielectric loss depends also on permeability, 
and vice versa. The total loss of a given transmission line as a function 
of field concentration has a minimum, which can be achieved by a 
coating of appropriate thickness. 

To determine the maximum transmissible power, two formulae can 
be used. One determines the maximum transmissible power frem 
the highest permissible value of electric field strength, and the other 
from the highest permissible degree of overheating. 

The paper concludes with a description of design procedure for 
surface waveguides, illustrated by an example. 


LIST OF PRINCIPAL SYMBOLS 


E,9, E,o = Components of external electric field. 
Hg.) = Component of external magnetic field. 
E,;, E,; = Components of electric field in the coating. 
H3; = Component of magnetic field in the coating. 

y = Propagation coefficient of surface-wave. 

B = Phase-change coefficient of surface wave. 
a = Attenuation coefficient of surface wave. 

&o = Field-concentration factor (decay coefficient of 

external field). 

&; = Decay coefficient of the field in the coating. 

Ky = Propagation coefficient of free space. 
€ = Permittivity. 

pt = Permeability. 

Ap = Wavelength in free space. 
i = As subscript refers to the coating (insulation). 
0 = As subscript refers to space outside the guide. 
r = As subscript refers to relative values. 

r, Z, @ = Cylindrical co-ordinates. 

t = Time co-ordinate. 

w = Angular frequency. 


(1) INTRODUCTION 


The question of surface-wave propagation has attracted con- 
siderable interest in recent years. Sommerfeld! showed theo- 
retically as early as 1899 that surface-wave propagation is 
possible along a straight cylindrical conductor of finite con- 
ductivity and having a smooth surface. Recently, Goubau2 
drew attention to the comparatively low attenuation of surface- 
wave propagation. In some cases there may be an undesirably 
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large spread of the field around a bare wire, and therefore t 
wave propagation is disturbed by nearby objects. For strong 
concentration of the field, Goubau coated the wire with 
dielectric layer. He made his theoretical and experimen) 
investigations on such wires.2>3_ The concentration of the fi¢ 
may also be increased by a coat having magnetic properti) 
Kaden‘ first dealt with such wires. 

Barlow and Karbowiak> investigated surface-wave propag 
tion along dielectric-coated wires, and Barlow and Culie 
discussed the theoretical problems of different kinds of suriay 
waves. Barlow’® dealt with the power-carrying capacity 
bare-wire lines and also with the radiation of surface waveguidi 

The coating of the conductors to be dealt with in this pe 
has both dielectric and magnetic properties. The aim was. 
determine approximate equations for calculation and practid 
design of such coated wires. The dependence of the chare 
teristics of wave propagation on the waveguide data is shev 
by several diagrams. The results obtained may be applied. 
the case of dielectric-coated wires when the relative permeabil: 
is unity. The results may also be used in the case of wit 
coated with magnetic material when the relative permittivity 
unity. | 

The dependence of field-concentration on the permittivity 2 
permeability of the coating was determined. Approximaj 
formulae are given to calculate the phase velocity, group velociii 
propagation time, distribution of power around the gui¢} 
power quota transferred in the coating and characteristic imp] 
dance. Further, the calculation of attenuation, launching lo} 
optimum field-concentration and maximum transmissible pow) 
is discussed. The calculations led to the following remarkat) 
results. | 

The magnetic coat concentrates the field more strongly thi 
does the dielectric one. The field concentration increas! 
rapidly with increase of permeability, and hardly depends «| 
permittivity. 

The phase distortion of surface waveguides is small; its ser 
is opposite to that of the phase distortion of hollow guides aaj 
it may therefore be equalized by a short hollow guide. 

The dielectric loss depends also on permeability and the mz: 
netic loss on permittivity. If the loss factors are the same, ¢ 
dielectric attenuation is less than the magnetic one. 

The total loss of a given transmission line as a function 
field concentration has a minimum, i.e. there is an optimut 
field concentration. When designing surface waveguides +} 
aim is to produce this optimum, and this can be done by ¢/ 
application of a coat of the correct thickness. | 

To determine the maximum transmissible power we have tv! 
formulae. One determines the maximum transmissible po 
from the highest permissible value of the electric field streng/ 
and the other from the highest permissible degree of overheatir 
The impulse peak power must not exceed the value given by t’ 
first formula, and the average power must not exceed that giv 
by the second. 

At the end of the paper a procedure is described for 1| 
design of surface waveguides, illustrated by an example. 


Le 
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(2) FIELD EQUATIONS 


° The paper deals with a coated wire of infinite length, stretched 
na homogeneous space of infinite extent. The coating of the 
wire has both dielectric and magnetic properties. Among the 
solutions of the Maxwell equations obtained for such boundary 
conditions we shall deal only with that which gives a radially- 
symmetric transverse magnetic wave. The attenuation of other 
nodes is large and their excitation is unlikely on account of 
he symmetric arrangement. For this reason they will be 
*xcluded from further consideration. 


r 


Fig. 1.—Cross-section of the coated wire, and the co-ordinate 
system. 


Fig. 1 shows the cross-section of the coated wire and the 
co-ordinate system. The radius of the wire is r,, and the outer 
radius of the coating is r,. The z-axis is the direction of wave 
propagation. Excitation is sinusoidal as a function of time. 
The computations are based on the assumption of unattenuated 
wave propagation. The conductivity of the wire is taken as 
infinite and the coating is assumed to be loss-free. 


(2.1) Field Components 

The equations describing the field components in the coating 
are 

oe, = Are [No gir SiC 8i") 

) —Jo(gir Ni (gn) Jee? 


E,, = A[No( gir Jol gir) 7 Jol gir Nol ginlee'e— 7 EG) 


Ke. 
Ay; = Aria) (=) [No(gir)Ji( gir) 
J : — Jol(girDNi(g;n)Je'e- 7 J 


Coefficient A; depends on the power of excitation. Nog and N; 
indicate Neumann functions of zero and first order, respectively, 
and Jy and J, indicate Bessel functions of zero and first order, 


respectively. K; is the propagation coefficient of a free wave in 
the material of the coating: 

VCP Sa ON ACHTD eee Oe a) 
The parameter g; is defined as 

‘Si = J (y ae K?) A A 5 a . (3) 
The propagation coefficient, y, of the surface wave in general is 
somplex : : 

ie or Seen eee (A) 


As we are examining unattenuated wave-propagation, y is 
imaginary. Its value ranges between K; and Ko, which is 
ohysically obvious, and therefore g; is real. 
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The equations describing the external field are 
baie jAod HP Ugor ele 
0 


Exo = ApH? jgor)elote— 7 Ft oe) 


K 5 
Hyp = — jdo="a]/ (2) HM gqrelre— 
£0 Ho 


J 


Coefficient Ag depends on the power of excitation. HS and 
HW are Hankel functions of the first kind, and of zero and 
first order, respectively. Ko, the free-space propagation coeffi- 


cient is 

Ky = jwv/ (oo) eri eG) 
The parameter go is 

B= Vike Ya ee 


(2.2) Boundary Conditions 


The field components parallel to the surface are continuous 
at the surface, and hence their quotient is continuous too: 


=) ale) ee er = 
Hi r=r, Ho) r =r, 


Substituting eqns. (1) and (5), 


IG 


& Nol girpJo(gire) — Jo( gir) Nol gira) 
K; No(girpJi(gir2) — Jolgir Ni (gira) 


. | (Ho\8o HY CGgorr) 
= i) (& AS AAG (9) 
€9/ Ky HYP Ugor2) 


Thus we have eliminated Aj, A; and y. Further, eliminating 
y from eqns. (3) and (7) we get 


ge? = K — K? — 86 (10) 


We have two equations at our disposal for determining two 
unknowns, g; and go. However, as calculation with eqn. (9) 
is rather cumbersome, we will make use of approximations. 


(2.3) Limits of Approximate Calculations 
In our approximations we shall assume that 


(11) 


Then we can use the zero representations of the cylinder functions 
in eqn. (9). Also, in eqn. (10) we shall ignore the value of 8% 
compared with K? — KZ. The condition for this is 


Bitz <1 and ohn < 1 


zy 
a < € jr — 1 (12) 


This condition, in conformity with eqn. (20), determines a 
minimum phase velocity, to the case of which the approximate 
calculation can no longer be applied. This phase velocity 
depends on ¢;, and j.;, only, and it falls as they increase. When 
condition (12) is satisfied, g; is approximately given by 


g 2n/ KG KD) (13) 
Substituting this in the first inequality of (11), 
ry < as eee Ue) 


2mrvV/(Eirbir — 1) 
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As g; is greater than go, if condition (14) is satisfied the second 
condition in (11) is also satisfied. 

The approximate calculations will therefore be applicable to 
conductors with outer radii small compared with the wavelength, 
taking into account condition (14), and in cases when the phase 
velocity of wave propagation far exceeds the value determined by 
condition (12). 


(3) CHARACTERISTICS OF WAVE PROPAGATION 


(3.1) Field Concentration 


If we use the zero representations of Bessel, Neumann and 
Hankel functions in eqn. (9), we get 


5) 2 
ye ty ee a (EZ 15 
VE K,”? log = = Ky” log 0-89gor, (15) 


In the course of deduction we made a further omission based 
on condition (11). We should now substitute for ¢? from 
eqn. (13) and rearrange: 


1 rn\? Sut Sol2\? . 
(4, — =) a ee (£02) 10g 0-89¢or2 (16) 


We introduce the designation M( gor), which is identical with 
the right-hand side of eqn. (16): 


r 2 
M(gors) = — (2) log 0-89gor3 (17) 
Thus eqn. (16) becomes 
1 ry 2 ry = 
(ir — =) (2) tos? = MCgord) (18) 


The factors on the left-hand side are given and M( gor) can 
be calculated; from this gor, and therefore gg may be determined 
on the basis of eqn. (17). As this equation is unsuitable for 
computation, we have plotted M( gor) as a function of gor in 
Fig. 2. 
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Fig. 2.—Curve to determine the field concentration, go, defined by 
eqn. (17). 


The parameter gp gives the measure of field concentration) 
which increases with gp. This is the most important charaq 
teristic of the surface wave, and all the other characteristics ar, 
functions of it. 

Field concentration, i.e. go, increases with increase of a) 
quency, thickness of coating, permittivity and permeability. |] 
decreases with increase of wire diameter. The variation 
field concentration caused by the change of frequency is rathe 
large. | 
The dependence of field concentration on material charaq 
teristics calls for special attention. The effect of permittivit 
on field concentration is shown in Fig. 3. The case repre 


Fig. 3.—Dependence of field concentration on permittivity. 
ry; = 1-2mm. 
ro = 1:5mm, 
f = 3 Ges. 


sented is a guide, of outer radius 1-5mm, inner radius 1-2 
and frequency 3Gc/s. We examine first the case of 
dielectric coating where pu; is equal to unity. Field concentre’ 
tion increases very rapidly with increase of €;, between 1 and 7 
Above €;, = 2 the increase of the field concentration is small.| 
To increase the field concentration, it is not worth using materi 
of high permittivity. If the coating has magnetic properties also 
the effect of permittivity on field concentration decreases rapidll 
with increasing permeability, as may be seen in Fig. 3. 

The effect of permeability on field concentration is shown i 
Fig. 4, for the same conductor dimensions and frequency 4 
above. As can be seen, field concentration increases rapidil 
with permeability, and hardly depends on permittivity. Figs. 
and 4 demonstrate that a higher field concentration may bt 
achieved by magnetic coating than by a dielectric one. 1 
therefore seems reasonable to increase field concentration 
employing magnetic materials of high permeability. Howeve 
this can be done only at the expense of increased attenuatior 
since available magnetic materials have a higher loss tha 
dielectric ones. As a matter of fact, magnetic coating offer 
design advantages in the upper part of the v.h.f. band (1 
300 Mc/s), where the necessary field concentration could 
achieved only by employing very thick dielectric coating. 

* We suppose that we are not near to the cut-off frequency of the next mod 


Mo2 i.€, € are only concerned with cases where the atten ion Vi id 
‘ ‘4 1 Wi t 
I . uation of the wa eguia: 
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Fig. 4.—Dependence of field concentration on permeability. 
é r; = 1-2mm, 
r2 = 1-5mm. 
f = 3:'Gels. 


(3.2) Phase Wavelength and Phase Velocity 


With a knowledge of go, the propagation coefficient can be 
derived from eqn. (7). In the case of unattenuated wave 
propagation, y is imaginary and its absolute value is the same 
As the phase-change coefficient. From this the phase wavelength 


is 
Xo = 


eee Oe 
£0 27 

Phase wavelength is always less than the free-space wavelength. 

The length of the surface wave decreases as the field concentra- 


tion and frequency increase. 
Phase velocity may be obtained likewise: 


(19) 


4 


c 


es 


v[1+2() | 


Phase velocity is always less than the velocity of light and it 
decreases with increase of field concentration and frequency. 
Phase velocity depends on frequency and the group velocity is 
therefore not equal to the phase velocity. 

Fig. 5 shows the phase velocity compared with the velocity of 
light as a function of r/Ap9 for various values of r,/r, (full-line 
curves). The curves relate to a conductor coated with polyethy- 
lene for which ¢;, = 2:26. The abscissae are proportional to 
the frequency if r, is kept constant. As can be seen, the phase 
velocity decreases as the frequency increases. Phase velocity 
likewise decreases as the thickness of coating increases. 


na Iie 220) 


(3.3) Propagation Time and Group Velocity 
- The propagation time for unit length is 


Ms = {1 pe 2 log 0: 89gor2 et 
Cc 2\w 


log 0:89gor2 + 0:5 
Propagation time exceeds the propagation time of light. Details 
of the computation are given in Section 12.1. 


(21) 
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Fig. 5.—Phase and group velocities compared with the velocity of 
light as functions of r2/Ao. 


— Phase velocity. 
—---— Group velocity. 
Permittivity = 2-26. 


Group velocity is the reciprocal of the propagation time. 
The reciprocal of eqn. (21) gives, after transformations, 


Org\? 1 
Capa a) 0-68 
log 
§0r2 


The group velocity as compared with the velocity of light 
may be seen in Fig. 5 as a function of r/Ao, for various values 
of r,/r; (curves in broken lines). The permittivity is again 2-26. 
As may be seen, group velocity is less than phase velocity and 
decreases with increase of frequency and thickness of coating. 

The question arises, how does the frequency dependence of 7 
change? We obtain its derivative with respect to frequency, but 
as the full computation is lengthy we give only the final formula: 


ae log 0: 89gor5 —0°5 
(log 0-89¢r, + 0°5)2 


(22) 


or cg 
vw 203 


log 0: 89g rz 
(log 0-89gor, + 0:5)? @) 


o7/dw is positive. The propagation time thus increases with 
increase of frequency; in other words, the group velocity 
decreases as the frequency increases, as stated earlier. The group 
velocity of waves propagating in hollow guides increases with 
frequency and it does so much more rapidly than the group 
velocity of the waves propagating along a surface waveguide 
decreases. The phase distortion of the surface waveguide can 
therefore be equalized by a short hollow waveguide. 


(4) DISTRIBUTION OF POWER 
(4.1) Distribution of Power Around the Guide 


We now examine the power distribution around the guide. 
To this end we determine the power transmitted outside a 
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cylinder of radius r. We should, therefore, write down the 
component of the Poynting vector in the z-direction: 


K, 
ery Aen £0) OHO jgor)]? (24 
$A Ae c) A HM Geo IP (24 


The factor one-half results from applying the average of time. 
When forming the conjugate value, we have considered the 
behaviour of the Hankel function; i.e. since the H{! Hankel 
function is negative and real in the case of a positive imaginary 
argument, its conjugate is equal to the original value. 
Integrating eqn. (24) over the ring surface between r and 00, 
we get the power transmitted outside the cylinder of radius r: 


S, =t2[E oH go] = 


co K, ioe) ; 
P= 2m | S,rdr = — 7A, A* fi (=) ee | [H{? (igor) ?rdr (25) 
r (i ei) Se 


Solution of the integral will be found in Section 12.2. Sub- 
stituting the result obtained there in eqn. (25), 


K 
Pe ae 5, (2) = ate) (26) 
2 IN ANTES BY SO ae 
where 
G( gor) = — (g One HP igor) HS? igor) 


} 


[HGP + Heo Ft (27) 
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Fig. 6.—Curves determined by eqn. (27) for use in the calculation 
of power distribution around the guide. 


The function G(gor) is plotted in Fig. 6. The parameter m 
indicates the decades of gor. For the m = 0 curve, 10 x G(gor) 
is plotted in order to get it on the diagram. 

In the range gor < 0-1, we can use the zero representations of 
Hankel functions. The value of G( gor) will then be 
-- = (log 0-89gor + 0:5) if gor < 0-1 


G(gor) ~ (28) 


In this case the power transmitted outside the cylinder of radiut 
r is approximately 


P.& Aydt <a) Cr) ) Fa(og 0: -89¢qr + 0°5) | 
if gor<0-1 (@ 


(4.2) Power Transmitted Around the Guide 


The factor Ay should be expressed in terms of the current J 
With good approximation, according to the induction la 
(Hs9)r—r> = Ip/(271r2). Here we have neglected the effect of dis: 
placement currents flowing in the coating. With the value oj 
H 9 given in eqn. (5) we get 


4 
ApAtim be 
. 16w2«2 °° 


(30) 


| 
| 


where Jp is the peak value of the current. 

The power transmitted around the guide is obtained fro: 
eqn. (29) with the substitution of r=r,. Taking into account 
eqn. (30), the power transmitted around the guide is: 


Py = at 


re aloe 0-89gor2 + 0°5) 


(4.3) Power Transferred in the Coating 


The power transferred in the coating is determined by the 
values of E,; and Hy; provided by eqns. (1). As g;r2 < 3}, 
we may use the zero representations of the Bessel and Neumar 
functions. In the following it is more convenient to express the 
field components in terms of the current. We therefore find tha 
relationship between A; and Jy. According to the inductics 
law, the magnetic field intensity on the surface of the wire is 
(H¢))r=r, =1p/(2mr,). Accordingly, with the value of Hg; giver 
in eqn. (1), we get 

&F 
4we; Io 


Ajemech 


The magnetic field intensity is in phase with the current and the 
phase of A; has been chosen with regard to that. 
The approximate values of field components in the coatin 
expressed in terms of the current are therefore 
E — aja ue = JOtg -YzZ 


tis | 
On WE; pe 


& 


E 


zi Jf fo log —elete—vs 


1 
In making the substitution, there was also a term dependent ony 
g;r in the expressions for E,; and H4;. This, however, has been: 
neglected compared with I/g;r, since g,;r < 1. 
The power transferred in the coating is given by the integral, 
of the axial component of the Poynting vector over the cross-i 


section of the coating. Integrating and taking into account! 
eqn. (16), we get 


J 1 80 
4a €irHir — 1 Ko 


Now we should establish what proportion of power is trans- 
ferred in the coating compared with that transferred around the 


2 
jah Se, Uap: 4 
) pelt 108 0°8%¢or, 4) 


guide. To this end we find the quotient of eqns. (34) and (31),) 
which is 
aaa 1 &o\?_ _— log 0-89gor, 
Zs (5) 
0 €ir Kir 1 Ko log 0° 89g r5 + 0:5 


ie 
| 
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L This ratio decreases as the permittivity of the coating increases 

Le. a part of the energy goes into the outer medium. It is 
interesting to note that the permeability affects the ratio P,/Po in 
the opposite sense. With increase of permeability &o increases in 
an almost direct ratio and so the ratio P;/Py increases too. With 
increase of permittivity gg increases at a lower rate and so the 
ratio P;/Po decreases. In the case of constant field concentra- 
tion, as the permittivity and permeability increase, the power 
transferred in the coating decreases. 

The ratio of the power transferred in the coating to the power 
transferred around the guide may be seen in Fig. 7 as a function 


POWER RATIO R/P,, °/o 


2 x10° 
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Fig. 7.—Power transmitted in the coating in relation to the power 
transmitted around the guide as a function of r2/Ao. 


Permittivity = 2-26. 


of r,/Ay for various values of rz/r;. Here ¢; is again 2:26 
(polyethylene coating). As may be noticed, the power transferred 
in the coating increases with the increase of frequency. 

Considering a reduction in the phase velocity of less than 3% 
and assuming that €;,,1;, > 2, then in the range of g9 examined, 
P;/P is smaller than 8%. Therefore we can neglect P; compared 
with P, in most practical cases. 


(5) CHARACTERISTIC IMPEDANCE 


_ The relationship between the characteristic impedance, the 
power and the current is 


P =12ZI2 (36) 


Instead of the total power transmitted, we shall consider as an 
approximation only the power transmitted around the guide, 
and neglect the power transmitted in the coating. From eqns. (31) 
and (36), we get 


—Y (log 0:89gor2 + 0°5) (37) 


J 
Z=— 
27 Wég 
Using the approximation y ~ Ky and common logarithms we 


sbtain 


0-68 
Z = 138 log}, —— . (38) 
£10 Lor 


The characteristic impedance decreases with increase of field 
soncentration, i.e. with increase of thickness of coating, fre- 
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quency, permittivity and permeability, provided that the outer 
diameter is unchanged. Supposing that the thickness of the 
coating remains the same, the characteristic impedance also 
decreases with an increase of wire diameter. 

The characteristic impedance may be seen in Fig. 8, as a 
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Fig. 8.—Characteristic impedance as a function of r2/Ao. 
Permittivity = 2-26. 


function of r2/Ao, for different values of r,/r,; (polyethylene 
coating, €; = 2:26). As may be seen, characteristic impe- 
dance decreases with increase of frequency and thickness of the 
layer. 

The characteristic impedance may be employed when designing 
surface-wave transmission lines, e.g. when analysing matching 
between the launching horns and the surface waveguide, or 
between surface waveguides of different parameters. 


(6) LOSSES 
(6.1) Losses in the Line 


The effect of loss is calculated in the usual manner, assuming 
that the field distribution in an equiphase plane is approximately 
the same as in the lossless case. 

The variation of the power in the z-direction is P = P,e~?% 
Differentiating this expression, we obtain 

il @ue 
OL 5p ae) 
Here « is the attenuation coefficient in nepers per metre. The 
differential quotient dP/dz signifies the power lost per unit length. 

The losses of the line consist of the conductive loss of the 
wire, and the dielectric and magnetic losses of the coating. 

The JR loss per unit length is 


Ce maa 


eee Wie 2) 
dz 4rr; J ( 20, ) 4 a 


where o, is the conductivity and pu, is the permeability of the 
wire. 

The dielectric loss in the coating is proportional to the 
total electric field strength, which is obtainable by vectorial 
addition of the components. As the radial component is 
much greater than the axial, we shall ignore the latter. Hence 
the power loss in a unit cube is —4we; tan d|£,|7, (tan 6 = 
dielectric-loss factor). Integrating this over the cross-section 
of the coating and taking into account eqn. (16), we get 


dP, cu “ 7 (ay 
dz arr Weg Ko €irMir = 1 


tan d/§ log 0-89gor,_ (41) 
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The magnetic loss in a unit cube of the coating is 
—twp,; tan 6|H,;|?, (tan 0 = magnetic-loss factor). Integrating 
over the cross-section of the coating and taking into account 
eqn. (16), we get 


dP 1 €irHir (2 y 2 9 42 
Lis ee WL tan 1, log 0-8 Solo ( ) 
az An vere 1 Ko 2 ° 


We now determine the value of the attenuation coefficient. 
In the course of our calculation, we shall ignore the power 
transmitted in the coating and take y/Ky as unity. Components 


of the attenuation coefficient on the basis of eqns. (31), (39)-(42), 
in nepers per metre, are 


gate ri ue 1 
“e ~~ 2 FV \Qo,pip/ log 0-89g or + 0-5 
j 1 8% log 0:89 gor, 


J 43 
Seer. pO eyo 


“g >= 


; Le 2 log 0-89 gor 
J €irMir & og fol2 
= tan 0 
a Ejrtir — 1 Ko ie log 0-89gor, + 0-5 


The total attenuation is the sum of these three components so 
that the attenuation coefficient in decibels per metre becomes 


R(gor2) 1 
= tan 6 
: riVro v Gan psa on 


€irKir fa ) Yo 4 
+ er tan z B(gor2) (44) 


in which 
ue Gs Her é 
R(gor2) = —9 3974 ( o,/ log 0:89gor. + 0°5 Ce 
log 0: 892 oro 
= z 2 Se an ee 
B(Zor2) = 0°69( gora) fog 0-89zor, + 0-5 (46) 
If the wire is of copper 
R(gor2) = — 5°25 x 10-5 = (47) 


log 0-89gr, + 0-5 


To make computation easier, the functions (46) and (47) are 
plotted in Fig. 9. 

The conductive attenuation increases with the increase of 
field concentration, i.e. with increase of frequency, thickness of 
coating, permittivity and permeability. Conductive attenuation 
decreases with the increase of wire diameter and conductivity. 

Dielectric attenuation increases with increase of frequency, 
thickness of coating and permeability. It decreases, however, 
with increase of permittivity, because the radial electric field 
strength in the coating is reduced by the increased permittivity. 
In the case of constant field concentration, a variation of the 
outer diameter hardly affects the dielectric attenuation. 

Magnetic attenuation increases with increasing frequency, 
thickness of coating and permeability, but hardly depends on 
permittivity. If field concentration is constant, magnetic 
attenuation is not sensitive to a change in outer diameter. 

A peculiar difference can be observed in the dependence of 
dielectric and magnetic attenuation on material properties. In 
the case of constant field concentration, the dielectric attenua- 
tion decreases rapidly with increasing permittivity and per- 
meability, while the decrease of magnetic attenuation is small 
under similar conditions (provided that ¢,,u;,> 2). If the 
parameters of the transmission line, the frequency and the loss 
factors are the same, the dielectric attenuation is less than the 


‘means of a horn, as shown in Fig. 10. Only a part of th 
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Fig. 9.—Curves for calculating attenuation [eqns. (46) and (47)]. 


magnetic one and the difference between them increases wit 
€;[4ire TO decrease the attenuation, it is therefore worth whii 
to employ dielectric coating of high permittivity. 


(6.2) Launching Loss 
The launching of the surface wave from a coaxial line is bs 


energy is transformed into surface-wave energy, the rest bein 
radiated. The radiated energy constitutes loss. 
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Fig. 10.—Launching of surface waves. 


The horn loss can be calculated approximately. Considering: 
the receiving end, the horn can collect only that portion of the: 
field which falls within the area of the aperture. Thus, the: 
efficiency of a horn is determined by the power transmitted: 
within a cylindrical surface equal to the horn aperture, in’ 
proportion of the total power, which, using eqn. (26) is 


_ G(gorn) 
Go's) = ey ee 


The aperture radius of the horn is r;. We have ignored the 
power transmitted in the coating. 

By the reciprocity theorem, the efficiencies of the horns for 
transmission and reception must be the same. The combined 


efficiency of both horns, expressed in decibels, is called the 
launching loss: 


(48) 


je = — 20 logig E = ior) O° BL So (49) 


my 
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he larger the aperture of the horn and the greater the field 
mcentration, the smaller is the launching loss. 
‘The launching loss is practically 1-2dB above the figure 
2termined by eqn. (49) and it cannot be decreased below 1 dB, 
ren by using very large horns. However, this increase of loss 
mnot be calculated, and so it will be ignored. 


(6.3) Total Loss 


The total loss of a surface-wave transmission line is the sum of 
ie line loss and the launching loss. The line loss is the product 
f the attenuation coefficient and the length of the line. The 
‘tenuation coefficient can be calculated from eqn. (44), the 
ngth of the line is given, and the launching loss can be obtained 
‘om eqn. (49). 


(7) OPTIMUM FIELD CONCENTRATION 


The total loss of a given surface-wave transmission line has 
minimum at a certain value of field concentration which is 
uled the optimum field concentration. Below this optimum 
alue, the launching loss increases faster than the rate at which 
ie line loss falls. Thus the total loss of the transmission line 
tereases. In this range the launching Joss is dominant. If field 
mncentration is increased above the optimum value, the line 
yss will be increasing quicker than the rate at which the 
junching loss decreases and the total loss of the transmission 
ne increases again. In this range the line loss is dominant. 

_As an illustration of the foregoing, the total losses of four 
‘ansmission lines of different lengths, but with otherwise 
Ietical parameters, are plotted in Fig. 11 as functions of field 
} 
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ig. 11.—Dependence of total loss of surface-wave transmission lines 


oe on field-concentration. 


rp = 10cm. 
r2 = 1-5mm. 
f = 3Gc/s (Ao = 10cm). 
€ir = 2. 
{anor "5 10=4- 


oncentration. To make the calculation quicker, we attribute to 
ie coating dielectric properties only, Le. bi, = i, tan, 0 =,0, 
‘his does not change the results qualitatively. It can be seen that 
1e optimum field concentration shifts towards smaller values 
s the line length increases. This is because line loss increases 
‘ith length of line. By analogy, the effect of an alteration in the 
ther data of the transmission line on the optimum field con- 
sntration can be ascertained; it is only necessary to determine 
Aether the alteration has increased or decreased the line loss. 


The optimum field concentration increases as the horn aperture, 
line length, loss factors and permeability of the coating decrease, 
and as the permittivity of the coating and the diameter and 
conductivity of the wire increase. But optimum field concentra- 
tion also depends on frequency. With increase of frequency, 
the optimum field concentration decreases. 

It might be thought that optimum field concentration could 
be determined accurately by differentiating with respect to £0 
the formulae giving the total loss of the transmission line, and 
equating to zero. Unfortunately, the optimum value of go 
cannot be given in an explicit form and so this procedure cannot 
be used; we should seek to find the optimum field concentration 
by trial and error. 

The changes in the field concentration in the foregoing were 
equivalent to changes in the thickness of the coating. Therefore, 
to find the optimum field concentration meant finding the 
optimum thickness of coating. The abscissae of Fig. 11 could 
thus also indicate the thickness of the coating. 

A variation of field concentration may also be effected by a 
change of frequency. All the data of the transmission line, 
including the thickness of the coating, are now constant, and 
so we get the frequency-dependence of the total loss in the 
transmission line. The optimum field concentration is at the 
frequency for which the total loss is minimum. 


(8) MAXIMUM TRANSMISSIBLE POWER 


(8.1) Maximum Transmissible Peak Power 


First the maximum power-carrying capacity is determined 
from the maximum electric field strength allowable in air. 
Field strength is greatest on the surface of the coating and its 
components are obtained from eqns. (5). Here we are con- 
cerned with the real part of the expressions giving the field com- 
ponents and for this reason we must take into account the 
behaviour of the Hankel functions. In the case of a positive 
imaginary argument, H§) is negative imaginary, whereas H{!) is 
negative real. In conformity with these, the values of the field 
components at the surface are 


ee Hy ()(; 
EE) =a ‘Ay— HV (jgor>) cos (wt Bz) 
(E,0)r=r, df as 1 VJ8&or2 (50) 


(E,o)r=n = JAgHS igora) sin (wt — Bz) 


There is a phase difference of 7/2 between E,) and E,o. 
Since the amplitude of E,) is smaller than that of E,9, the 
maximum resultant field intensity is equal to the amplitude 
of E,o: 


ae Biya (oie Oe ie! 51 
nas yas (igor) =J oF gery (51) 
Here we have used the zero representation of the Hankel 


function. 

In the calculation of maximum transmissible power the power 
transferred in the coating is neglected. Using eqn. (51), let us 
express the value of A)A4j in terms of E2,, and substitute it in 
eqn. (29), putting r =r,. Then 


Prax = — | (2) “2r3E ax (108 0°89¢or2 +05). (52) 
0 


In air the highest allowable value of electric field strength is 
3 x 10°V/m. Substituting this and the values of <9 and po, 
and the approximation y/Ky = 1 in eqn. (52) we get 

68 
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(53) 
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The maximum transmissible power decreases with increase of 
field concentration, i.e. with increase of frequency, thickness of 
coating, permittivity and permeability. Supposing that the field 
concentration is unchanged, as the outer diameter of the con- 
ductor increases, the power-carrying capacity increases. 


(8.2) Maximum Transmissible Average Power 


So far we have determined the maximum transmissible power 
on the basis of the highest allowable electric field strength. é In 
designing surface waveguides, however, we must take into 
account the effect of heating since most coating materials are 
useless at high temperatures. The heating of the guide is due 
to losses and the power lost per unit length may be expressed 
from eqn. (39) as follows: 


GP Porpaei? sitets 


dz| 8-686 


In this formula « should be substituted in decibels per metre. 
The heat arising in the conductor flows to the outer surface 
by means of the thermal conductivity of the coat, from which 
it is transferred by convection to the sourroundings. 
The general equation of heat conduction is 
dQ = pei e; | — T>) kilocalories per hour 
dt d 
where dQ/dt = Rate of flow. 
0; = Thermal conductivity. 
F = Surface area at right angles to the flow. 
d = Length of conducting path. 
T, — T, = Temperature difference. 


(54) 


(55) 


Consequently, the thermal resistance is Rr = d/(o,F). We make 
our calculations for a unit length of the guide. Thus, 


die SIE tG faz, 
The heat arising in the wire flows through the whole thickness 
of the coating. The thermal resistance of the coating is 


Rr = : log 2 The temperature difference needed to remove 
2704, Li) 
the heat is 
1 1 ae. r 
A = c 2 : , 
Te 1-16 270;| dz log ry zal) 


The heat in the coat is distributed and so the temperature 
difference necessary for its removal will be smaller. A detailed 
calculation based on a knowledge of the field distribution 
(Section 12.3) gives 


Lr far “4 
ave 2 1:16 270, 
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dz 
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log (57) 


ry 


This is half the value required if the heat energy flows through 
the whole thickness of the coat. 

The temperature difference needed to transfer the total heat 
energy to the outer surface is the sum of eqns. (56) and (57), 
and using eqn. (54), we get 

T, — Ty = 3-16 X 10-2 (a, 4 


on 


5 (58) 


Here 7, and 7, are the temperatures of the inner and outer 
surfaces of the coating, respectively. 

The heat energy removed to the surface is transferred to the 
surrounding air by convection. The general equation of heat 
transfer by convection is 

dQ 


— = aF(T, — T3) kilocalories per hour . 


dt (99) 


where 73 is the temperature of the surrounding air remé 
from the guide and a is the heat-transfer coefficient. Unf 
tunately, a is a function of many parameters. If the conduct 
are of small diameter and the temperature differences are 1 
very great,? a is given approximately by 


(T> an Ty 0° 
(r,)3/8 


Taking into account eqns. (59), (60) and (54), the temperatt 
difference necessary for the transfer of the heat energy per ut 
length to the surrounding is | 


«8/9 i | 
T> a T3 — Nees . . . ( 
The total temperature difference, T, — T3, is the sum. 
eqns. (58) and (61). With these formulae we can determi) 
the overheating of the guide when transmitting a given pe 
and thus estimate the suitability of the guide. 
However, the question that interests us more is to determy 
what power a guide can transmit with the maximum permissi) 
overheating. To this end, we ought to find P from the sura 
eqns. (58) and (61). Unfortunately, this cannot be done. ¥ 
might find P by the method of repeated approximations, t 
instead we use a simple approximation. In the case of a th 
coat, T; — T> is, in general, much less than 7, — 73 and ¥ 
be neglected in comparison. So the maximum transmissi 
power, from eqn. (61), is 


Prax = 5°35 


a = 0-169 (« 


(r 3/8 
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It increases with radius of conductor and permissible ov 
heating, and inversely as the attenuation of the guide. 

Eqn. (53) determines the maximum transmissible po 
from the highest permissible electric field strength, w 
eqn. (62) does so from the highest permissible degree of ov 
heating. The latter gives, in general, a value less by sevs 
orders of magnitude and therefore in the case of continuc 
wave it is sufficient to calculate only by the latter formu 
However, in transmitting pulses of high power we need bo 
formulae. The average power must not exceed the value giv 
by eqn. (62) and the pulse peak-power the value given 
eqn. (53). In both cases the maximum transmissible powers 3 
referred to the input of the guide, since the wave along the | 
is attenuated. 


(9) METHOD OF DESIGN 


In designing surface-wave transmission lines certain d: 
such as length of line, frequency band and clearance area aro 
the guide, are given and in general cannot be changed. 
clearance area determines the upper limit of the field extensi 
of the surface wave. The field extension of the surface wave ¢ 
be characterized by the limit radius, which is the reciprocal of 
field concentration: 


1 
"oO. = 5 3 5 : : é (¢ 


£0 
The wave propagation is not disturbed by surrounding obj 
if they are at a distance at least three times the limit radius fre 
the guide. If the boundary of the clearance area has a radi 
r,, then 7, > 3ro, or 


SOP asa Sas ane 


The minimum value of go is thus determined by the radius; 
the clearance area around the guide. 


Other data are decided by the designer according to his o 


gment. Values are assumed for the outer radius of the 
lide and the aperture radius of the horn, and the material of 
€ coating is chosen. Then by trial and error the optimum 
id concentration at the mid-frequency of the band is found 
id from this the necessary thickness of the coating is deter- 
ined. The suitability of the transmission line for the power 
quired is then checked and the phase distortion is determined. 
‘In order to reduce the attenuation, the outer radius of the 
tide and the aperture radius of the horn should be as large as 
ssible. The material of the coating should have a high 
rmittivity, with small loss angle. The outer radius of the 
lide should also be large, because thus rain, snow, ice and dirt 
;cumulating on the surface will have less effect on the wave 
‘Opagation. 

We cannot produce the optimum field concentration in every 
se. On the one hand we cannot realize a smaller concentration 
an that of a bare wire,* and on the other hand the field concen- 
ition cannot be below the value given by eqn. (64) lest the wave 
opagation should be disturbed by surrounding objects. Con- 
juently, in the case of very long lines, when the optimum field 
ncentration is not realizable, the use of the smallest permissible 
ld concentration and the biggest permissible launching horns 
good engineering practice. 


| 


(10) EXAMPLE 


Let us design a surface-wave transmission line for the band 
(5-3-5Gc/s. The radius of the clearance area around the 
inductor is 1m and the length of the line is 30m. 

‘We assume r, = 1:5mm, r, = 10cm, €;, = 2 and tand = 
710-4. 

The radius of the clearance area around the conductor 
termines the minimum value of gp. From eqn. (64), 
‘min =3m7!. In the centre of the band, at f = 3Gc/s 
9 = 10cm), we should find the value of the optimum field con- 
mtration. We should begin our calculation with g) = 4m7~', 
cause thus gp will not be less than (g9),,in at the lower edge of 
e band. Thus gor, = 0-006. From Fig. 2 we obtain the 
mresponding M(gor) = 4:77 x 10-°. Then from eqn. (18) 
> determine the inner radius, r; = 1-44mm. The next thing 
‘to compute the attenuation factor. Fig. 9 gives the values 
(Zoro) = 1-11 x 10-5 and B( gor) = 2:75 x 10-5. On intro- 
icing these into eqn. (44), «, =0-:0244dB/m and aj= 
00036dB/m. Hence « = 0:02476dB/m. Thus, the line loss 
L, = «al = 0:743dB. We now look at the value of the 
unching loss. Taken from Fig. 6, G(gorz) = 0-56 and 
(gor2) = 3-85. From egn. (49) the launching loss is L, = 
36dB. The total loss is L, = Lz + Ly = 2°14B. 

Next we calculate the total loss for g9 =5m!, which is 
.=1-88dB. The total loss falls and therefore we are 
yproaching the minimum. Continuing our trials, we shall find 
e optimum value of gp. One of the curves in Fig. 11 just 
ustrates our example. According to this the minimum loss 
1:5dB. The optimum value of the field concentration from 
@ curve is (9)op; = 10 m~!, The corresponding inner radius 
ry; =1-2mm. The optimum thickness of the coating is 
erefore 0-3mm, and with this we have determined all the 
ide dimensions. oh 

Now we determine various characteristics of wave propaga- 
m along the guide. We are interested only in the extreme 
lues appearing in the unfavourable direction in the band. 
ese are obtained at the upper frequency of the band in respect 
every characteristic, and are as follows. The phase velocity, 
mm eqn. (20), is v/c = 98°66%. The group velocity, from 
n. (22), is v,fc = 98°3%. On the basis of eqn. (35), the 


* Capacitive surfaces!° are not taken into consideration. 
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Fig. 12.—Frequency dependence of the limit radius and characteristic 
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Fig. 13.—Propagation time per unit length (upper curve) and tangent 
of this curve (lower curve) as functions of frequency. 
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Fig. 14.—Frequency-dependence of losses. 


Ly = Total loss. 
Ly = Line loss. 
Lg = Launching loss. 
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power quota transferred in the coating is P;/Py = 3:1%. 
Characteristic impedance is obtained from eqn. (38): Z= 
217:6 ohms. The maximum transmissible pulse peak power, 
from eqn. (53), is 613 kW. The maximum transmissible average 
power, from eqn. (62), is 485 watts assuming a maximum tem- 
perature rise of 30°C. In both cases the maximum powers are 
referred to the input end. 

We now deal with the frequency dependence of a few charac- 
teristics of the line. The frequency dependence of the limit 
radius and of the characteristic impedance is shown in Fig. 12. 
As the frequency rises, both of these decrease. Fig. 13 shows 
the propagation time per unit length as a function of frequency, 
giving at the same time the tangent of the curve d7/df. As 
may be seen, the phase distortion is small and its sense is the 
opposite of the phase distortion of hollow waveguides. The 
frequency dependence of the losses may be seen in Fig. 14. The 
line loss grows as frequency increases but the launching loss 
decreases. The total loss, which is the sum of the two, has a 
minimum at the centre of the band. 
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(12) APPENDICES 


(12.1) Calculation of Propagation Time 
The propagation time per unit length is the partial differential 
of phase-change coefficient with respect to w, according to the 
definition. The phase-change coefficient can be expressed from 


eqn. (7). As |go/Ko| < 1, approximating the square root a 
taking into account Kp = Fuailes the phase-change costicieng) 1 
unattenuated wave propagation is 


pit dtann ¢ 


The propagation time per unit length is its derivative 
respect to w: | 


80\? log 0-89 gor2 — 0: li 
w/ log 0:89gorz + 0°5 


The value of dg9/dw can be obtained as follows. Lez 
differentiate the function M(gor2), given in eqn. (17), 
respect to w: 


Se Sol2\ or2 


4r2) dw 


=(-$ ae 2 log 0-89ggr, — 


The same differential may also be determined from eqn. (183) 


OM(gor2) _ 


ee te 5a(# Lianne w log = = 2 MC gore) | 


From eqn. (17) we substitute for M(gor2): 


OM(8or2) _ 


Sor : 
ee ~=(& 0 LOY log 0-89gprp. . 


Expressing 0gor2/0w from eqns. (67) and (69) and dividing | 
rn, we get 


Y 


log 0: 89g or * 
log 0-89gor. + 0:5 = i : - 
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(12.2) Calculation of Power Distribution around the Guidé 


The task is to define the integral contained in eqn. (25). 
solution of integrals of this type is 


d a 
fe r[ZC gr) Par =i | Zier the mee) z(enPt 
(i 


Here Z, designates a cylindrical function of the order v. 
Applying this to eqn. (25) and using the derivation formu) 
for cylindrical functions, we obtain 


co ] ) . 
[ rb isor Par = — 4724 2/ >Cieo H(Ue0r 
+ [H§?Cigor)?? + [HC iso Pt (i 


(12.3) Calculation of the Maximum Transmissible Power ' 


The task is to determine the temperature difference needed 
remove the heat generated in the coating. The calculation 
for a unit length of the guide. The temperature differer: 
necessary for the removal of the heat generated in the coat t 
a tube of radius r and of thickness dr is obtained by anala 
with eqn. (56): : 


logo eet (C 


The heat generated in the elementary tube is the product! 


Ag 
W's 
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1e heat per unit volume and of the volume of the elementary 
ibe. We now take the heat power generated only as a conse- 
uence of the dielectric loss: 


dP, 


reins Chee tan 6|E,,|?rdr 


(74) 


ubstituting this in eqn. (73) with the value of E,; given in 
qn. (33) and integrating between r, and rz, we get the necessary 
smperature difference: 


Ie Yor yee 
2 1-16 870, we; ton019 (Joe =) 


AT; = (75) 


Let us express 1? from eqn. (31) in terms of Po and the value 
of logr,/r; (not its square) from eqn. (16). By substituting 
these in eqn. (75) and taking into account eqns. (39) and (43), 


salon | 1 |dP, 
2 1:16 27r0,| dz 


This is half the value which would result if the power lost per 
unit length, dP,/dz, flowed through the whole thickness of the 
coating. 

By a similar calculation we arrive at the same result for the 
removal of heat generated as a consequence of the magnetic 
loss. 
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SUMMARY 

A method is described for obtaining a broad-band impedance match 
between two joined waveguides of differing cross-section. The method 
involves the use of an axially mounted dielectric which partially fills 
the waveguide cross-section. With an appropriate choice of dielectric 
cross-sectional area and permittivity the electromagnetic field is 
mainly confined to the region of the rod. Under these conditions 
the waveguide cross-section may be abruptly changed without appre- 
ciable refiection. The case of two joined circular waveguides con- 
taining an axial dielectric rod is treated theoretically for Ho1-mode 
propagation. A similar configuration is studied experimentally for 
the Hj,-type mode of propagation. In both cases an appreciable 
reduction in reflection coefficient is demonstrated when the rod is 
present. The application of the principle to other waveguide cross- 
sections is briefly mentioned. 


LIST OF SYMBOLS 
a= Toll): 
Qn = Amplitude coefficient of mth normal mode field. 
b = rolro. 


Em, E;m = Transverse electric fields of mth normal modes 
in waveguides of cross-sections S and S’. 
E, = Transverse electric field in junction aperture. 
F(x) = xJ,(x)/J,(@). 
G(x) = Jo(x)/xJo(x). 
Him, Him = Transverse magnetic fields of mth normal modes 
in waveguides of cross-sections S and S’. 
I,(9) = Modified Bessel function of the first kind. 
J,(x) = Bessel function of the first kind. 
Jm = mth root of J,,(x). 
K, K, = Wavenumbers within and external to dielectric 


I 


rod. 
K, = Value of K, appropriate to empty waveguide. 
k SS = Ge 
K, k = Values of K and k appropriate to unbounded 
rod. 


K,,(%) = Modified Bessel function of the second kind. 
', 1, '9) 'o = Radius of point, rod and waveguide respectively. 
ty, t2, t; = Functions defined for B —aleinveqne (7) 
25;| = Kr. 
p= Kir, (p = ils 0, 0’). 
Vp = kyr, (p = 1, 0, 0’). 
Yo, ¥o = Characteristic admittances of transmission lines 
representing waveguide junction. 
Y,, ¥; = Wave admittances of Hj; modes in waveguides 
of cross-sections S and S$’. 
Y,, = Bessel function of the second kind. 
z = Longitudinal co-ordinate. 
B, B’, Bo, 8, = Phase-change coefficients corresponding to wave- 
guides of cross-sections S and S’, empty wave- 
> guide and unbounded rod respectively. 
{ = BAo/2m = Normalized phase-change coefficient. 
oj = CPP) 
Correspondence on Monographs is invited for consideration with a view to 
publication. 
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sc ( ee T= 2) 
% Ti, take 
€, €) = Permittivities of rod and free space. 
Ay = Free-space wavelength. 
bo = Permeability of free space. 
p = Reflection coefficient. 
w = Angular frequency. 


(1) INTRODUCTION 


In a number of microwave systems there is a requirement : 
waveguides of differing cross-section to be joined. In ore 
that reflections occurring at such a junction be minimized oy 
a wide frequency band, some form of distributed matchin 
usually employed. An example is found in the taper transiti, 


of Fig. 1(@). In this, the waveguide cross-section is graduai 
(a) 
(b) 
(C) 
DIELECTRIC 
ROD 
(d) 
TAPERED DIELECTRIC 
ROD 
(e) 
STEPPED DIELECTRIC 
ROD 
(f) 


ROD COMPRISING SECTIONS 
OF DIFFERENT PERMITTIVITY 


Fig. 1.—Junctions of waveguides having different cross-sections. 


(a) Taper transition between waveguides of arbitrary cross-section. 
3 eee Lara of two waveguides. 

c) Junction of waveguides containing a dielectric rod. 

(d) Tapered dielectric rod. 

(e) Stepped dielectric rod. 

(f) Multiple dielectric rod. 


; 


hanged between the limiting forms over an axial distance of 
everal guidewavelengths. The present paper describes a method 
f obtaining a broad-band impedance match at a junction where 
wo waveguides are joined abruptly as in Fig. 1(b). The method 
avolves the use of an axial dielectric rod which partially fills 
he waveguides as in Fig. 1(c). Provided that the rod permit- 
ivity and radius are appropriately chosen the electromagnetic 
ield may be confined almost entirely to the rod. Under these 
onditions a reasonable change in waveguide cross-section can 
ye made without causing appreciable reflection. If the method 
s to be of practical value, it is of course necessary to minimize 
eflections occurring at the junction between the waveguide 
containing dielectric and the empty waveguide. This may be 
complished in a number of ways as illustrated in Figs. 1(d), 
e) and (f). It is evident that the present method dispenses 
vith the necessity for specially machined or electroformed wave- 
mide transitions. Furthermore, since it will transpire that the 
olerances on the dielectric rod dimensions are quite liberal, a 
‘iven rod design proves suitable for matching waveguides with 
range of differing cross-sections. 

The first part of the paper is concerned with the theoretical 
valuation of the reflection coefficient at a junction of two 
ircular waveguides containing an axial dielectric rod. Each 
vaveguide supports an Hy; mode. This particular configuration 
ind mode were chosen for study because of their mathematical 
implicity. It is to be expected that the main features of the 
esults obtained apply quite generally to other waveguide cross- 
ections and to other modes of propagation. 

In the second part of the paper, experimental results are 
wesented for a junction of circular waveguides containing a 
lielectric rod tapered at its ends, as illustrated in Fig. 1(d). 
An axial polystyrene rod supported by foamed polystyrene 
yas employed in the experiments, and the reflection coefficient 
Mf the H,; mode incident on the rod was measured over a 
requency band 8:75-9-7Gc/s. In Section 4 these results are 
avourably compared with those obtained in the absence of 
he rod. 
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2) REFLECTION COEFFICIENT AT A JUNCTION OF 
CIRCULAR WAVEGUIDES CONTAINING A DIELEC- 
TRIC ROD 

A method for determining the admittance at the junction of 
wo homogeneously filled waveguides of arbitrary cross-section 
as been described by Farmer.! An extension of this method 

o inhomogeneous waveguides is employed here in the derivation 


(D) 


Fig. 2.—Circular waveguide junction and equivalent circuit. 


i i i ini ial dielectric rod. 
n of circular waveguides containing an axia i ; 
o Pha ectent-circuit representation of the junction of waveguides of arbitrary 


ross-section. 


f the reflection coefficient at the waveguide junction depicted 
n Fig. 2(a). It is assumed that the waveguides and dielectric 
od have circular cross-section and that the region surrounding 
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the rod has the permittivity and permeability of free space. It 
is also assumed that the waveguides are perfectly conducting 
and that the rod is lossless. The presence of slight loss in a 
practical structure will have negligible effect on the results. 

Farmer! has shown that if two joined waveguides have cross- 
sections which differ only slightly in shape and area, the two- 
terminal equivalent circuit of Fig. 2(b) is a very good representa- 
tion. Furthermore, the shunt susceptance is negligible and the 
junction may be regarded entirely as an impedance mismatch. 
Farmer has obtained a general expression for the admittance 
ratio Yo/Yo which is applicable to homogeneously filled wave- 
guides. In deriving this expression use has been made of 
certain orthogonality relations which do not apply to inhomo- 
geneously filled waveguides. For this reason, the following 
expression for Yo/¥o, which is applicable to a certain class of 
inhomogeneous waveguides, has been derived. 


; i Vie. E,ds | WEo abcas 
Yo Ss Ss 


y, (1) 
v | YE. Ends { Vike Eads 
Ss s’ 


Yo and Yo are the respective characteristic admittances of the 
transmission lines representing the incident and transmitted 
modes in the two waveguides, and Y,; and Y; are the respective 
wave admittances of these modes. £,,; is the electric field of 
the mode in the waveguide of cross-section S while E;, is the 
electric field of the mode in the waveguide of cross-section $’. 
Eqn. (1) applies when the mode incident on the junction of 
Fig. 2(@) possesses circular symmetry. Only circularly sym- 
metric modes can propagate with either E, or H, zero in a 
circular waveguide containing an axial dielectric rod. If the 
dielectric rod has a permeability fo, eqn. (1) takes the more 
simple form of eqn. (2). For circularly symmetric H-modes, 


Pale 4 I Ej, . E/,dS 
ng = 2 t t 
Yo 


. (2) 
Yi | Ej, . Ej,dS 


Under the above conditions, Y; and Y; have the values f’/wpg 
and B/wpy in both the regions rp >r >r, and ry >r>0. 
Furthermore, since in eqn. (1) Y; and Y; do not depend on 
position within either region, they can in this case be taken 
outside the integrals. When this is done eqn. (2) is obtained. 
The equation contains two principal terms. One is the ratio 
of the wave admittances in the two waveguides, the other is 
the ratio of the instantaneous power flow integrated over the 
cross-sections S and S’ respectively, in the waveguide of radius ro. 
For an Ho; mode propagating in a waveguide of radius ro, 


Ej, = Eoin = SSE G(KieM oP (ry >> 0). B) 
and 
AOHOF KP (Kir eat ured Ud yeead god ay) 

. (4) 


12. 
? 


Es, a Eoioa = 


where A is an arbitrary amplitude coefficient; K* = w?eu9 — B 
K? = w€ou9 — 8’; Jo(x) is a Bessel function of the first kind 
and of zero order; and 


KK NY(Kir — Y(Kin(Kyr)) 
Jo Kur Y¥o(Kiro) — YoKirs)So(K1ro) 


Po( Kir, ro) = 
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The phase-change coefficient f’ satisfies the characteristic 
equation 
Jo(Kr;) __ Po( Kir, Yo) 
Kr Jo(Kry) Kyry 


On substitution for E;;, Yj and Y; in eqn. (2), the admittance 
ratio for an Hp, mode at the junction of Fig. 2(a) is given by 


(5) 


"1 K 2 a) 
py | JeKnrdr + (=) (Kr) | Po(Kir, réyrdr 
v5 _ pr LB ) Bee) oa) REA eo 


MG TA K.2 ro , 
Omak J serra + (a) 1¢Kr,) | Po(Kyr, ro)rdr 
Lal 


(6) 


which becomes, after integration, 


K ee, 
pope le) lnm |= 


Veo B LON oat j 
n+ (E) [Pel 8 
t, = (Kr; — 1 + F(Kr,) ~ 
F(x) = xJ{(x)/Ji@) 


where 


th — 

(98 — D206, Yo) H¥B13(16, Yo) —O7—Dd7(o, VD —v7¥3(V0. Vd) 
P2( Yor Vi) 

ye Ala? = OF — DH ¥) — YO YD 

z Y2( Yo. 1) 

Wi(Yo, y= Y (Yo) () ae Jim Y() 

Vo. VY) = YiCvo (CY) — Ji V1) 

b3(¥05 yy) = J,(¥0) Yo(o') a Y1(¥o)Jo( 1) 

y=Kyr y= Kir, Yo= Kiro Yo= Kio 


The above expressions apply when B’ is less than unity. Expres- 
sions for ft, and ¢; which apply when B > 1 can be obtained 
quite readily. 

When the admittance ratio is determined from eqn. (7), the 
reflection coefficient p can be obtained from the equation 


_ YolYo — 1 


Se Gees a 8) 


(3) EVALUATION OF REFLECTION COEFFICIENT 
(3.1) Evaluation of B’/8 


A first stage in the evaluation of the admittance ratio of 
eqn. (7), and hence the reflection coefficient, is the determination 
of the phase coefficients 6 and f’. These can be obtained by 
numerical solution of eqn. (5). However, it transpires that in 
cases of practical interest, 8 and f’ are very nearly equal over 
quite a wide range of values of r;/r9 and r;/rg. For this reason 
perturbation methods have been employed which enable the 
difference between 8 and f’ to be determined more explicitly. 
For convenience a perturbation method has also been used 
when the rod is thin. The validity of a particular method 
depends on the actual values of 6 and f’, which in turn depend 
on r;/ro and r,/rg respectively. Three methods have been used. 

When r;/ro < 1 and r;/Ag < 1, f is determined by a perturba- 
tion method in which the empty waveguide represents the 
unperturbed state. [’ is determined similarly in this range. 
When B and f’ are approximately unity, a perturbation method 
is employed in which either of the conditions B = 1 and fp’ = 1 


CLARRICOATS: A BROAD-BAND WAVEGUIDE JUNCTION CONTAINING DIELECTRIC | 


represents the unperturbed states. Finally, when either B or. 
exceeds unity by an amount which renders the above meth 
invalid, a perturbation is employed in which the unbounded ri 
(ro = rg = ©) is chosen as the unperturbed state. This met 
remains valid until the smaller waveguide is nearly filled. mii 
ever, when r; = 1, B is given by a simple expression since | 
waveguide is then homogeneously filled. Under this conditi« 
p’ can still be obtained by the latter perturbation method unlll 
ro and rg are nearly equal. A brief description of each methr 
now follows. ; | 
When r,/ro <1 and r;/Ay <1, the small change in pha 
coefficient 58 caused by introducing a dielectric rod int 
circular waveguide propagating an Ho; mode can be obtai 
by expanding the functions involving r; in eqn. (5) about t 
condition r,; = 0. The function J,(K,ro) must also be expand 
since J,(Kiro) = 0 whenr,; = 0. 48 is then given by 


Op uo ey . rine | 

= 1)( — Ste fon Ca 

Bo a Bo ( (3) 

58’/Bo is obtained on replacing rg by ro. 


When 6 = 1, K, = 0 and by expanding the right-hand side 
eqn. (5) about that condition, the following equation is obtain 


2 ‘ 
F(Kr,) a E Bee | . : . ad 


Eqn. (10) has been solved and Fig. 3 shows 2rg/Ag as a functi: 


24 


2:2 ie 


0-6 0-65 O-7 
2r,/A5 


Fig. 3.—2ro/Ao as a function of 2r;/A9 under the condition p= it 
a circular waveguide containing a dielectric rod of permittiv 
2:5 and supporting the Ho; mode. 


of 2r;/Ag under the condition B = 1 for a rod with € = 2: 
Also, when 6 = 1, 


2B é—1 h 
or ue etoiateueialiaip : 


From eqn. (11) 8 can be_obtained for a value of r,/ro nea 
equal to that at which 8 = 1. When rg replaces rg simi 
results can be obtained for f’. 

When f exceeds unity by about 10% the electromagn 
field becomes closely confined to the region of the rod. Unc 
these conditions the presence of the waveguide has only 
slight influence on the propagation behaviour. Accordin 
there is only a slight difference between the phase-cha 
coefficient 6, of an unbounded rod, i.e. a rod in free spa 
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ad the phase-change coefficient 8 of the corresponding mode 
| a-waveguide containing a dielectric rod. 8, satisfies 


a So(Kri) Kar) ie 
Kr ,Jo(Kr,) Kir,Ko(kir,) ; : f ( ) 


here K? = weg — 82 
ae: 
| kt = Bi — weg 


satisfies the form of eqn. (5) appropriate to B > 1, namely 


Sori) gr) Koro) — Koka Ij(kiro) 

AIK) krilloeirdKeliry) — Kokirviarol © 
The right-hand side of eqn. (13) may be rewritten as 

JolAri) —  Kolkir) =, Koro) (14) 
11Jo(Kr) kyryKo(kyr) (kyr)? Ke(kyr p(k iro) 


qn. (14) is valid provided that 


. ms Io(kyr1)Ko(k1r0) 
' Io(kyro)Ko(kiry) 


im comparing eqns. (12) and (14) it can be seen that they differ 
nly through the second term on the right-hand side of eqn. (14). 
fowever, this term is smaller than the first term by a factor 
pproximately equal to e~*:o—")/(k,r,)*, which is very much 
ss than unity provided that the dielectric rod does not fill or 
early fill the waveguide. Under these conditions 8B and B, 
re very nearly equal. 

If B = hep 5p, 


p= 


<1 


— KiGyro/iGiro) 
kr K3yr)BL2G(Kr,) + 1 ( 


i i 5 sy) 
eft 


e414 Ho) 

1 eqn. (15), k, may be replaced by k,, k, being the wave- 
umber for the unbounded rod which satisfies eqn. (12).. On 
ibstituting ro for rp in eqn. (15), 5p" is similarly obtained. The 
atio in eqn. (7) is then given by 


Bp’ 


58’ — 8B 


—=1+ (16) 

B Bu 
When r,/7> = 0, B is given by 

5s. fiAg\? |” 

e= f = a) | (17) 
hile when r;/ro = 1, 

Bet = iraoy? |? 

p=|e- Bo (18) 


Figs. 4 and 5 show 8, ’ and ('/B — 1) as functions of 
r,/Ao for a rod with € = 2-5 and with waveguides of diameter 
ach that 2rp/Ay = 1-6 and 2rg/Ay = 2:0. As anticipated, when 
and B exceed unity, there is only a very slight difference between 
ieir values until the condition r;/r9 = 1 is approached. The 
bove results were obtained using the methods just outlined, 
upplemented in the range B and p’ less than unity with values 
btained by a numerical method for the solution of eqn. (5). 
he latter values were required since there is a range in which 
either the thin-rod perturbation nor the 6 = 1 perturbation is 
alid. However, in this range, the difference between f and p’ 
- sufficient for a high computational accuracy not to be 


emanded. 
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Fig. 4.—-f and f’ as functions of 2r}/Ao. 
€ = 2:5; @ 2ro/Ao = 1-6; (6) 27G/Ay = 2-0. 


1 
aro 


Fig. 5.—dg and 6p as a function of 27r3/Ao. 
€ = 2:5; 2ro/Ao = 1:6; 2rg/Ao = 2:0. 


(@) d= 8/B = 1 
oy IED 
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(3.2) Evaluation of Power Ratio 


This Section is concerned with the evaluation of the second 
term in eqn. (7), which is here called the power ratio. As pre- 
viously mentioned the term is equal to the ratio of the instan- 
taneous power flow of the Hp; mode integrated over the cross- 
sections S and S’ respectively, in the waveguide of radius ro. 
Eqn. (7) can be conveniently rewritten so that terms involving 
Kjro and K,r¢ explicitly are separated from those involving only 
Kr, explicitly. Thus 


Yo _ P(N; + by) 
Y PM +h) 
weet AEH Westy 
PSN ERECTA: 9 het 
The evaluation of the power ratio may be simplified by the 
use of series expansions and_approximations similar to those 
used in the evaluation of f’/B._ Three particular_cases are 
considered: r,/76 < 1, r1/Ay < 1; B’ = 1; and B’ ~ f,,. 


When 7,/rg < 1 and r;/Aj < 1, an expression for the power 
ratio which involves r,/r¢ explicitly can be obtained by expanding 


(19) 


(20) 


where 
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the functions appearing in the ratio about their values when 
r;=0. Thus 


Ty te. ty — ty 
Tee heachs 
Now 7; = 0 when r, = 0, whereby 
Ti +h (t2 — 13)r,=0 4 
=) OH) 
ec () 2% "1 
Tr+t, (0% — DI) + YI?POod]YI00) 
T, +8 (2/7)? 
i 0% = DI %)YIO0)51 i VF 17( Yo) Y7(9)52 
(2/77)? (2/77)? 
_ AOS = DRO + RAOIYI00 — 2743s 
(2/7)* 


(21) 


6,;, and 5, and 4; are each proportional to 58’, as given by 
eqn. (9) with rg and fy replacing rp and fo, and thus depend 
on r, through a term in r#. 

When f’ = 1, Kj = 0. By expanding the functions in ft, and 
t, about the condition K, = 0, and putting a= ro/r,; and 
b — rolro, 


_ (2 4| 4,2 ae Stet ie 3a | 
2 = (5) (ary) E hy 2 em (1 7) 
ON” 4(>,2 nebo’ a 
t= 6) (Kir,) (2a log. a 5 ai ah 2) 
Since J,\(Kr,)/KrJo(Kr;) = 1/[1 + F(Kr,)] when B’ = 1, 
we K,\4 
i —)t 
ee (x) % 
Chi) oe Fr) 
(Kr,)*[1 + F(Kr,)/? 


K,r,)4 


Tt 
Ty +h 


(Kr,)?—1 +F?(Kr,) a 2 2 a a 1 a | 
(Kr, [it + ale) 2a logs + 57a ~ 93 +2(1 Fa) 


Cay rae FAG) vay? 3 1 
Gee remae + (5) | 2a tose a — 3e? 4 +2 
(22) 


When B’ exceeds unity by about 10%, most of the power 
flows through the rod. Under these conditions ty ~ ty and 
t,/T,; <1. A good approximation for the ratio is then given by 


Thus 


ee ig ae 


Also, in evaluating t, — t; and T, in eqn. (23), the values of 
k, and K appropriate to an unbounded rod may be used with 
negligible effect on the result. 

Fig. 5(6) shows (¢, — t3)/(T; + 13) as a function of 2r,/Ao for 
the same rod and waveguide parameters as before. The above 
quantity represents the deviation of the power ratio from unity. 
It can be seen that when ’ > 1 the deviation is slight. Further- 
more it is significant that the power ratio is then less than unity 


by almost exactly the same amount as the ratio B'/P is greater 
than unity, 


(23) 
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(3.3) Behaviour of Reflection Coefficient 


If BB —1 = 85 
ob Meas a uted | 
and 1 i Ts aiid c D . . 
Ve 
then v7 Tile ar meee 
0 


assuming that 5, < 1 and 6, <1. 
From eqn. (8), 


[oO = 4(dp a 5p) Sit, oe eee (2! 
0:075 
0-050 
P 
0-025 (| 
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Fig. 6.—p as a function of 2r;/Ao. 
€ = 2°53 2ro/Ao #63 2rglAo = 2:0. 


Fig. 6 shows p as a function of 2r,/Ap. It is evident that ov 
a wide range of normalized rod radius the reflection coefficier 
due to the change in waveguide diameter is negligibly sm 

A better indication of the actual reflection coefficient is provide 
by Fig. 7, which shows a portion of Fig. 5 on an enlarged scal 


ie) O5 10 45 
ery Io 


Fig. 7.—A portion of Fig. 5 on an enlarged scale. 


One may therefore conclude that, in so far as the junctic 
in Fig. 2(a@) can be regarded as an impedance mismatch, tt 
reflection coefficient can for a representative junction be mac 
negligible by the introduction of a dielectric rod of appropria: 
diameter. Clearly for maximum bandwidth a rod diamet 
should be chosen intermediate between ro and that renderir 
p’ = 1. Itisalso apparent that if the rod permittivity is increase 
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id the rod diameter appropriately decreased the reflection 
vefficient will remain unchanged. This follows since the rod 
dius required to produce the condition Bp’ = 1 decreases 
(onotonically as permittivity increases (see Figs. 8 and 9). 


20 


15 
nan 
E 10 
5 
°0 o-2 0-4 0-6 


2r,/Xo 


Fig. 8.—2r,/Ap as a function of € under the condition B=lina 
circular waveguide supporting the Hj;-type mode. 
2rolAo = 0-685. 
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Fig. 9.—d/Ao as a function of € under the condition 8 = 1 ina 


rectangular waveguide supporting the Ho; mode. 
L/Ao = 0-704. 


learly, if a considerable change in waveguide cross-section is 
quired to be made, a small-diameter rod of high permittivity 
ould be used in order to reduce the junction reflection 
efficient. 

Although the above results apply specifically to a junction of 
rcular waveguides supporting an Ho; mode, it seems reasonable 
expect that the principle by which the reflection coefficient is 
duced will hold more generally. For example, it has been 
own elsewhere for other modes? that when B > 1 the fields 
a waveguide containing a dielectric rod are closely confined 


the rod region. ; ; 
As a guide to the choice of rod or slab parameters for junctions 
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involving respectively the H,,-type mode in circular waveguide 
and the Hoy mode in rectangular waveguide, the appropriate 
characteristic equations under the condition B = 1 are given 
below: 


2 log. (ro/r1) 4] 


pe 2 
Danese an ti E =Ai(r 7p] ro)* 202 


F(Kr,) = = 26 
(alee 1) [Gilroy = 1) 2 
Cilia! (ry/ro)? +1 
for the H,;-type mode in circular waveguide, and 
Kd K(L— 
cot — = iets, : (27) 


2 u 


for the Hp, mode in rectangular waveguide, where d is the 
thickness of the dielectric slab contained in a waveguide of 
width L. 

Figs. 8 and 9 show 2r,/Ay and d/Ap as a function of é for 
typical values of 2r9/Ap and L/Xp. 


(4) EXPERIMENTAL STUDY OF CIRCULAR WAVEGUIDE 
JUNCTION 

In this Section results are presented of an experimental study 
of a waveguide junction employing a tapered dielectric rod as 
in Fig. 1(d@). Two circular waveguides of diameters 0-875 in 
and 1-026in were joined abruptly. Each waveguide supported 
the H,; mode in the absence of the dielectric rod and the hybrid 
H,,-type mode in the presence of the rod. A polystyrene rod 
of diameter 0:5in was used in the experiments. The length of 
the uniform section of the rod was 8in while the tapers were 
each of length 6in. The rod was supported by means of a 
polystyrene-foam tube so that the middle of the length of the 
rod approximately coincided with the waveguide junction. The 
choice of rod dimensions was made quite arbitrarily, apart from 
the following requirements, which were adequately met in the 
above design. These were that the rod diameter be sufficient 
for B’ to exceed unity, that the length of the rod of uniform 
diameter be at least one guide wavelength and that the tapered 
portions be as long as could conveniently be made. The fact 
that the length of the uniform section of the rod was over six 
guide wavelengths enabled multiple reflection effects to be easily 
distinguished. In a device one would substantially reduce this 
length. 

A precision standing-wave detector in rectangular waveguide 
was used for measurements. An electroformed taper transition 
was used to join the rectangular and circular waveguides. By 
using a 3-stub tuner in rectangular waveguide, the mismatch 
due to the transition was reduced before measurements of the 
junction properties were made. 

Fig. 10 shows the v.s.w.r. measured in the frequency range 
8-75-9:7Gc/s. Curve (a) refers to the junction in the absence 


8:75) v= 9:0 9:25 9:5 975 


FREQUENCY, Gc/s 
Fig. 10.—V.S.W.R. as a function of frequency for a junction of 
circular waveguides containing a polystyrene rod and supporting 


an Hy1-type mode. 


—-A-- Junction with dielectric. 
© Dielectricalone. | 4 
Junction without dielectric. 
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of the dielectric, and curve (b) to that in the presence of the 
dielectric. The v.s.w.r. of the dielectric in the absence of the 
junction was also measured. It can be seen that, within the 
limits of experimental accuracy, estimated to be about 24%, the 
v.s.w.r. of the junction in the presence of the dielectric can be 
entirely accounted for by the dielectric alone. The improved 
broad-band impedance match due to the presence of the dielectric 
is evident. 


(5) CONCLUSIONS 


A method of obtaining a broad-band impedance match between 
two joined waveguides of differing cross-section has been 
demonstrated. In the experimental model studied, the mis- 
match has been found to arise almost entirely from the transi- 
tions between the empty waveguide and the waveguide 
containing dielectric. Thus the problem of matching two 
waveguides of differing cross-section has been reduced to one 
of matching a dielectric-loaded waveguide. 

If the overall length of the junction is unimportant, long 
tapers as depicted in Fig. 1(d) prove satisfactory. The design 
and fabrication of the complete dielectric insert is then a very 
straightforward matter. However, if a short junction is required 
alternative methods of matching the dielectric may be employed, 
as shown in Figs. 1(e) and (f). Reggia and Spencer? have 
satisfactorily used the latter arrangement to obtain a broad-band 
match between an empty rectangular waveguide and one con- 
taining an axial ferrite rod. Their results indicate that the total 
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length of the additional dielectric matching transformers ne«& 
not exceed +in, in the frequency range 9-10Gc/s. Also, if 
high-permittivity dielectric rod is chosen for the main transs 
section, its length need not exceed lin, while satisfying } 
requirement stated in Section 4. Thus, it would appear th 
the principle of matching waveguides of different cross-sectic| 
as described in the paper, may also be used when a compa 
junction is desired. | 
Although in the previous Sections examples have been chos' 
where circular waveguides are joined, there is reason to exp9 
satisfactory results with waveguides of arbitrary cross-sectic 
The shape of the dielectric will not appreciably influence 1 
performance, although, for convenience, account of the way 
guide symmetry might be taken when making a choice. 
| 
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it SUMMARY 

| Current-carrying circuits in electrical rotating machines give rise 
i electromagnetic fields which are modified by surface polarities 
duced in adjacent ferromagnetic media and by eddy currents induced 
_ neighbouring conducting media. The paper reviews certain 
»proaches towards solving some of the electromagnetic problems 
volved and introduces a method for taking account of the reaction 


5 . currents induced in a ferromagnetic medium on their inducing 


LIST OF PRINCIPAL SYMBOLS 
B = Magnetic flux density. 

d= Classical depth of penetration = (p/pw)"/. 
*f = Frequency. 

h= Radial width. 

H = Magnetic intensity. 

ii aT. 

T= Axial thickness. 

n = Order of space harmonic. 

De = Eddy-current loss per unit area. 

J = Eddy-current density. 

( = Scalar electromagnetic potential. 

@ = Angular frequency. 

4 = Permeability. 

%9 = Permeability of free space. 

u, = Relative permeability. 

p = Resistivity. 

‘t = Pole-pitch at mean circumference of core end plate. 
V = Hamilton’s vector operator. 


Bold-face symbols indicate vector quantities. The rationalized 
M.K.S. system of units is used throughout. 


(1) INTRODUCTION 


Fields in dynamo-electric machines originate from current- 
arrying sources and are thus essentially electromagnetic in 
ature. The sources are located in the vicinity of, and in fact 
re often embedded in, ferromagnetic media, the electromagnetic 
roperties of which are essentially non-linear. In most cases, 
iowever, a redeeming feature of the ensuing field problems is 
hat the magnetic permeability of the iron, even though variable, 
3 large compared with that of free space. 

Fig. 1 shows an idealized example of a type of field encountered 
1 machine problems; it is the field produced by a stationary 
Wfinitely-long current-carrying conductor located in a region 
f free space lying between the plane parallel boundaries of 
Wo semi-infinite ferromagnetic media having constant and 
nite but unequal permeabilities. With an unvarying current 
1 the conductor it is possible, for all practical purposes, to 
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distinguish three zones in the bounded region of free space, 
each zone being characterized by a distinctive field distribution: 
(a) At large distances from the conductor. 
(6) In the vicinity of the conductor. 
(c) Inside the conductor itself. 
It is well known that Poisson’s equation holds good in zone (c), 
while Laplace’s equation governs the field distribution in zones 
(a) and (6). 

In the determination of the internal characteristics of a 
rotating machine, the problems confronting the designer can, 
in general, be classified as relating primarily to the magnetic 
fields in air and iron, to the reactances and losses in the windings, 


eT: 


2 
Fig. 1.—Idealized example of field distribution. 


and to the losses in laminated iron, solid iron and other associated 
metal parts. The self- and mutual inductances, and also the 
effective resistances, of individual windings of the machine can 
be deduced from its dimensions. The determination of losses 
in machine parts are of importance primarily from the point of 
view of efficiency, but no less so from that of local heating which 
is governed by the specific loss, ic. loss per unit volume of 
material; for example, in an alternator on leading reactive load 
under line-charging conditions the temperature rise of the stator 
end-teeth due to stray load losses has been known to set a sharp 
limit to the duration or magnitude of such loading. 

The stray-load loss of a machine indicates the increase in its 
total losses on application or increase of load, after allowance 
for the changes in the J?R losses in armature and field windings 
only. It undoubtedly is an aggregate of several component 
losses due to various factors and in different parts of the machine. 
Some of these losses are interrelated, but it is practicable to 
distinguish certain types of loss associated with particular 
regions in the machine which can be investigated individually 
and the results then synthesized to yield a practical design 
treatment. 

A substantial part of stray-load loss is recognized as being 
associated with the two end regions of a machine. The field 
in these regions is 3-dimensional; further, the shape of the end- 
winding and also the various constructional features of the 
core ends influence the end losses considerably. However, a 
consideration of the sizes of machine end-parts and of the 
magnitudes of end losses points towards the core end-plates and 
to the teeth supports and the teeth ends of the core behind the 
core plates as the likely seats of bulk losses, while minor structural 
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parts, e.g. winding clamps and stay rings, fan baffles, etc., will 
give rise to some further losses. At any rate, the need is clearly 
indicated for an intensive study of the losses in laminated core- 
ends in the absence of an end-plate, in solid mild-steel end-plates, 
in solid non-magnetic materials of high resistivity such as non- 
magnetic cast iron, and in solid materials of low resistivity such 
as copper. The losses in some form of core end-plates might 
well prove to be lower than the reduction in the losses in cores 
shielded by such end-plates. But the specific utility of practical 
constructional innovations such as non-magnetic cast-iron end- 
plates and end-fingers, segmental subdivision of end-plates, 
setting back in steps of the teeth ends in a core, isolation of 
narrow packets of core end-stampings by means of ventilation 
ducts, or splitting the core teeth-ends by means of radial slits, 
can be assessed only on the basis of a detailed investigation of 
this kind. 

Dynamo-electric machines possess circumferential sym- 
metry so that the field distribution is periodic circumferentially. 
In polyphase machines the fundamental as well as the harmonic 
fields are rotating, and so are the parasitic tooth-ripple fields 
in any machine. Also, the stationary pulsating field in a single- 
phase machine can be represented by two rotating fields. Since 
the forms of the end-windings are complex and the determina- 
tion of losses induced in masses of conducting materials is not 
straightforward, the entire problem is best attacked, first by a 
complete determination of the magnetic field of the stator and 
rotor end-windings at all points and its expression in the form 
of a series of harmonic rotating fields, the amplitudes of which 
would vary radially as well as axially, and next by a study of 
the losses occasioned in conducting masses by harmonic rotating 
fields of different wavelengths sweeping past these with different 
velocities. 

Expressed in general terms, electromagnetic-field problems in 
rotating machines have two broad aspects: 

(a) The determination of fields produced in different media by 
current-carrying sources. 
(b) The investigation of mutual reaction between fields and 
material media. 
The paper concentrates mainly on (b), or rather that part of it 
relating to eddy currents, following a brief discussion of (a). 


(2) DETERMINATION OF FIELDS 

Unlike the idealized example in Fig. 1, the sources of electro- 
magnetic fields in actual machines are necessarily in the form 
of current-carrying circuits. Such fields can usually be deter- 
mined by analogue or by analytical methods. Also, a third 
possibility, of direct measurement of the magnitude and direction 
of the field at all points in an actual machine by suitable detectors, 
need not be ruled out. 


(2.1) Analogue Methods 


A circuit, not necessarily planar, carrying an unvarying 
current can be replaced by an Ampére’s equivalent shell. In 
the case of a planar circuit, this artifice renders the problem 
amenable to solution with the help of an electrolytic tank. For 
example, a plane circular loop of wire carrying a steady current 
can be replaced by a shell in the form of a disc in the plane of 
the loop. The two circular faces of the disc then become, from 
symmetry, two equipotentials which can be so maintained in 
an electrolytic tank. 

A non-planar circuit, such as a multi-turn double- layer 
diamond coil of the pulled type, can still be replaced by a shell 
with the circuit as its boundary. But surfaces which are to be 
maintained as equipotentials in an electrolytic tank can no 
longer be easily determined. The question whether a circuit 
can be replaced by its projections on three orthogonal planes 
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without altering the field distribution (at best, the field . 
distances large compared with the dimensions of the circ 
itself) would merit investigation, although it appears that t 
field distribution in the immediate vicinity of the circuit wou 
still remain intractable by the analogue method. 

Among other analogues of use in solving magnetic-fiel 
distribution problems are the resistance-mesh or electric- -circt 
analogue, and the soap-film or membrane analogue. | 


(2.2) Analytical Methods | 


Analogue methods prove to be of limited use in investigati| 
the field distribution in machine problems where the operati 
permeabilities of the ferromagnetic media either undergo mark 
variations or are not too high (or infinite) compared with t 
permeability of free space. Analytical methods have to be us 
in these cases, which invariably necessitate restrictive simplifyrj 
assumptions. Even so, one often has to fall back upon tim 
consuming numerical methods for solving most of these boundat 
value problems, though digital computers are fast coming to ti 
rescue. 

The method of images is a valuable mathematical tool f 
obtaining the field distribution (Searle’s problems!) of curren 
carrying sources in the vicinity of ferromagnetic media. Simp 
as the method might appear to be, it becomes quite labori 
to apply it for solving the field problem, even in the idealz 
example in Fig. 1. The method originated in electrostatics 6 
the better-known treatises?+ do not appear to have based t 
method directly on its underlying principle, namely the princip 
of Green’s equivalent stratum as spoken of in electrost 
potential theory.5 It is only very recently that Hammond? f 
given a detailed formulation of the image problem for electr 
static, magnetostatic and electromagnetic fields and has c 
cluded that the image method in electromagnetics mt 
necessarily be confined to problems involving infinite} 
conducting plane boundaries. 

The technique of conformal transformation has been prof 
ably employed, notably by Carter’ and also by Coe and Tayic 
and by Gibbs,? for solving important electromagnetic-fie 
problems arising in electrical machines. In most cases, fiel 
are obtained in terms of transcendental functions which < 
useful for field mapping but are difficult to manipulate for : 
analytical investigation of the effects of the fields. The usu 
artifice is to plot the field and analyse it into space harmonic 
the effects of each harmonic are then investigated separate 
the principle of superposition being finally invoked for a s 
thesis of the results on the assumption of linearity. Fiel) 
plotting techniques have been discussed in detail in sever 
well-known treatises. !°-!4 

An analytical treatment of the field of an idealized alternat 
end-winding has been given recently by Hammond.!> In th 
the actual conductor currents are replaced by infinitely tit 
axial and circumferential (tubular) current sheets; the effee 
of the shape of the coils or of the presence of iron in the vicini 
of the coils are ignored. With these simplifications, the magne 
field is obtained from the vector potential of the current sh 
in terms of double Fourier series of modified Bessel function 
More recentyl, Hammond® has indicated the possibility 
taking account of the contribution from the end-iron surf 
of a machine to the magnetic field in the end regions in terms | 
an image of the end-winding. 


(3) EFFECT OF FIELDS 
The phenomenon essential to the operation of a dyna 
electric machine is the motion of electromagnetic fields relati: 
to certain material media; this, however, is invariably associat 


| 

ith other, normally undesirable, phenomena among which the 
duction of eddy currents in conducting media is of major 
aportance. The problem involving eddy currents in conduct- 
‘g media that is encountered in dynamo-electric machines can 
> stated in general terms as follows. 

Stationary or moving circuits carrying currents give rise to 
eady, pulsating or rotating electromagnetic fields which are 
| fluenced by the presence of magnetic as well as non-magnetic 


onducting media in the neighbourhood. This influence arises 
om two factors: 


| 
I 
i 


* (@) The polarization of the magnetic media and the ensuing field 
due to the surface polarities on their boundaries. 

(b) The reaction of the eddy currents that are set up in those 
| conducting media in which electric forces are induced by time- 
varying magnetic fields. 

i 


a. — ae oe 


A (6), it is necessary to distinguish between two types of eddy 
irents, resistance-limited and reactance-limited: the currents 
the first type are so limited by the resistance of their paths, 
in a finely-laminated medium, that their reaction on the 
iducing field is insignificant; the reaction of the currents of 
: second type, as in solid-copper or iron masses, is, however, 


we 


important factor in limiting their magnitudes. 

In the more usual types of dynamo-electric machines, the 

roblem is considerably simplified because the dimensions of 
je media relative to the wavelengths of the field are such that 
hase-propagation effects could be ignored even if the media 

ere assumed to be perfect insulators. Factors (a) and (b) 
ove can then be considered separately, as indicated in the 
slowing Sections. 

) 

hy (3.1) Polarization Effect 


}.1.1) General Considerations. 


Ail media are first treated as perfectly non-conducting and 
hase-propagation effects are ignored. With these assumptions, 
zalar electromagnetic potential fields satisfying Laplace’s 
quation in free space as well as in all the media are fully deter- 
iined, except at spaces occupied by current-carrying conductors 
.€. “sources’) enclosed therein. It is sufficient for this purpose 
9 determine the potential (or its normal derivative, i.e. the 
ormal magnetic intensity) on the bounding surfaces of each 
egion. This follows from the uniqueness theorem,> applicable 
9 solutions of Laplace’s equation. Such boundary data also 
uffice to determine the Laplacian potential outside the region, 
rovided that this potential, Q, decreases at least as rapidly as 
/r at large distances from the boundary surface (i.e. for large 
alues of r)—in other words, provided that =O (1/r) and 
rad Q = O (l/r?) as r+ ©. 


3.1.2) Method of Potentials. 

The potential field in free space intervening between a source 
nd a polarized medium can be readily expressed as the sum 
f two parts—one, A’, increasing and the other, B’, decreasing 
ith distance away from the boundary of the medium towards 
1e source. Of these, A’ is to be attributed directly to the source 
nd B’ to the surface polarity induced on the boundary. In 
ther words, A’ corresponds to the field that would have existed 
1 that region of free space in the absence of the medium and 
ence may appropriately be called the inducing field while the 
im of A’ and B’ may be called the total applied field. 

In order that A’ can be distinguished from B’ in this way, the 
rientation of the source, though not its actual location, with 
spect to the polarized medium needs to be known if the 
alar potential or the normal magnetic intensity on the boundary 
F the medium is taken as the starting-point of the analysis. 
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(3.2) Eddy-Current Effect 


The field distribution in the absence of eddy currents having 
been determined as above, all the relevant media are next 
considered with their appropriate finite resistivities. This 
enables eddy currents to flow, subject to relevant boundary 
conditions, in those media that are linked by time-varying 
magnetic fields. The currents induced in any one medium give 
rise to a field of their own inside that medium, in the adjacent 
media and in free space; this secondary field also links the 
current-carrying circuit which is the source of the inducing field. 
The initial field distribution as determined in Section 3.1 thus 
gets modified. As a first approximation, each medium can be 
considered by itself, ignoring the presence of the adjacent 
media and of the source circuit, all of which may be considered 
as free space. Two alternative procedures then become avail- 
able, as indicated in Sections 3.2.1 and 3.2.2. 


(3.2.1) Carter’s Method. 


Carter!® started from a feasible eddy-current-density distribu- 
tion J inside the medium consistent with the boundary conditions 
and calculated the resultant field Hp required to induce the 
ohmic drop per unit length pJ in the medium and also the field 
H, produced in the medium by these eddy currents themselves. 
The difference between these two fields was equated to the total 
applied field H, as evaluated or measured in the absence of the 
eddy currents, for Hp = H, + Hj; the values of the fields on 
the boundary of the medium were conveniently used for establish- 
ing this equation. 


(3.2.2) Method of Potentials. 


A parallel method will now be described, based on the 
potential fields obtaining in free space with and without the 
eddy currents in the medium. This method makes use of the fact 
that the secondary field due to the eddy currents decreases with 
distance away from the boundary of the medium towards the 
source and, as such, alters only the part B’ of the total applied 
field; A’, which is the inducing field, remains unaffected. As 
in Carter’s method, the resultant field Hp is calculated from 
the eddy-current-density J sufficient to induce the ohmic drop 
per unit length pJ in the medium (the reverse procedure of 
determining the resistance-limited eddy-current density J 
induced by the resultant field Hp is also feasible). Moreover, 
the Laplacian potential field obtaining in free space in the 
presence of these eddy currents in the medium can be deter- 
mined in terms of the field Hp on its boundary, i.e. in terms of 
J. In this resultant field also, two parts A and B can again be 
distinguished, having the same characteristics as the parts A’ 
and B’ of the total applied field. Noting that the part A of the 
resultant field represents the unaltered inducing field given by 
the part A’ of the total applied field, the eddy-current density J 
is finally obtained in terms of the total applied field. The 
details of this procedure are illustrated in Section 8.1. 


(4) ANALYSIS OF EDDY CURRENTS IN CORE END-PLATE 
BY THE METHOD OF POTENTIALS 

The axial runs of conductors in a polyphase end-winding give 
rise on load to a rotating field, and the circumferential runs 
to a pulsating axial field. The problem of a ring, such as the 
core end-plate, placed in a pulsating axial field can be analysed 
by conventional methods.!7 The rotating-field problem is 
analysed in this Section; it is important from the point of view 
not only of end-plate losses but also of the reactance of the end- 
winding. 

The starting-point of the analysis is a given distribution of 
radial magnetic flux density at the inner cylindrical surface of 
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the end-plate in the absence of eddy currents; this might be 
determined analytically, or with the help of analogues, or even 
by direct experiment. The cylindrical surfaces are developed 
into infinite plane surfaces and the rectangular Cartesian system 
of co-ordinates is used; the x-axis is taken as directed radially 
outwards, the y-axis along the periphery and the z-axis along 
the axis of the machine. The field and the eddy-current vectors 
are then treated as periodic functions of wt — n(m/7)y. The 
analysis is made in terms of the fundamental alone (7 = 1), 
and k is used!8 for z/7. The origin of x is taken on the inner 
periphery of the end-plate. 


(4.1) Illustration of Procedure 


To illustrate the procedure, the case of a semi-infinite medium 
(Fig. 2) of constant resistivity p and constant permeability 


REGION 1 po 


Fig. 2,—The problem of semi-infinite medium. 


L(= Po py) filling the entire region 2 (x > 0) is considered 
first; region 1 (x < 0) is free space. The boundary conditions 
are: 

(a) All the field variables are independent of z, and B, = 0. 

(6) The source is located in region 1 (x < 0). 

(c) B, = Bcos (wt — ky) = ABei@t-™ on x = 0. 

(d) B—Oas x > + © in region 2. 

Expressions for the field-intensity components in region 2 are 
derived in Section 8.1, where it is also shown that the eddy 
currents in the medium (region 2) under these conditions are 
wholly axial, the axial current density being given by 
by +1 


V2), = aN Sra are Tr! 
ku, + (2 +4) 
B , SW ee 
gue? —x( +5) +jt—b)| @ 
x>0 
where d is the classical depth of penetration. Also, the resultant 


potential field ©, in free space (region 1), as modified by the 
reaction of the eddy currents, is given by 


B 
QO, = Bu, + Poi 


j\'2 
Ki (2 Epes 
enkx — ———_. gkx | gilot—ky) (2) 
Kp, + (12 + ae 
r d2 
x0 
and B= "=p grad Oh eae) 


The eddy-current loss per unit area of the boundary surface 
x = 0 is given by 


ih. cpBA (u, + 1)? ; 
qdta RP Iyka pete °° 
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*\ 1/2 


where a + jB = (2 alg + ear 


The results indicated by eqns. (1), (4) and (5) are identical w 
those obtained by Carter,!! but his work did not extend to { 
field in free space given by eqn. (2). | 


(4.2) The Core End-Plate Problem 


1 

| 

| 

Fig. 3 shows a part of a solid core end-plate of radial wid 

h and axial thickness /. The boundary conditions are: 


(a) The source is located in region 1 (x < 0) which is fif 
space. 

(b) B0 as x > + 00 in region 3, which is again f 
space at the back of the end-plate rim. | 

(c) B, = B cos (wt — ky) = ZBei!—-™ on x = 0, —I]2; 
z<//2, with the origin of z at the middle of the axial thickay 
of the end-plate. This can be expressed in terms of a Four: 
series: 


—1)e- 1/2 
B,. = a3) Sy Sins i cos 
podd Dp 


T 


a ei(ot—ky) 


onx =0, —/2<z< li 


Expressions for the three components each of the fi 
intensity and the eddy-current-density vectors in the core er 
plate (region 2) are obtained by following a procedure iden't: 
with that in Section 8.1. The final results and also the resuit. 
potential fields in free space (regions 1 and 3), as modified | 
the reaction of the eddy currents, are given in Section 8.2. 
is to be expected, equs. (1), (4) and (5) follow directly from th 
general results as both h and / tend to infinity. The resu 
are valid for all values of yu, including unity, i.e. for magnetic 
well as non-magnetic core end-plates. 


REGION 3 flo 


REGION 2 


fp 


REGION 1 fg 


Fig. 3.—Solid core end-plate. 


x Radial. 
y Peripheral. 
z Axial. 


(5) CONCLUSIONS 


Certain approaches to electromagnetic field problems 
dynamo-electric machines have been discussed and outline 
Both Carter’s method and the method of potentials introduc 
here can, in principle, be used to determine the eddy currer 
induced in a ferromagnetic medium by a given field, taking f1 
account of the reaction of these currents on the given field. TI 
second method has the added advantage of providing an insig: 
into the effects of surface polarities and also into the field outsi 
the medium as modified by the reaction of the eddy currents, 

The method of potentials raises some associated problem 
chiefly regarding the possibility of extending this approach | 
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ore general problems dealing with multiple sources and 
aterial media. Given field distributions on the boundaries of 
ie media in the static or non-conducting state appear to be a 
jtter starting-point than given strengths and locations of the 
yurces. But the development of a general procedure, if at all 
dssible, which could take account of any configurations of 
yurces and of the effects of conducting and polarized media 
“any shapes or sizes does not yet appear to be within sight. 

i 
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(8) APPENDICES 


(8.1) Problem of Semi-infinite Medium in a Rotating Field 
In the following, suffixes refer to the relevant regions of 
investigation as shown in Figs. 2 and 3. 


(8.1.1) Medium Assumed Non-Conducting. 


All field vectors relating to a non-conducting medium are 
indicated by a prime. In region 2 (x > 0), the field equations 
in this state are div H, = 0 and curl H; = 0, so that by putting 
H, = — grad Q3, we have 


VOl = 0h ee) 


The solution of this equation, satisfying the condition B; > 0 
as x > + ©, is given by 


QO. ES Aye Pet Ota ky) 


To determine the arbitrary constant Aj, we note that at x = 0, 


; 0Q; uae 
[(A5) xLe-> 0+ = E See = kAsei ot ky) 
— ~ gi(ot-hy) 
be 
rs —kx-+j(@t—ky) 
Therefore Oe eee es eer en) 
ky ‘ 
In region 1 (x <0), the field equations are div Hj = 0 and 
curl H; = 0, so that by putting Hj = — grad Q/, we have 
Va ea OF gee tea) Set) 
Also, 
ine Jira 
(Oil ee == FAD |x>0- = ae la) y|x > 0+ 
9 BN 
=== 7(- A [Oo 0% 
f= Boi) 
kp 


Thus the required solution of eqn. (8) is 
OF = @ cosh kx + Aj sinh kx) el (ot—ky) 
I k lb 
To determine the arbitrary constant A;, we note that at x = 0 


; Ney “i 
(Ge so — |- 2) —— kAjei@t y 


= Ls) 
Ho 
Therefore : } 
, B —kx Mr 1 | ei (wt—ky) (9) 
Q, = (My + Dae] e te + “je é 


= A’ + BF’ 
15 
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(8.1.2) Medium Assumed Conducting. 
In region 2 (x > 0), the field equations in the conducting 


state are div H, = 0, curl Hy = Jo, p curl Jy = — pdH/dt. 
Therefore 
if 
V7, = que 
. (10) 
J 
and VJ, == pe J 


where 


1/2 
2 |e. | (11) 


Since B,—>0 as x>-+ 0, div H, =0 and (B,),=0, the 
solutions of eqn. (9) are 


7 \ 1/2 


sale 1/2 
eed) 


; Ee 

(Hh) = jn 4 ex | — (+ 4) + itor) | 

(H,), = 0 (13) 
Since J, = curl Hy, the solutions of eqn. (10) are 

(Jo). =0 

(J2), <= 0 

A, ie ae 

(Jy), = yee E x(@? de +) (ot | 
A, is an arbitrary constant in the above solutions. In region 1 
(x <0), as in Section 8.1.1, H, = — grad Q, and V2Q, = 0. 
Also, 

5 . 
[21k 0- = — [jhe 0- = —F[G), be 04 
° A j\ 12 | 
= 43(# +5) ei (ot—ky) 
Therefore 
A FP 
o= ie (7 =f 55 cosh kx + D, sinh kx | el (or—ky) 

But at x= 0, [CE ens. o- = | Cp) | o+ 
so that D, = —A, 


Therefore in region 1 (x < 0), 


Pat 4 
Oras ol ate 42 
tnt (#4 d ls 
71/2 

ku, ry (# > - 
e—kx = d ekx 


gj (wt—ky) (14) 


ieee 
=A+B 


Noting that the part A’ of the total applied field Q) is the 
same as the part A of the resultant field Q,, we equate the 


coefficients of e—** in eqns. (9) and (14). This determines the 
arbitrary constant A, as 


(15) 


MUKHERJI: CERTAIN APPROACHES TO ELECTROMAGNETIC FIELD 


4) 


| 
Substituting this value of A, in eqns. (12) and (13), we have 
in region 2 (x > 0), 
k(u, + 1) 
(2) = preaaar ymca ke: 
i, + (Ps, 


B > hN dm ox 
— -- + —. 4. —k 
r exp | 54 (x 5) J(wt 1 


| 


(H), =} 


B . ) 1/2 - he 
Pi exp | - x(k 4 5) + j(wt ky 
(A), = 0 | 


(Jy), is given by eqn. (1) in Section 4 and the potential OF : 
region 1 (x < 0) is given by eqn. (2) in the same Section. 


(8.2) Solid Core End-Plate in a Rotating Field 


The procedure followed is exactly the same as in Section &. 
Only the main results are indicated below. 

With region 2 (0< x< hA) assumed to be non-conductia: 
the relevant field equations are: 


Region 1 (x < 0): Hi = —grad Qi, VO, =0 
Region 2(0< x< fh): Hy = — grad Q5, V?Q, = 0 
Region 3 (x >h): H, = — stad O;, (V70. = 0 


The potential field only in region 1 (x < 0) is of interest in th 
problem. This is 


Gao) e2¥rh — 4 
rae 


, 4Bp,-1 (—e-Hr 
QS elec <__-~____ -14___________ x 
TH\u, + 1 podd PY p [Bo SF 7) eave ae 
Ly — 1 
x (cosh y,x — pu, sinh y,x) cos= 7 ei (@t—k 
He EAN" sox 
2B (—1)o-vpe e a i) aetiede- 
ed p odd PY p pl grok 
apie 1 
th MZ 
x | ever — (E r ) Ypx e jlot—ky) (4 
é ae a en 
l l 
XO, ie Ss Chee 
OREN 
pa | 
where Yp = (+2 Rae | 


* Throughout Sections 8.1 and 8.2, the ma: i i i 
n : ; gnetic-field intensity and edd 
current density components, and also the potential, are to be taken as eaoal only > 
the real parts of the corresponding complex expressions obtained. 


‘With region 2 0< 


< A) assumed to be conducting, the 
slevant field Sune are: 


Region 1 (x < 0): Ay, = —gradQ,, V2Q, =0 

) Region 2(0< x< A): V?H, = ii, 

t Vy = J, y= curl Hy 
| Region 3 (x > h): AH; = — gradQ,, V?Q;,=0 


_ The solutions of these equations are as follows. 


(a) Region 1 (x <0, —I/2<z< 1/2): 


1 
~Q, = —[8,(a,_ — a,.) cosh 
pay : o+) he 


! TZ ; : 
— Br¥p(@p— + ay,) sinh y,x] cos “7 xeitor—ky) 


P| in all (UrYp + Op)ap_ + (Upp — 9,)4y4 Je 


5,)a ao “r (LY p 
] PTZ - 
ae 8,)4y4.]e*} cos ie ej (@t—ky) (18) 


= [(H4-¥p Tin 


@® Region 20 < x< h, —I2 <2 <1)2): 


' BS TZ 5 
i). = be XS (@,_é~*»* + a, £°*) cos sid ESky) 
TTZ 5 : 
(i), = 5 3G e—?* — ay, 8°P*) cos ce] for) 
: Yp 
yy 2p es See linkGar iy 
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(J2)x =0 


(Jz), = ary ne ny 


paz 
ST d, 6?) Sin | ef (ot—ky) 


odd Y'p 
CALS an ea _ Een Spe a, 62%) Cote Zetter ky) 
“\) d*\ goad 1 
(19) 
(c) Region 3 (x > h, —I/2 << z< 1/2): 
oy Ela a, ,.) cosh 6,h —(a,_ +a, ,) sinh 8,/] 
4 ‘ g— Vo —h) cos x ei (@t—ky) 
alll? ors jeneh ate: a8e) eae SR) eos Be Pre | stort 
podd Y3 l ; 
(20) 
where 
1/2 
ped Mic opr 
ro) 1/2 
8, = (#9 +7 +5) (21) 
and fer AY een — | 
4B 1 (—1I)@-DP \p, - 1 
apt TT |b My D [ls ae *) e2¥vh 4 
Pr — 1 
Be ; E aoe + 5p 2) “es | (22) 
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SUMMARY 


The explicit solution for the optimum linear physically realizable 
multivariable filter involves the factorization of a power-spectra matrix 
into two matrices, one having all its poles in the left-half p-plane and 
the other having all its poles in the right-half p-plane. No general 
method of accomplishing this factorization has previously been 
available. 

This note contributes a method of factorizing any power-spectra 
matrix in the required manner. As a result, the explicit solution for 
the optimum filter is obtainable in a number of cases not previously 
solvable without resort to implicit methods. In the course of develop- 
ing the factorization method it is shown that it is always possible 
to obtain a physically realizable multivariable system which will 
transform any given set of signals into an equal number of incoherent 
white-noise signals. Similarly it is shown that a physically realizable 
multivariable shaping filter may always be found to transform a set 
of incoherent white-noise signals into an equal number of signals with 
any desired power-spectra matrix. 


LIST OF SYMBOLS 


A(p), B(p), C(p), D(p), E(p), H(p), S(p), T(p) = System trans- 
ts fer matrices. 
A(u) = System weighting-function matrix. 
e;(t) = ith error of optimum system. 
I = Identity matrix. 
p= jo. 
U(p) = Unitary transfer matrix. 
V(t) = Column matrix with v,(t) as ith element. 
v; = ith output of A(p). 
X(t) = Column matrix with x;(‘) as ith element. 
x; = ith input to optimum system. 
y; = ith output of optimum system. 
z; = ith desired output of optimum system. 
Bp), B*"( p), B**(p), B*2( p), B'( p) = Power-spectra matrices. 
@**(p), ®(p) = Factors of @**(p) whose elements have all 
poles in left-half and right-half p-plane, respec- 
tively. 
Dxix(P), Pop), ®1(p), 2(p) = Power spectra. 
7,,(p) = Factor of ®,,»,(p) containing all its left-half p-plane 
poles and zeros. 
”(r) = Matrix of correlation functions for the v;S. 
$*"(7) = Matrix of cross-correlation functions for the x ; Sand 
VS. 
7 = Time shift. 
[ ]’ = Transpose of a matrix. 
[ ], = Those terms of a partial-fraction expansion of a 
matrix containing poles only in the left-half 
p-plane. 


(1) INTRODUCTION 


The problem with which the paper is concerned is that of 
determining the optimum physically realizable linear multi- 
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variable system whose inputs are a set of signals with know 
statistical properties and whose outputs are to approximate 
second set of signals. The optimum system will be that whi 
causes the sum of the mean-square errors between the syste 
outputs and the second set of signals to be minimized. 
situation is illustrated in Fig. 1, in which H(p) is the desir 


Fig. 1.—Optimum linear filter. 


multivariable system and the x’s and the z’s are given sets ¢ 
signals. H(p) is to be chosen so as to minimize 


n 
X 7d) 
i=1 
This problem has applications in the control of processes a. 
systems having several inputs and outputs. Examples whic 
may be cited are the control of turbo-jet engines, steel rolli 
mills and chemical processes. The same mathematical proble 
arises in the field of the estimation of optimum linear mod 
for multivariable processes when use is made of typical operatir 
records of the variables. In this case the x’s are the actu 
process inputs, the z’s are the actual process outputs and H(, 
is the desired linear model for the system. The optimum mod: 
is taken to be that which minimizes the sum of the mean-squa 
errors between the process outputs and the corresponding mo 
outputs when both model and process have identical inputs. 
The formal solution for this problem has been shown t 
Amara! to be 


[Hol = [@eor'[[S2eOr' oo]. ¢ 


For the simple case of x’s with zero cross-correlation, ®**(p)) 
a diagonal matrix, and it may easily be factorized into tw 
diagonal matrices to give ®%(p) and ®**(p) having all the 
poles, respectively, in the left- and right-half p-plane. For th 
particular case it is also necessary for ®**(p) to have all i 
zeros* in the left-half p-plane in order to obtain a realizat! 
transfer matrix? H(p). For the case where cross-correlati¢ 
exists between any of the x’s, ®**(p) is not a diagonal matri 
and it has not hitherto been possible to obtain the facto 
@**(p) and ®**(p) except in certain special cases. It will 1 
shown in this note that any @®**(p) may be factorized into t) 
required form and that the explicit solution for H(p) given | 
eqn. (1) may be used for a wider range of cases than was pr 
viously possible. 


* The poles and zeros of a matrix refer to the poles and zeros of the individ: 
matrix elements. 
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‘In. the course of deriving the factorization method two 
ateresting results will be developed. The first is a general 
aethod of converting a set of cross-correlated signals to an 
qual number of incoherent* white-noise signals. The second 
oncerns the converse problem, i.e. that of converting a set of 
acoherent white-noise signals to an equal number of signals 
vith a desired power-spectra matrix. In both cases it will be 
hown that the desired transformation may always be effected 
ly means of a physically realizable linear multivariable system. 


(2) CONVERSION OF ARBITRARY SIGNALS TO 
, INCOHERENT WHITE-NOISE SIGNALS 
| A set of n signals, x, x2... x,, is assumed to be given and 
9 have a known power-spectra matrix ®**(p), which is assumed 
9 be non-singular. It is desired to operate on these signals 
vith a linear physically realizable system such that the n output 
ignals, y;, ¥2.. . y,, are all white-noise signals with zero cross- 
orrelation. A system with transfer matrix D(p) is therefore 
equired such that @»”(p) =I. The determination of D(p) will 
moceed in three stages. A system A(p) will first be found 
vhich transforms the x’s into a set of signals with zero cross- 
orrelation. A(p) will in general be physically unrealizable. A 
econd system B(p) will now transform these signals into 
neoherent white-noise signals. Finally a third system C(p) 
vill transform these white-noise signals into another set of 
vhite-noise signals with zero cross-correlation in such a way 
hat the overall system D(p) = C(p)B(p)A(p) will be physically 
ealizable. 

It is shown in Section 10 that ®**(p), ®’(p) and A(p) are 
elated by 


: 


Op) = A(—p)®**(p)[A(p)] (2) 


vhere ®(p) is the power-spectra matrix of the outputs of 
4(p). First, therefore, it is necessary to find a transfer matrix 
4(p) such that when substituted in eqn. (2) a diagonal B’(p) 
s obtained. 

Now ®**(p) is, for example in the three-variable case, of 
he form 


DP)  DrxfP) 2 z3,(P) 
b**(p) a Dik Gr) O,.,.x(P) ®,,..,(P) 
ane —p) ace | —p) ®,.,x,(P) 


ince, because of the properties of power spectra, ®**(p) is a 
Jermitian matrix? for p = jw. If O,,,,(p)/®,,,,(p) times the 
irst column of ®**(p) is subtracted from its second column and 
hen ®,..,(—p)/®,,x,(p) times the first row of p**( p) is sub- 
racted from its second row, a matrix of the following form 


esults: 


(3) 


®,...,(P) 0 O,.x3(P) 

@'\(p) = 0 ®,(p) ,(p) 
®,,x(—P) (—p) ®,,,,(P) 
n this matrix ©,(p) and ®,(p) are functions of the original 


lements of ®**(p). Now these two operations on ®**(p) may 
written in matrix form as 


(4) 


@'(p) = Ay(—p) B**(p)[A1 (>) (5) 
1 0 O 
®,...(P) 
yhere Ay p) = ee ae 1 (6) 
0 Ou 


* A set of signals with all cross-correlations zero is said to be incoherent. 
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Thus a system with transfer matrix 4,(p) will transform the 
x’s into a set of signals with power-spectra matrix @'(p) as 
given by eqn. (4). Evidently this same procedure may be 
carried out twice more so that the resultant set of signals has 
a diagonal power-spectra matrix. The necessary transfer matrix 
A(p) which accomplishes this diagonalization may therefore be 
easily determined. Since A(p) has elements which are of the 
form of ratios of power spectra, it will in general have poles in 
the right-half of the p-plane and will therefore be physically 
unrealizable. 

If the outputs of A(p) are v7, v2... v,, the power-spectra 
matrix for these signals will be of the form 


Dy o,(P) 0 0 
Bp) — 0 D,,0,( P) 0 (7) 
0 0 Dy,,(D) 


for a three-variable case. To convert the v’s to white-noise 
signals with zero cross-correlation it is necessary to pass them 
through a system with transfer matrix B(p), where 


1 
SS 0 
Os>,(P) 
il 
B(p) =. 0 Os,,(p) (8) 
1 
5 EG) 


and where ©;,,(p) consists of a factor of ®,,.,(p) containing 
its left-half p-plane poles and zeros only. It is now apparent 
that a system with transfer matrix B(p)A(p) will transform the 
x’s to white-noise signals with zero cross-correlation. The 
matrix B(p)A(p) is still unrealizable, in general, and some 
further transformation, C(p), is required which will transform 
the outputs of B(p) to another set of white-noise signals with 
zero cross-correlation such that C(p)B(p)A(p) is realizable. 

Such a system is obtainable in the following way. C(p) is 
made a diagonal matrix such that the diagonal elements c;;(p) 
have zeros corresponding to all right-half p-plane poles appearing 
in the ith row of B(p)A(p). These poles, which render 
B(p)A(p) unrealizable, will now be cancelled by the zeros of 
C(p). In order that the outputs of C(p) shall still be white 
noises, the poles of c;;(p) must be equal in number to the number 
of zeros of c,;,(p) and must be negative conjugate to the zeros. 
Thus c,,;(p) are all-pass networks. 

It now follows that the overall system D(p) = C(p)B(p)A(p) 
is the required system. Since each of the three constituent 
systems may always be found it follows that a physically 
realizable D(p) may always be determined for any given 
@**(p). It will be noticed that D(p) usually has non-minimum 
phase elements. 


(3) NON-UNIQUENESS OF DIAGONALIZING SYSTEM 
It is now relevant to inquire whether the system D(p) which 


transforms the x’s to white-noise signals, yj, 2... Vx, With 
zero cross-correlation is unique. It is known that 
D(—p)®**(p)[D(p)|' = Bp) = T (9) 


Suppose that some other system with transfer matrix E(p) also 
performs the required transformation. Then it follows that 


E(—p)®**(p[E(p)|' = 1 
E(p) = U(p)D(p) 


(10) 


Let (11) 
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Substitution for E(p) in eqn. (10) gives 


U(—p)D(—p)®**(p)[D(p—)][U(P)]' = T . (12) 
Using eqn. (9), this yields 
U(—p)[U(p)]’ = 1 (13) 


Thus E(p) will perform the required transformation provided 
that it can be written as U(p)D(p), where U(p) satisfies eqn. (13). 
A matrix which satisfies eqn. (13) for p = jw is known as a 
unitary matrix.2 Provided that U(p) is physically realizable, 
E(p) must be physically realizable. There is an infinite number 
of realizable unitary matrices, a particularly useful one being 
of the form 


U(p) = (14) 


where a(p), b(p) and c(p) are polynomials with all zeros in the 
right-half p-plane. It may be concluded that, if a system D(p) 
will convert a set of cross-correlated signals to white-noise 
signals with zero cross-correlation, any other system with a 
transfer matrix E(p) = U(p)D(p), where U(p) is unitary, will 
also accomplish this transformation. 

The physical interpretation of eqn. (11) is that the outputs 
of D(p~), which are white-noise signals with zero cross-correla- 
tion, are applied as inputs to a system with transfer matrix U(p). 
The outputs of U(p) are again incoherent white-noise signals. 
It follows that a characteristic property of a unitary system is 
that it will transform a set of incoherent white-noise signals to 
another such set without introducing cross-correlation. This 
property and the particular class of unitary system given by 
eqn. (14) suggest that unitary systems may be regarded as multi- 
variable generalizations of all-pass systems. It should be 
emphasized that unitary systems are not confined to the form 
given in eqn. (14). Unitary matrices with non-zero off-diagonal 
terms are also available. The transfer matrix 


ay Se ee 

l+p 1+p 
U(p) = 

Ih ae ja l= p 


for example, represents a unitary system. 


(4) MULTIVARIABLE SHAPING FILTERS 


The converse problem of that considered in the previous 
Section will now be examined. A set of incoherent white-noise 
signals is given. It is desired to obtain, by some physically 
realizable transformation of the signals, a second set having a 
desired power-spectra matrix. This problem is readily solved 
using results obtained in the previous Section. 

Let the required signals be x,, x2 . . . x, with power-spectra 
matrix ®**(p). If D(p) is the transfer matrix of any system, 
realizable or unrealizable, which will convert the x’s to incoherent 
white-noise signals, then 

D(—p)®**(p)[D(p)| = 1. (15) 
It follows that 


&*(p) = [D(—p)]-'K{[DW)]'}-' . (16) 
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or B*x(p) = S(—p)I[S(»)]' 
S(p) = [Di]! 


Thus a system with transfer matrix S(p) = [D(p)]~? is a shapit 
filter which will convert the white-noise signals to a set of 4. 
with the required power-spectra matrix. | 

By a method analogous to that used in Section 3 it may | 
shown that, in general, any system with a transfer matrix T(4, 


where | 
T(p) = SC@)U@)) = 7 eee 


will also be a desirable shaping filter, U(p) again being a unit 
system. The physical interpretation of eqn. (19) is that t 
white-noise signals are first operated upon by U(p) to give: 
second set of incoherent white-noise signals. This second g 
of signals is then transformed by S(p) to give the desired x’s. | 

The system S(p) will not necessarily be physically realizad. 
By choosing U(p) to have the form given by eqn. (14), wh 
the zeros of each diagonal term cancel all the right-half p-pla: 
poles of the corresponding column of S(p), T(p) can always — 
made physically realizable. Thus it may be concluded that ¢ 
desired physically realizable shaping filter is always obtaina®: 
As an alternative to obtaining T(p) from D(p), a derivatie 
similar to that used in Section 2 could have been used in whi 
a suitable set of matrix operations would be found to transfor 
the identity matrix into ®**(p). 


where 


(5) FACTORIZATION OF &**(p) 


It is now possible to solve the basic problem with which ¢ 
paper is concerned. It is required to find two matrices ®37( 
and @**(p) such that 


O*(p) = Op) OF (D) at). a 


where ®**(p) has all of its poles in the left-half p-plane ai 
®**(p) has all of its poles in the right-half p-plane. 

Suppose that a set of x’s with the power-spectra mait 
®**(p) can be obtained from an equal number of white-nop 
signals with zero cross-correlation by means of a physica 
realizable system T(p). Then it follows that 


@*(p)= T(-p[TD)! . .. . € 


But T(p), being realizable, must have all of its poles in 
left-half p-plane. Consequently T(—p) must have all of | 
poles in the right-half p-plane. Comparing eqns. (20) and (2) 
it may therefore be seen that the required factors are given byy 


O(p) = (TO) a. << ee 
O2(p) =.T(2=p), +. eee 


Solution of the factorization problem therefore involves fii 
the determination of a physically realizable shaping filter corr 
sponding to the given ®**(p) and then application of eqns. (2 
and (23). Since J(p) is not unique it also follows that + 
factorization is also non-unique. 

This method of determining @**(p) and ®**(p) now enab: 
eqn. (1) to be used to determine the optimum realizable line 
multivariable filter for a wider range of cases than was pp 
viously possible. In a previous paper,! ©**(p) was restrict 
to matrices having the property that ®**(p) = @**(—p) in orc 
that an explicit solution of eqn. (1) could be obtained. TI 
method of the present paper extends the application of eqn. | 
to include all cases in which [®**(p)]~! is realizable. 
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: (6) EXAMPLES 
As a first example of the factorization method let it be supposed 


vat two signals are given with the following power spectra 
latrix: 


3 3p 
4—p* 4-—p? 
@Bxx = 
, (py) = Lipoid 9) (24) 
4—p* 4—p? 


; will be noted that ©**(p) 4 ®**(—p). In determining 
*(p) and **(p), both the corresponding shaping filter and 
1e system which transforms the x’s to white noise with zero 
ross-correlation will be found as an illustration of the method. 
By inspection of eqn. (24), it will be seen that a system which 
‘ansforms the x’s to two signals with zero cross-correlation is 


- 1 O 
Wal) awe (25) 
he power-spectra matrix of the outputs of A(p) is 
ae eS 
Bp) = 14 —P* (26) 
0 1 


‘0 obtain white-noise signals the outputs of A(p) must be 
-ansformed by a system with transfer matrix 
AND 
B(p) = | V3 
0 1 


(27) 


tow the overall transfer matrix of these two systems is 


ean 2 
4/3 


‘pee afl 


= D(p) . (28) 


B(p)A(p) = 


(p) is seen to be physically realizable and so represents the 
esired system. 

Without regard to realizability, a suitable shaping filter is 
iven by 


S(p) = [Dy]! . (29) 
1 this case 
S(p) = (30) 
V3? | 
2D 


or this example S(p) is itself physically realizable and does not 
quire transformation by a unitary system in order to obtain a 
salizable shaping filter. ; 
Application of eqns. (22) and (23), where in this case 
(p) = S(p), yields the required factors 


A/ Se 2 Wi8P. 
b**(p) = QE para —p (31) 
0 1 
a e 
ve a. 32 
ad @**(p) aa —1/3p 1 ( ) 
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If an optimum filtering operation is now to be performed on 
the x’s, substitution of ®**(p) and &**(p) from the above into 
eqn. (1) will yield a solution for any ®*7(p), since [®*%*(p)]~! 
is readily verified to be realizable. 

As a second example of the method, consider the power- 
spectra matrix 


4—p? 4-9 
1—p* 1-—p* 
2p) = 33 
(p) 49 Sea (33) 
1—p* 1-—p? 


The system which transforms the x’s to two signals with zero 
cross-correlation is 


1 0 
ACD) | eh eae (34) 
4 — p* 
The power-spectra matrix of the outputs of A(p) is 
4 — p? 
or rng 35 
NS Fe eae (35) 
4 — p? 


To obtain incoherent white-noise signals, the v’s must be trans- 
formed by a system with transfer matrix 


ey 
MH ID 
B(p) = 36 
cee (|) ne (36) 
4/12 1p 
The overall transfer matrix of these two systems is 
Laie 0 
B(p)A(p) = soit = D(p) 37) 
(p)A(p) = ro 08 24) = D(p 
Q—pO/122p) Valse p 


D(p) is not physically realizable because of the pole at p = 2. 
To obtain a realizable diagonalizing system the outputs of D(p) 
must be further transformed by a suitable unitary system. Thus, 
if U,(p) is given by 

1 a | 


ee 
2+) 


the final diagonalizing system E(p) = U;(p)D(p) is given by 


U\(p) = (38) 


1+pP 0 
2 te JD 
E(p) = ae pe (39) 
2 + p)G/12 +p) V12+p 


Without regard to realizability, a suitable shaping filter is 
given by 


S(p) = [D(p)]-* (40) 
In this case , 
2+p he) 
1p P 
S(p) = cath Vines GID 
2 peep) 2p 
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S(p) is not physically realizable. To obtain a realizable shaping 
filter the inputs of S(p) must first be transformed by a suitable 
unitary system. Thus, if U,(p) is given by 


an B 
Up) = |2 +P (42) 
0 1 
the final shaping filter T(p) = S(p)U(p) is given by 
2p 
eo 0 
T =: Lag 43 
Ss 4-9 Vi2+p (43) 
(2+ pl + p) Za Dew! 


Application of eqns. (22) and (23) now yields the required factors 


2—p 4-9 
ey = | As Se (44) 
2-5 
eae 0 
and = Bp) = sae! beaming (45) 
(2 — pl — p) 2—p 


If eqn. (44) is now used in eqn. (1) it will be found that 
[®**(p)]~! is not realizable. Thus the particular factorization 
of &**(p) accomplished here is not suitable for the optimum 
filter problem. Since, however, ®**(p) = ®**(—p), this factori- 
zation can be accomplished by a method involving the use of 
a modal matrix.!:? Using the result obtained by the latter 
method it is possible to reason that if instead of the matrix 
used for U,(p) in eqn. (42) the following unitary matrix is 
employed, 


12} 
fisos [eee 0-855(5 +2) 
2+p 


2p 

AF 4a 

0-855 at =0:523| V2 | 
= =p 


then an alternative factorization is possible for which [©23(p)]~! 
is realizable. The factors obtained by the use of eqn. (46) 
instead of eqn. (42) are 


a paces 
0-523 S55 pe. 
P(p) = | Wee pan eer (47) 


0-855 —0-523 
joss] Y=? | 0-855 
amt, 
P**(p) = 
| o-tss] Vi2=? | —0-523 
Lop 


This example illustrates the non-uniqueness of the factorization 
of ®**(p) and suggests that, in some cases at least, the use of 
a non-diagonal U(p) in eqn. (19) instead of the diagonal type 
of eqn. (14) may lead to a realizable [®*%(p)|-! which is not 
obtainable by the method of the paper. 


Up) = (46) 


(48) 
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. factorized in this way, what determines the class of Bj 


(7) DISCUSSION AND CONCLUSIONS | 


A method has been given which enables any power-spectr, 
matrix ®**(p) to be divided into two factors, one with all 4 
its poles in the left-half p-plane and one with all its poles i 
the right-half p-plane. The derivation of the method involve 
a demonstration of the fact that it is always possible to find | 
physically realizable multivariable system which will pee |i 
a given set of signals to an equal number of incoherent whit 
noise signals. It is also shown that a physically realizab 
multivariable shaping filter is always obtainable for tran 
formation of incoherent white-noise signals to an equal numbe) 
of signals with any desired power-spectra matrix. The avai) 
ability of the factors of ®**(p) enables the solution of thi 
optimum-multivariable-filter problem to be accomplished for ' 
range of cases which could not previously be solved by 4 
explicit solution of eqn. (1). 

In addition to solving some problems, the paper raises other 
In particular, there are some power-spectra matrices whict 
when factored by the method described above, yield a 
with a non-realizable inverse. At least some of these matric 
are, however, known to be factorizable, leading to a realizad 
[@**(p)]—!, by a method involving the use of a modal matrix.'* 
This desirable factorization must be obtainable by the methods ¢ 
the paper and can apparently be brought about by suitable choice 
of a non-diagonal matrix U(p) in eqn. (19). It is therefe 
pertinent to ask whether all ®**(p) matrices may be factoriz 
so that [®*(p)]~! is realizable. If so, how is the necess: 
U(p) in eqn. (19) chosen? If not all ®**(p) matrices may © 


matrices which can be factorized to give a realizable [®*7(p) 
and has this class any particular significance? Answers to the: 
questions could lead to a general explicit solution of eqn. (/ 
for the optimum physically realizable linear multivariable filter: 
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(0) APPENDIX 
(10.1) Relationship Between Input and Output Power-Spectrai 


Matrices 
Consider a linear multivariable system with n inputs, x» 
X2,...X, and n outputs, v1, ¥,...v,. Let the system transfe 


matrix be A( P). The relationship between the x’s, v’s and A(j 
can be written in the form of a convolution integral involvin 
matrices: 


VO= [ A@XU = du (4: 
0 


* Since the paper was written, the author’s attention has been drawn to a repor 


in which it is shown that all power spectra may be factorized so that [B**(py]7 
is realizable. > 
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ostmultiplying both sides of eqn. (49) by [V(t+7)]’ and 
king the time average yields 


ments i 
lim 53 | vol Vit + 7)]'at 


== lim) 
R>o 


ees 
al dt | awxe — wlVit + 7)]'du (50) 


iterchanging the order of integration on the right-hand side 
f eqn. (50) leads to the result 


P(r) = | AP + wu (51) 
0 
lourier transformation of eqn. (51) yields 
©" p) = A(—p)®*(p) (52) 
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If eqn. (49) is now postmultiplied by [X(¢ — 7)]’ and a similar 
procedure followed, there results 


@(—p) = A(p)®**(—p) (53) 
Transposition of eqn. (53) yields 
b*(p) = B**(p)[A(p)]' (54) 


Elimination of ®**(p) between eqns. (52) and (54) gives the 
result 


@"'(p) = A(—p)®*(p)[A(p)]' (55) 


@**(p) and ®(p) are said to be related by a conjunctive 
transformation.? 


621 3.014.31: 621.387 


FACTORS AFFECTING THE BEHAVIOUR OF AN ELECTRIC ARC | 
UNDER TRANSIENT CONDITIONS | 


By I. A. BLACK, B.Sc.(Eng.), Ph.D., Graduate. 


(The paper was first received 14th December, 1959, in revised form 18th August, and in final form 21st December, 1960. It was published as. 
an INSTITUTION MonocraPH in April, 1961.) 


SUMMARY 


The paper describes an investigation into the relationship between 
voltage and current in an arc under transient conditions. It is shown 
theoretically that the arc resistance is a function of the energy in the 
arc column, while the power loss from the arc is a function of arc 
resistance. 

The relationship between arc resistance and change of arc energy 
has been obtained by injecting pulses into a static arc. _ This relation- 
ship is valid for periods from 3 ws up to at least a millisecond. The 
relationship between power loss and arc resistance has also been 
derived experimentally. Measurement of the electrode voltage drop 
under transient conditions has enabled electrode and are column 
effects to be separated. 

It is shown how the relationship between resistance and energy, as 
well as between power loss and resistance, is affected by a change 
of arc length, initial arc current and electrode material. 

Finally, the experimental results are compared with dynamic arc 
equations published in the literature. 


LIST OF SYMBOLS 


a = Distance from arc axis. 

e = Electron charge. 

g = Conductance per unit length of arc column. 

! = Arc length. 

p = Arc power loss per unit length. 

q = Energy per unit volume of arc column. 

r = Arc resistance per unit length = E/J. 

ies Lime, 

w = Energy per unit length of arc. 

E = Arc voltage per unit length = V/I. 

J = Arc current at any instant, ¢. 
Ig = Initial (static) arc current. 

J = Current density at any point in the arc column. 
N = Number of molecules per unit volume of arc. 
P = Power loss from an arc column of length /. 
R = Resistance of arc column of length /. 

V = Voltage across arc column of length /. 
W = Energy contained in an arc of length /. 

W, = Initial energy in an arc of length /. 

6 = Temperature at given point in the arc column. 
4 = Effective mobility of electrons and ions. 

o = Arc conductivity = J/E. 

X = Degree of ionization. 


(1) INTRODUCTION 


A considerable amount of information has been published 
on the static arc since the turn of the century, when the advent 
of the arc lamp caused many people to begin work in this field. 
Chief among these was Hertha Ayrton, who published her book 
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on ‘The Electric Arc’ in 1902. It was not until very much late 
that investigations began on the properties of the arc undd 
transient conditions. 
Norberg! in 1927 made a passing reference to a form ¢ 
dynamic arc equation, and Cassie? in 1939 was the first 

publish a dynamic arc equation. His equation aims 

describing conditions in a circuit-breaker and is based on 
arc model for which the temperature is constant throughout *F 
arc column and is also independent of current; variations ¢ 
arc current result in a change of arc diameter. He also assumia 
that the static arc voltage is independent of current. His 2 
equation may be written 
d (ive al 1dE  E*/pc— nc — 

di (;) Id E di dc : 


in which 
pc = Arc resistivity, assumed constant by Cassie. 
Nc = Power loss per unit volume of arc, assumed constant. 
dc = Energy per unit volume, assumed constant. 
The remaining symbols are defined in the list of symbols. 


Mayr? proposed another arc model in 1943. He consider 
an arc with constant diameter whose temperature varies bot 
throughout the arc column and also with current. His stat 
arc equation is hyperbolic. His assumptions lead to a dynam 
arc equation 

Ae dl idE El—py ( 
r— — S—Fe-  aore  rerreiceeeea e 
dt\r Prat "VE as WM ij 
in which 


Wy = Energy required to change the resistance of an arc < 
unit length by a factor € (2°7183); wa, is assume 
constant by Mayr. 

Pm = Power loss per unit length of arc, assumed constant... 


These expressions show that the two equations are simila 
in spite of the very different physical conditions assumed § 
Cassie and Mayr. 

From theoretical considerations, Browne* has shown tha 
for most of the time a power-frequency arc is governed by a 
equation of the form developed by Cassie, whereas Mayr: 
equation describes conditions in the high-resistance arc forme 
Just after current zero. Experimental work by Browne a 
Strom> showed this to be true over a limited range of currer 
and time during that portion of the half-cycle near a currer 
zero. Yoon and Spindle® have also shown that the low-currer 
arc follows Mayr’s equation during small changes in the a 
current. 

In an attempt to form a single equation for the behaviour ¢ 
a dynamic arc, valid over a wide range of current and tim: 
Bishop’ assumed a general differential equation for the arc: 


dE d"™E _ di d"JI 
t(e oe ee ae 
dt dt™ dt’ dt” 3 9 


ome 
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here m and n are integers. This general equation obviously 
cludes Cassie’s and Mayr’s equations. Using the method of 
oclinals, the graphical form of eqn. (3) may be solved with a 
cuit equation to obtain voltage/time and current/time curves. 
ishop showed how, given these two curves, the method of 
oclinals may be applied in reverse to obtain the equation of the 
Cs 

As a first approximation, Bishop assumed that only the first 
erivatives of voltage and current enter the equation. He 
nalysed voltage/time and current/time oscillograms taken from 
ynamic carbon and copper arcs on this basis, but his results 
ere inconclusive. 

The author assumes more general physical conditions in the 
rc column than either Cassie or Mayr did. A relationship is 
btained which describes the behaviour of an arc subjected to a 
onsiderable range of transient currents. It is then shown how 
arious conditions in the arc affect this dynamic arc equation. 


») THEORETICAL DISCUSSION OF THE PROPERTIES OF 
THE ARC COLUMN UNDER TRANSIENT CONDITIONS 
This Section is devoted to a consideration of the variables 
overning the behaviour of a transient arc. It is shown that, 
nder most conditions, the arc-column resistance is a function 
f the energy stored in the column. A method of calculating 
1e rate of heat loss from the arc is then described, so that the 
tored energy may be calculated from voltage/time and current/ 
me oscillograms. 

The number of electrons available to carry current in unit 
olume of the arc plasma is XN. Both X and W are functions 
f the arc temperature, 0, at the point considered. Most of the 
urrent is carried by electrons, but ionic current may be included 
y assuming an eftective mobility, 44, which is also a function of 
smperature. Hence the current density is J = 2XNewE, and 


Gee) | Bie DiNen= £0) hu. ens ose @ 


The arc temperature at any point is a function of the energy 
ensity g there, so that eqn. (4) may be rewritten 


oa = f,(q) fe fei oe ee eS) 


‘he arc conductance per unit length of the arc column, g, is 
ibtained by integrating this equation with respect to the distance 
from the arc axis: 


co 
g=2n|ahgda . .. . . © 
0 
the energy per unit length of arc may be written 


oc 
w = 2n| agda Stee! wear) of A 1G) 
0 


Soth g and w depend upon the radial temperature distribution. 
n general, the temperature distribution depends on the way in 
which the power supplied to the arc has varied with time. 
lowever, at times which are long compared with the thermal 
ime-constant of the arc, the temperature distribution has 
tabilized itself; it is then dependent only on the total arc energy. 
this means that, for a given value of w, the relationship between 
and a is determined. It follows from eqn. (6) that g is also 
ixed for a particular value of w. Hence, at times much longer 
han the thermal time-constant of the arc, 


Pee) Baers es. we (8) 
& 


For an arc of length / eqn. (8) becomes 
R=F(W) ee ee 2. (9) 
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If the energy in the arc column is initially Wo, then 


t 
R =F[m + | (1— Pat] (10) 
0 
The experimental determination of the form of the function of 
eqn. (10) is described in Section 3. 

It is now necessary to obtain the power loss from the arc. 
For the above conditions, the temperature distribution in the 
arc column is a function of W, so that the power loss from the 
column is also a function of W, and hence 


P = ¢(R) (11) 


The experimental determination of the relationship between 
the power loss and the arc resistance is described in Section 3.4. 


(3) EXPERIMENTAL DETERMINATION OF THE PROPERTIES 
OF THE 9MM CARBON ARC UNDER TRANSIENT CON- 
DITIONS 

The object of the experimental work of this Section is first 

to verify that the arc-column resistance of a transient arc is a 

definite function of the arc energy, and then to obtain the form 

of this relationship. 


(3.1) Experimental Procedure 


A steady d.c. arc was formed by drawing apart two identical 
electrodes in the circuit shown in Fig. 1. The current was 


Ly Ry R> L) 25kN 


TO OSCILLOSCOPE 


Fig. 1.—Test circuit. 


controlled by the resistance R, and was stabilized by the induc- 
tance L;. The arc length was adjusted to give the arc voltage 
and current of a particular point on the static characteristic. 
This static arc was then disturbed by discharging through it a 
capacitor, C. The magnitude and shape of the discharge 
current was controlled by the circuit parameters C, R,, L» 
and Veap. 

For a certain initial arc current, Jy, and arc length, /, current 
pulses of varying magnitude, duration and shape were applied 
to the arc. The transient voltage across the arc and the arc 
current were recorded on two single-beam oscilloscopes having 
a common time-base. Carbon rods of 12mm diameter were 
used in all tests on the carbon arc. 


(3.2) Analysis of Experimental Results 


Since the relationships derived in Section 2 apply to the arc 
column only, the electrode voltage must be subtracted from the 
measured transient arc voltage before analysing the results. 
Experimental values of the transient electrode voltage drop are 
given in Section 3.3. 

In order to calculate changes of energy in the arc column, 
the power loss from the arc must be known. This is determined 
in Section 3.4 in terms of the arc-column resistance. 
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With this information, instantaneous values of R, and hence 
of P, may be evaluated from a pair of voltage/time and 
current/time oscillograms of a transient arc. This enables VJ — P 
to be computed as a function of time. The change in the arc- 
column energy may then be obtained by numerically calculating 


t 
(VI — P)dt in terms of t. The energy change is then plotted 
0 


as a function of the arc resistance. 


(3.3) Transient Electrode Voltage Drop 


Little information has been published on the transient electrode 
voltage drop, and the author® has therefore measured this voltage 
under the same conditions as those used in studying the dynamic 
characteristics of the arc. 

The transient electrode voltage was measured by injecting a 
current pulse into a very short arc and recording the resultant 
voltage. Fig. 2 gives the electrode voltage of both carbon and 
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ie) 200 400 600 800 {000 
TIME, 
Fig. 2.—Electrode voltage when a current step is applied to carbon 


and copper arcs. 
Ip =6A 
Figures refer to the instantaneous arc current. 


copper after a current step has been applied to the arc. The 
voltage rises as soon as the current is applied, but drops to 
almost the static value within 200 ws. For carbon electrodes, 
the rise of electrode voltage is small compared with the transient 
voltage of the 9mm arc and is affected little by the magnitude 
of the current. When considering current pulses of various 
shapes, a reasonable estimate of the electrode voltage may be 
obtained from Fig. 2 in terms of time and the instantaneous arc 
current. 


(3.4) Measurement of Power Loss from the Arc Column 


The method of calculating the power loss from the arc 
assumes that there is a relationship between the arc resistance 
and the arc energy but the form of this relationship cannot be 
established accurately until the power loss itself is known. 
Using an approximate value of power loss, determined from the 
static arc characteristic, the author® has shown that a definite 
relationship does, in fact, exist between W and R, as predicted 
_in eqn. (9). 

Differentiating eqn. (9) with respect to time, 


dR dw 

ee ay ellen 

dt Ce dt 

Hence, when dR/dt = 0, dW/dt is also zero and no power is 
absorbed by the arc column. The power loss is therefore equal 
to the instantaneous power supplied to the arc column at times 
when dR/dt is zero. 
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The power loss has been measured at various values of a 
resistance, using a variety of voltage/time and current/t 
oscillograms. The curve of power loss against resistance | 
plotted in Fig. 3 for a 9mm carbon are. Since there is only 
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ARC.POWER LOSS, kW 


ARC RESISTANCE, 


Fig. 3.—Power loss from carbon arc. 


Ib =6A 
1=9mm 
(a) Transient power loss. 
(b) Power loss from static arc characteristic. 


small scatter of the experimental points it follows that there is | 
relationship between P and R of the form shown. The rate « 
heat loss determined from the static arc characteristic is ais 
given in Fig. 3 as a comparison with the transient power loss 
When energy is added to the arc, the power loss is greater tha: 
the static value until the electrode temperature has risen to ii 
new value. The transient curve in Fig. 3 is valid for about t 
first millisecond (which covers the transient conditions cor 
sidered here), after which the power loss gradually falls to t 
static value. 


(3.5) Experimental Determination of Relationship Between 
Resistance and Arc Energy 


Now that the rate of heat loss from the arc column can HH 
estimated, the change of arc-column energy can be calculat 
for a corresponding change in the arc resistance. This he 
been done for a wide range of voltage/time and current/ti 
oscillograms, taken on a 9mm transient carbon arc which was 
initially burning steadily at 6A. The results are plotted i} 
Fig. 4. In these tests, the initial rate of rise of current vari 
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ARC RESISTANCE, 2 
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Fig. 4.—Resistance/energy relationship of carbon arc. 


Ip = 6A 
7 = 9mm 


= ee. 
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between 0-01 and 75 A/ys, the peak current was up to 136A 
and the transient lasted between 3 us and 1ms. The transient 
voltage was occasionally as great as 500 V. The standard 
deviation of all the points about the mean curve of Fig. 4 is 
only 0-6 Q, showing that there is a definite relationship between 
the arc-column resistance and the energy in the arc column, as 
was predicted in Section 2. 

- An exception occurs during the first three microseconds of a 
iransient, when the current rises faster than about 100 A]/ps. 
The arc resistance may then be as low as 50% of the value 
predicted from the R/W curve. The reason for this is that the 
temperature changes in the arc take place in a time comparable 
with the duration of the transients considered. This was fore- 
seen in Section 2. Since the R/W curve is always obeyed 3 bs 
after the start of the transient, this is the time required for 
stabilization of the radial temperature distribution. This time 
is short compared with the duration of most transients con- 
sidered here. 

_ It is concluded that the energy-balance method of accounting 
for the transient characteristics of the arc is valid for times from 
3s up to at least 1 ms after the start of the transient current, 
when the arc energy is raised above its static value. 


(4) INVESTIGATION OF FURTHER FACTORS AFFECTING 
; THE DYNAMIC ARC CHARACTERISTICS 


(4.1) Effect of Variation of Arc Length 


The power-loss/resistance and resistance/energy relationships 
have been investigated for carbon arcs of various lengths. The 
results are plotted in Figs. 5 and 6 in terms of unit length of arc 
column. In all cases the initial steady arc current was 6A. 


POWER LOSS PER UNIT LENGTH, kW/CM 


CONDITIONS 
O° 5 10 15 
ARC RESISTANCE PER UNIT LENGTH, 9/CM 


Fig. 5.—Power loss from arcs of various lengths with carbon and 
copper electrodes, in terms of unit length of column. 
Ib = 6A 
Carbon electrodes. 
— — — Copper electrodes. 


The power loss per unit length, p, is plotted in Fig. 5 and is 
greater for short arcs owing to the proximity of the electrodes. 
As the arc length is increased, p is affected progressively less 
by the electrodes. 
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ARC RESISTANCE PER UNIT LENGTH,9/CM 


ADDED ENERGY PER UNIT LENGTH, J/CM 


Fig. 6.—Resistance/energy curves for arcs of various lengths with 
carbon and copper electrodes, in terms of unit length of column. 
In = 6A 


Carbon electrodes. 
— — — Copper electrodes. 


In a static arc the resistance per unit length is greater for 
short arcs owing to the predominance of the higher voltage 
gradient near the electrodes. As the arc is lengthened, the 
static resistance per unit length approaches a limiting value. 
In spite of these initially different resistivities, Fig. 6 shows that 
the r/w curves for arcs of different lengths approach each other 
as the arc-column energy is increased. This follows from the 
fact that a greater proportion of the energy supplied to the arc 
is absorbed by the regions of high resistivity near the electrodes 
than by an equal Jength in the middle of the column. In conse- 
quence of this, the resistance per unit length becomes more 
uniform throughout the arc and r is then less dependent upon the 
arc length. 


(4.2) Effect of Initial Arc Current in a 9mm Carbon Arc 


Fig. 7 gives the power-loss/resistance curves plotted for a 
9 mm carbon arc with three initial arc currents, together with the 
static power-loss/resistance curve of the arc column. The power 
loss is very dependent upon tie initial arc current, owing to the 
temperature of the electrodes and the immediate surroundings 
not following the change of arc temperature quickly enough. 
However, as the arc resistance falls, the change of arc tempera- 
ture is so great that the initial electrode temperature has pro- 
gressively less effect upon the rate of heat loss. 

Eqn. 10 predicts that the arc resistance depends upon the sum 
of the initial energy, Wo, and the added energy during the 
transient. Curves of resistance against added energy for arcs 
having different initial resistances may therefore be super- 
imposed, as shown in Fig. 8. The curves do not differ greatly, 
indicating that the resistance/energy relationship is valid for 
static arcs as well as for those under transient conditions. 


(4.3) Effect of Electrode Material as Shown by the Dynamic 
Characteristics of a Copper Arc 


Tests have been made to investigate the transient charac- 
teristics of arcs between lin-diameter copper electrodes. An 
initial static arc current of 6 A was used, with an electrode 
spacing of 11mm. 

Measurements show that the electrode voltage drop of copper 
electrodes is affected very little by the magnitude of the current. 
For clean copper electrodes, the electrode voltage is the same 
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Fig. 7.—Power loss from carbon arc with various initial arc currents. 


7=9mm 
Static arc 


—" ss = Io = 6:0A 
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ARC RESISTANCE, 2 
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Fig. 8.—Resistance/energy curves of carbon arc with various initial 
arc currents. 


7=9mm 
—-—:-—-— fg = 1:3A 
— = — — hh =6:0A 
~-------- / (=i WORN 


for static and transient conditions, but when the electrodes are 
well oxidized the transient electrode voltage increases slightly. 
This variation is shown in Fig. 2 and is smaller than that of the 
carbon arc. 

The characteristics of a copper arc are given in terms of a 
unit length arc and are plotted in Figs. 5 and 6. The power 
loss is approximately the same as that of the equivalent carbon 
arc except at low arc resistance, where the loss is greater owing 
to the higher thermal conductivity of the electrodes. The r/w 
curve of the copper arc is of the same form as that for the carbon 
arc, but the copper arc requires less energy to bring it to a low 
resistivity. 
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(5) CONCLUSIONS 


The paper shows, both theoretically and by experiment, tha 
under transient conditions the instantaneous arc-column Tesi) 
tance is a function of the instantaneous energy stored in the ar} 
This relationship has been obtained experimentally for carbe 
arcs having lengths between 1 and 34mm as well as for an 11 m 
copper arc. It is not valid during the first three microsecond 
of a current pulse owing to a lack of thermal equilibrium in th 
arc column. Apart from this, the relationship holds for time 
up to at least 1 ms. 

Because of the considerable heat flow along the pia. | 
the power loss from the arc is dependent upon the electroc 
material, temperature and spacing. The effect of these par 
meters has been investigated experimentally. 

Although the transient electrode voltage drop is usual 
small compared with the voltage across the arc column, tf 
separation of arc column and electrode effects has resulted 
a more accurate analysis of the experimental results. 

The arc models proposed by Cassie and Mayr each imply ' 
unique resistance/energy relationship, although their results 4 
not expressed in terms of this quantity. Cassie’s resi: 
tance/energy curve is hyperbolic, while that due to Mayr is | 
negative exponential curve. These relationships approxima 
to the author’s experimental resistance/energy curve only ove 
small ranges of energy. A similar result was obtained 
Browne and Strom, who showed each equation to be va 
during part of a half cycle of a power-frequency arc. As oppos 
to Browne and Strom, the comparison of the author’s resul 
with Cassie’s and Mayr’s equations is not confined to any & 
test but considers results taken over a wide range of voltag 
current and time. 

The present investigation also shows that a differential an 
equation (as proposed by Bishop) cannot describe conditien 
in the arc, since dynamic arc characteristics depend on t 
energy in the arc rather than on instantaneous values of voltag 
and current derivatives. 
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SUMMARY 

The paper describes the design and construction of a short experi- 
mental length of linear accelerator using a helical waveguide as the 
slow-wave structure to accelerate protons from 2:5 MeV to 4 MeV. 

Factors influencing the design of the helix structure are considered; 
these include the maximum voltage between turns which can be 
tolerated and the available power and frequency of the r.f. supply. 
The theory of a helix supported on a dielectric tube is given, and from 
the results the variations of pitch are determined to give the required 
acceleration. 

The accelerator was driven by a push-pull triode oscillator operating 
under 6s pulsed conditions at 300Mc/s with a peak output of 
600kW. The oscillator and r.f. components are described in detail. 

The beam-energy spectrum at the output of the accelerator was 
measured for a variety of working conditions, changes being made in 
beam-energy input and power and frequency of the r.f. supply. The 
results obtained confirm the theory and show that with certain restric- 
tions a helix slow-wave structure of the type described provides a 
convenient me hod of proton acceleration. 


LIST OF SYMBOLS 
a = Helix radius. 
b = Helix shield radius. 
E = Electric field. 
Ey = E, field on axis. 
K = Helix coupling factor. 
1, = Critical coupling length. 
m, = Electron mass. 
m, = Proton mass. 
P = Power flux. 
P;, = Power loss per unit length. 
Po = Power flux along a free-space helix. 
r = Radial co-ordinate. 
T = Kinetic energy. 
u = Particle velocity. 
v = Wave phase velocity. 
= Wave group velocity. 
Vo = Beam voltage. 
z = Axial co-ordinate. 
Zo = V/(u/©) = Wave impedance of free space. 
Z, = Characteristic impedance of relevant helix. 
a = Axial attenuation coefficient. 
B = Axial phase-change coefficient. 
vy = Radial distribution coefficient. 
€ = Permittivity. 
1s = Beam collection efficiency. 
A = Wavelength. 
fe = Permeability. 
€ = u/c = Relative phase velocity. 
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p = Reflection coefficient. 
¢ = Helix pitch angle. 
ws = Particle phase angle with respect to accelerating field. 
wo = Phase stable angle. 
Ays = Acceptance angle. 


(1) INTRODUCTION 

The use of a helix to provide the slow-wave structure necessary 
for the acceleration of protons was first suggested by Walkinsha 
and Wyllie! in 1948. This was followed in 1949 by a mos 
detailed appraisal of a practical helix accelerator by Chick anc 
Petrie;? this report provided the basis for the work describeo 
herein. In 1951 Johnsen and Dahl? published an article putting 
forward the idea of a helix as a linear accelerator, and later 
Johnsen* made an appraisal of the losses of a helix as comparea 
with an Alvarez type accelerator, presumably as part of a design 
study in a linear accelerator for C.E.R.N. At about the sara 
time, Servranckx° started on the design of an accelerator using < 
helical waveguide. 

Chick and Petrie in their paper covered the design of ar 
accelerator for 4-20 MeV, but they recommended that a sho 
length be constructed initially for test purposes. It was decides 
to carry out a pilot experiment using a 1m length of acceleraton 
with an injection energy of 2-5 MeV and a power flux of 500 kW 
These rather low values were chosen so that a comparatively 
large and reliable proton current could be obtained from the 
existing Van de Graaff accelerator, and to reduce the tima 
required to develop the r.f. power supply. The objects of the 
experiment were to check the theoretical basis of the helix 
design, to develop practical methods of construction of the 
helix and associated equipment and finally to assess the merit¢ 
of the helix against other accelerators in the range 5—30 MeV/ 
The experimental helix accelerator was completed® and testec 
in 1957. 

In addition to an experimental helix proton accelerator, ar 
electron model was made using the same helix design. Te 
obtain the same velocity and acceleration the 2:5MeV inpui 
beam energy and the 500kW power flux were scaled by factors 
m,/m, and (m.]/m,), respectively. The input electron bea 
energy required was then 1-36keV, and the r.f. power requires 
was 150mW. A standard cathode-ray-tube gun assembly was 
used for the injected beam, and a signal generator of high output 
power was used as a source of r.f. power. 

Under these conditions the particle motions in the electro 
model should be identical with those in the proton accelerator: 
Results obtained from the model tended to confirm the theoretica 
predictions for particle acceleration. 


(2) HELIX DESIGN CONSIDERATIONS 
(2.1) Optimum Dimensions 


The choice of the accelerator parameters—helix radius, r.ff 
power and frequency—depends upon a number of factors: 
These include particle velocity and the ratio of the square of the 
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xial accelerating field to power flow and power losses. The 
ecessary relations were obtained from the theory of Pierce,’ who 
nalysed the field distribution of an idealized helical sheath, i.e. 
metal cylinder conducting only in the helical direction. 

The average particle velocity over the accelerator length can 
ye taken as 0:085c. Under this condition the theory shows that 
he quantity EGA!/?/P; is a maximum when a/A = 0-01. The 
heory also shows [see eqn. (7)] that E2 oc 1/Aa. 

For a given accelerating field, therefore, it is advantageous, 
vhether designing for minimum power loss or minimum power 
low, to make both a and A as small as possible, with the condi- 
ion a/\ = 0-01. From considerations of helix construction 
nd availability of high powers at high frequencies it was decided 
o make the helix radius, a, equal to 1cm and the power fre- 
juency, f, 300Mc/s. With an input beam energy of 2:5MeV 
ixing the initial relative phase velocity at 0-0725, the pitch of a 
ree-space helix would be 0:35cm. 

It was felt that a trial length of accelerator should be con- 
ervatively rated, and one of the main considerations in the 
lesign would be the power fiux which could be carried by the 
lelix without voltage breakdown between turns. It was decided 
hat the maximum field, which will occur at the surface of the 
vire, should not exceed 50kV/cm. For 16s.w.g. wire—a con- 
enient size for a partially self-supporting helix—this field 
epresents 8-75kV betweenturns. Hence the axial field averaged 
yver a complete pitch is 25kV/cm. This can be taken as the 
xial field E, at the surface r = a of a helical sheath, and hence 
he axial field Ey on the axis can be obtained from the theoretical 
elation 

a ED) = 
9 Ip(va) 


The values (E,),-, = 25kV/cm and ya = 0-862 yield Ly 
1kV/cm. 

The relation between FE) and the power flux P is given in 
gn. (7), and is plotted in Fig. 1 for a/A = 0-01. For v/e = 
)-0725 the curve gives E,A/\/P = 2750, whence the power 
jux, P, is S8SOkW. 


I 


4000 


3000 


(0) 0-04 


Fig. 1.—Plot of EpA/-/P against vc for a/A = 0-01. 


[Reproduced from Walkinshaw’s results. ] 


It was decided to restrict the power flux to a nominal 500kW. 
[he phase-stable position was fixed at the arbitrary angle of 
10° as being a suitable working value, though with all other 
yarameters fixed this may be changed with suitable change in 
ower flux to provide variations in acceptance angle. 

The gradation in pitch along the helix was calculated, for the 
riven values of power flux and phase-stable position, by the 


nethod described in Section 3.1. 
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(2.2) Feedback Considerations 


For a given axial accelerating field the r.f. power input required 
by an accelerator may be reduced by the application of positive 
feedback. This can conveniently be achieved either by the use 
of an external coaxial system between the r.f. input and output 
or by resonating the helix. 

The disadvantages of feedback are that the build-up time of 
the fields on the helix is increased, the device becomes more 
frequency sensitive, and, in the case of a resonated system, the 
peak field between the helix turns is increased at the antinodes. 
In view of the disadvantages, and as the r.f. power required for a 
non-feedback system was fairly easily obtainable, it was decided 
that, for the trial length of accelerator, feedback would not be 
attempted. 


(2.3) Focusing Considerations 


In the helix structure, as in other r.f. accelerating structures, 
the accelerated particles in the vicinity of the phase-stable position 
are in a defocusing field. The effect of this field can be deter- 
mined approximately as follows: 

Considering only the radial forces acting on the particle, the 
radial energy equation is 


dr\2 | f 
a |) = EOC” cn 425 ee a 
in(=) é Ps r r ( ) 
where = JBI (yreh = G2) 5, Sette pace eee 


For a particle remaining in the phase-stable position %, and 
yr <1, as it will be, eqn. (2) simplifies to 


E, = t£Br sin Yo . (3) 


Substituting this expression for E, in eqn. (1), and replacing dt 
by dz/u and using 4mu? = eVo, we obtain the differential equa- 
tion for the path of a particle entering parallel to the axis: 


A ; 
ey _ 1 EB sin fo a) 
dz 4 Vo 


The integration of this equation over the helix length / yields 


2S coshial fete? er ee); 
ry Vo 


where r, and r, are the initial and final radial positions. 

The values of 8 and E change along the helix, but a good 
approximation may be obtained by taking the following average 
values: 


p= 785m" 
E 9 = 2:10°V/m. 
Vo = 2°5 x 10°V. 
sin J = 0°5. 
k—slane 


These yield r,/r, = 8-25, implying that for a 1m length of 
helix very few particles will be lost to the walls if the input 
beam is constrained to within a 2mm diameter, though the 
output beam will be diverging. This analysis, though approxi- 
mate, represents the worst case, i.e. for particles entering in the 
phase stable position. Particles entering or oscillating into a 
negative phase angle will experience a focusing field which will 
tend to compensate for the defocusing effect when they are at a 
positive phase angle. As the losses due to defocusing over 1 m 
appear to be small, it was decided not to incorporate any form 
of focusing. 
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(2.4) Helix Construction and Support 


The helix structure (Fig. 2) consists of a 0-060in-diameter 
solid copper wire wound on a glass tube, the wire diameter being 
chosen to give minimum peak field between the turns. The 
choice of support for the helix was influenced largely by the 
necessity to insulate the wire electrically, and at the same time 
to ensure adequate cooling of the structure; heat dissipation 
could approach 500 W under certain circumstances. The use of 
a glass tube inside the helix enables the structure to be operated 


Fig. 2.—Helix accelerator structure. 


in a pressurized gas, which increases the breakdown potential 
between the turns and convects heat away from the wire. It 
also has other advantages. If the wire is fixed to the glass tube 
at frequent intervals a very rigid structure is obtained and the 
helix may be wound to close tolerances; the construction is 
comparatively cheap and versatile, and, if necessary, several 
helices may be made up either as replacements or as test struc- 
tures with different parameters. A further unexpected advantage 
is that in the 2-5-4 MeV region the series impedance is slightly 
increased. 

The disadvantages of this type of support are that the dielectric 
losses are rather higher than with other types, and there is a 
possibility of wall charges being set up on the inner wall of the 
glass tube when a proton beam is present. This latter effect 
could be a very serious limitation, but tests carried out on a 
plain glass tube, 1m long, with a 2-5 MeV proton beam injected 
through it showed no signs of wall charging. 

To determine accurately the helix pitch at all points on the 
structure it was necessary to ensure that the wire was held 
firmly by the supporting tube. This was achieved by soldering 
the helix wire to spots of silver, previously baked on to the 
surface of the glass tube. The accelerating part of the helix 
was made 1-05m long, but at each end a constant pitch section 
was wound, 0-11m in length. The pitch of these sections 
corresponded to the pitch of the accelerating section adjoining 
them. These end-sections were for coupling power in and out, 
and are described in detail in Section 4.3.1. 

Metal tubes were attached to the ends of the glass supporting 
tube to facilitate connection to the proton beam tube and 
vacuum pumping system, the connection between glass and 
metal being made with Araldite, which was found quite satis- 
factory as a pressure/vacuum seal even at temperatures up to 
100°C. 

By this method of helix construction the maximum turn-to- 
turn error in spacing was kept below 0-3 mm and the maximum 
cumulative error below 0:5mm. Thus over the length of the 
helix a phase-change error of less than 3° was expected. 


(3) THE HELIX PARAMETERS 
(3.1) Determination of the Pitch Angle 


The pitch and its variation along the length is the most 
important parameter determining the phase velocity along the 
helix, and therefore has to be calculated as accurately as possible 
to ensure that the particles will keep in step with the wave 
throughout the length. The pitch determination depends on 
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two calculations; first, the differential equation of motion of | 
particle in the phase-stable position has to be solved, in orde 
to obtain the particle velocity throughout the helix; secondly 
the pitch has to be determined to make the phase velocity equa 
to the particle velocity at every point. Both calculations deman 
a knowledge of the complete field distribution inside and outsic 
the helix, in terms of helix parameters. The field distributio; 
provides the power flux P, and hence the accelerating field Ey 
which enters the differential equation of motion; it also provide 
the relation between pitch and phase velocity. 

Pierce? has derived the field distribution for an idealize 
sheath helix in free space. For the present work his analysis 
was extended to take account of the dielectric tube within t 
helix. No attempt was made to allow for the finite wir 
diameter. 

The analysis consisted in solving Maxwell’s equations for ti 
boundary conditions shown in Fig. 3, where medium 2 is t! 
dielectrically-filled region, and a, is the helix radius. As ti 


Fig. 3.—Cross-section of helix and supporting tube. 


solution is long and tedious, only the final expressions used wil 
be quoted here. The approximation was made that y; = y2 = 
which is true within 1% for a medium 2 of permittivity 5; yi 
the radial propagation coefficient, related to the axial propagatie 
coefficient 8 by 


It was further assumed for power-flux calculations that th: 
wall thickness of the glass tube was small, by putting a, =a,(1—6 
and expanding all Bessel functions as far as first-order terms in 
This approximation was not made in calculating the pitch angle 

The expression obtained for the power flux in terms of peak 
accelerating field was 


SEgmBwea3(1 — ey/e2)13 
2y 
| Ko _ lo) (<2 TY 2K; 
K, I, €1 i IpKo ) 
= Se Be (6 
Ig Ks Vaz ej Ig IpKo ; 


where Po represents the expression obtained by Pierce in tha 
absence of the dielectric: 
Pee EG day S Io 7X; To 
"—Z 2 1 — 2)? KN 1, Ry 


P=Po+ 


The argument of the Bessel functions Ip, I;, Ko and K, is ya 
throughout. | 

The term in 6 in eqn. (6) is numerically negative, and amount 
to 2-83% of P at the beginning of the helix, and 2-04°% at thea 
end. For ease of calculation, therefore, Po was calculated fro 
eqn. (7), and P was adjusted to be 2:43 % lower than Po. This 
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aakes P correct to within 0-4% at any point along the helix, 
nd hence £y correct to within 0:2%, for a given input power 
nd attenuation. 


If P’ is the input power and « the attenuation coefficient, the 
ower flux at any point z is 


P= P’exp (—2/ adz) wee. (geelS) 
0 


nd hence, with the approximation just mentioned, 
Ppa 024s (— 2| adz) we, 6) 
0 


‘he values of « used in the computation were obtained from 
neasurements of attenuation of uniformly wound helices of 
arious pitch. Eqns. (7) and (9) determine the field Eo in terms 
f the function €(z), the input power, and the known constants 
f the helix. 

The phase velocity is to be the same as the velocity of a 
article at the phase-stable position, throughout the length of 
he helix, and can therefore be determined, as a function of Ze 
rom the particle dynamics. The energy equation for a phase- 
table particle is 


1 1 A 
mee] — | = ¢ Eod: 
Greet as EOnE A ayertie or 
where Ey) = Ey cos yo is the axial field at the phase-stable 


Osition. Therefore 
dé _ e008 ho (1 — &)3?? 
dz me é 2 


ntroducing the expression for joR obtained from eqns. (7) and (9), 
ve obtain the differential equation for &(z): 


__ 2e cos bo (: Hee rl Te exp & { 2ae) 


me? day é 
< (CIO) 
where B, introduced for brevity, is defined by 
| ee ip ig Bo Ny 4 
Be Ky\p Ly i K; Ko Z ya cage 


Egn. (10) can be integrated by conventional numerical step-by- 
step methods. As € is small compared with unity, most of the 
jariation on the right-hand side is due to 1/€?; it is therefore an 
idvantage to take €? as the dependent variable: 


UE3) Ge cos 9/1 -0243P’Zy\ 1/7 ia : 
5 = /4 aI 

dz me? ( day BI — €)’" exp ( [,=#2) 

| (12) 


[he right-hand side now changes slowly with z, and the inte- 
sration can be carried out with relatively few large steps in z. 

Finally, the pitch angle ¢, and hence the pitch itself, was 
svaluated as a function of z from the following expression 
ybtained from the field analysis: 


Ko(ya2) 


Ay], (ya>)Io(yar) 
Ip(yay) VIBKV ANY 


an? ¢ = tan? ¢’ 1+(2-1 
1 


: yal (yay Io(yay) 


ee. Tin.) «se noe OIGAp DOLE bo) se 
A+ (1 -2)va iets [llyad Kola) ~I(yay)Ko(yay)] 
(13) 
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where tan? d’ represents Pierce’s expression for a sheath helix 
without dielectric: 


w* 1y(ya)Ky (yay) 
yc? Ip(ya2)Ko(yan) 


tan?’ $' = (14) 


(3.2) Acceptance Angle and Beam-Collection Efficiency 


The acceptance angle can be calculated to a high degree of 
accuracy for a short accelerator by ignoring phase damping 
effects. 


Fig. 4 shows the field pattern, where the acceptance angle 


Ais =  — ib, and Bb, = — Up. 


2 Yo 


Fig. 4.—Axial field pattern. 


Assuming undamped oscillatory motion of the particle about 
wo, then ys, can be determined by equating the incremental 
potential energy at ys, and yp: 


Yo vo 

ae I (cos os — cos o)dis = Ep I (cos %& — cos Jo)ds . (15) 
vi v2 

sin b> = (bo + Y2) cos Ho — sin Yo 


from which A;s may be evaluated as a function of po. 
The beam-collection efficiency is defined as the ratio 


(16) 


Hence 


Accelerated beam current 
Input beam current 


Ne 


Excluding defocusing effects and other beam losses this ratio 
becomes 
Ays 
Ul ae 


It is convenient to know how the phase-stable angle, %, and 
beam collection efficiency, 7g, change with power input. These 
are shown plotted in Fig. 5, the value of % as a function of 
power flux P being evaluated from eqn. (7). 


DESIGN 


600 


400 


Fig. 5.—Plot of phase-stable angle % and beam-collection efficiency 
np against r.f. power flux, Jee 


(3.3) Energy Spread of Proton Beam 
There will be an energy spread in the accelerated beam due 
to particles which have not entered the structure at the phase- 
stable position. The limit of possible energy spread can be 
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estimated by considering a particle which initially entered the 
helix at the limit of the acceptance angle, say wy, and has 
reached the phase-stable angle ys, at the exit. Such a particle 
gains kinetic energy AT relative to the wave, given by: 


S A,cLy Yo pas 
AT = aoe J (eos ob — cos Wo)dyp . 


(see Section 3.2). 
The corresponding gain in kinetic energy 57, relative to the 


laboratory frame of reference, is given by 


a oF 
Th = aT (tan Yo — Yo) + 2] 


1/2 
0 
tan — a MURS 
Fan bo —Hd)| + 8 

This represents the relative energy spread on one side of the 
mean output energy assuming negligible phase damping; the 
total energy spread will be twice this. The resulting energy 
spread on taking average values Ey = 1:5 MV/m, Ty = 4 MeV, 


A, = 0:085m and op = 30° is +4°75%. 


(17) 


(4) ACCELERATOR AND ASSOCIATED EQUIPMENT 
(4.1) Accelerator 


A diagram of the accelerator is shown in Fig. 6. The whole 
of the accelerating structure was enclosed by a steel pressure 
casing whose diameter was large compared with the helix to 
ensure that it did not influence the phase velocity and loss. 
Pure nitrogen was maintained at 150lb/in? in the casing to 
inhibit voltage breakdown and to assist in cooling. Several 
ports were provided in the pressure casing to allow for 
monitoring, r.f. power transfer and inspection. 


) ¢ ) (@) )) 
: { 
2 eS, 


CHA ; 2 
Vp EEE ETT 
Gj 


Fig. 6.—Schematic of accelerator. 


(b) Pressure casing. (c) Coupling section. 


(a) Helix structure. . : 
(e) Inspection windows. 


(d) 3-probe unit. 


The helix tube was pumped from both ends with standard 
oil pumps, both of which had liquid-nitrogen cold traps. An 
automatic flap valve was fitted in the beam tube to guard against 
the possibility of mechanical collapse of the helix tube causing 
the pressurized nitrogen to spread into the Van de Graaff vacuum 
system. 

To ensure that the proton beam travelled axially down the 
helix tube the helix assembly had to be accurately aligned. 
This was achieved by fitting irises at either end of the tube and 
lining up initially with a light beam. After alignment had been 
achieved the input iris was enlarged to a 4mm-diameter hole, 
while the output iris was removed entirely. 


(4.2) R.F. Oscillator 


The frequency and power-stability requirements of an oscillator 
can be predicted by considering their effect on the change of 
phase angle of the particle and change of acceptance angle in 
the accelerator. The two expressions for frequency and power 
stability are given by 

of 
& 1 i ga TSE CED) 
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ae iy mat died itty 
P 3 

If a maximum change of 5° is allowable in the phase ang, 
or acceptance angle, a frequency stability of about 0-2% and| 
power stability of about 3% will be required. These require 
ments are obtainable with comparatively conventional oscillate 
design. | 

The oscillator consisted of two CV 2163 triodes operated i 
push pull with two separate 3A/4 coaxial cavities in the griq) 
cathode circuit and a common A/4 twin line screened anoc{ 
circuit. Feedback was achieved by coaxial-line coupli 
between the anode and separate cathode cavities. The outpu 
of 600kW maximum at 300 Mc/s when modulated with a 6 


pulse was coupled out by a single coaxial line. 


(4.3) R.F. Components 
(4.3.1) Coupling Sections. 

The problem of coupling to a helical structure is essentiaill 
one of matching the boundary conditions for a plane wave é 
the end of a coaxial line with the complicated boundary con 
ditions for the wave associated with the termination of the helix 
This may be achieved if the helix wave is transferred to essen 
tially a plane wave form, albeit travelling in a helical direction 
before connection to a coaxial line. If a helix is surrounded 
a conducting sheath, where the distance between the walls ¢ 
the sheath and the helix wires are considerably closer than « 
distance between adjacent wires, propagation is virtually ¢ 
plane wave form, in the direction of the wire. 

The transition between a helix with large or infinite shiel} 
diameter, and a closely shielded helix can be achieved by i 
following methods: 

(a) Gradually tapering the diameter of the sheath over severe 
wavelengths. This tapering distance can be considerably reduce 
by ‘stepping’ the transition in 4/4 steps. 

(6) Gradually or by A/4 steps increasing the pitch of the helix. 

(c) Gradually or by A/4 steps increasing the diameter of the heii 

(d) Coupling to a larger concentric helix which is closely shieldec 
Method (d) has two advantages: the length of the coupli 

sections is smaller than for the other methods, and there is n: 
physical connection between the coupling helix and the propa 
gating helix. The latter factor is of considerable importance 
it would enable the helix assembly to be installed or replace 
with ease, and in fact the radial and longitudinal position of th! 
helix is not critical between certain comparatively broad limit¢ 
The coupling helix system was therefore adopted for use with 
accelerator. 

The theory of coupling between helices has been covered i 
the literature.8-!° 

For complete power transfer from one helix to the other thi 
coupling helix must be of a critical length, and the phas: 
velocities of the two helices considered separately must bt 
slightly different. Lichtenburg? gives the expression for critice 
coupling length as 

] TT 
= 2K 5s 
and the ratio of the two phase-change coefficients as 


Br E _2KZ, — =) 
By (Z; + Zp) ; 
The coupling factor K for a closely shielded coupling helix i 
given to a good approximation by: 
K2 ~ Kolv)Mo(vb) — Kolyar)/To(yan) ( 
Ko(yb)[To(vb) — Kolyay)/Ip(yay) °° 


(21 


(22 


N 
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In. practice, the coupling helix and shield radii were 2-4 and 
} em, respectively; the pitch and critical-length dimensions 
»btained from eqns. (21) and (22), but modified by the presence 
yf a polythene insulating liner between the shield and the helix, 
ire as follows: 


Input coupler 1,=9-9cem 
Pitch == 1*33 cm 


Output coupler 1, = 7-3cm 
Pitch = 1-55¢em 


The dimensions of the coupling helix were such as to make 
ts characteristic impedance 100Q. As it was fed by a 50Q 
oaxial line a A/4 transformer was inserted between them. To 
msure complete matching a double-stub matching section was 
ncluded in the input and output coaxial line. 


4.3.2) R.F. Load. 


The output coaxial line from the accelerator was terminated 
n a water-cooled r.f. load. The load itself consisted of a lossy 
lielectric coaxial line containing butyl alcohol as the lossy 
lement. Power input was measured by monitoring the change 
n temperature and the rate of flow of the cooling water through 
he load. 


(5) MEASUREMENTS 
(5.1) Phase and Group Velocity 


The phase velocity was measured by plotting nodes of the 
standing wave along the helix using an external probe; this 
zives values of average phase velocity at A/2 intervals. By 
changing the impedance at the helix termination it was pos- 
sible to shift the standing-wave pattern, and phase-velocity 
measurements were obtained at A/10 intervals. Fig. 7 shows 
he plot of theoretical and measured relative phase velocity 
along the helix at 290 and 300Mc/s. A deviation between 
measured and theoretical values is apparent at the output 
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Fig. 7.—Relative phase velocity along structure. 


(a) At 290Mc/s. (6) At 300 Me/s. 
Theoretical —--—-— 
Measured —— 


nd of the helix, but as this amounts to about 1% it may 
”¢ concluded that the accuracy of the theoretical analysis 
s confirmed. From the results for v/c at two frequencies, 
orresponding values of relative group velocity may be obtained 
emembering that v, = dw/dB: 


At Z = 20cm 
At Z = 80cm 


v,[¢ = 0-047 
v,[¢ = 0-055 


429 


(5.2) Loss Measurements 


Helix losses were determined by measuring the Q-factor of a 
resonant length. The difficulty of obtaining an efficient short- 
circuit at the ends of the helix was overcome by the use of a 
high/low-impedance quarter-wave stepped end shield. A 
Q-factor of 450 was obtained from measurements; this value 
is an average for the whole helix, and the actual Q-factor would 
change along the helix as the parameters changed. However, 
the change will be small and the average value can conveniently 
be used to a good degree of approximation. The field attenua- 
tion coefficient is given by the expression: 


(3) 


U,Q 


Taking an average value of v, from the two values obtained 
in Section 5.1: 


(24) 


a = 0:137 N/m 


The attenuation length of the accelerator, defined as the 
length of accelerator at which the field drops to 1/é of its initial 
value is: 


(5.3) High-Power R.F. Measurements 


The main high-power r.f. measurements which have to be 
made are the monitoring of power both at the output and the 
input of the accelerator, and the determination of the standing- 
wave pattern at various points in the circuit. 

The power monitoring was achieved by the use of coaxial 
directional couplers, as described by Morrison and Younker.!! 
These were initially calibrated using the r.f. load as a standard. 
They were then used at the input and output of the accelerator; 
being directional couplers they could also be used to check that 
the system at these points was matched. 

As it is possible to have a matched line into the input coupler 
with a mismatch on the helix structure, it was necessary to have 
some method of determining the standing-wave pattern on the 
helix. This was achieved by the use of a 3-probe unit; the 
3-probe method of measuring the amplitude and phase of the 
standing-wave pattern in a coaxial line or a waveguide is 
described in Reference 12. The method is equally applicable 
in the case of a slow-wave structure provided that the distances 
between the probes are the correct electrical length, and the 
probes are far enough away from the helix wires for the effect 
of the longitudinal discontinuities to be negligible. 


(6) ACCELERATOR PERFORMANCE 


Since the accelerator is only operative for the duration of the 
r.f. pulse, the input proton beam was pulsed to reduce the mean 
beam current and thus the probability of excessive wall charges. 
This was achieved by deflecting the beam by means of electro- 
static deflecting plates driven from a high-voltage pulse generator, 
which was synchronized with the r.f. modulator. 

The output beam energy from the helix was measured by 
means of a magnetic analyser, consisting of a deflecting magnet 
followed by 4mm slits and a Faraday-cage collector. The 
collector current was measured by the rise of voltage across the 
collector capacitance, the triangular voltage waveform being 
amplified in a completely screened head amplifier and presented 
on an oscilloscope. The magnetic field was monitored with a 
magnetic fluxmeter, and this was calibrated against beam 
energy by means of the direct beam from the electrostatic 
generator. For energies higher than 2:5 MeV, particles of mass 
2 and 3 were used for calibration. 
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Initially considerable difficulty was experienced in obtaining a 
steady output beam, the movement of the beam suggesting 
charging of the tube wall; this effect was investigated further. 
If a beam was passed through the helix tube with no r.f. power 
present, the output beam was perfectly steady; similarly if the 
beam pulse was made to follow immediately after the r.f. pulse, 
no appreciable beam deflection took place. Only when beam 
and r.f. power were coincident did serious deflection occur, and 
thus it must be assumed that the defocusing effect of the field 
must cause wall charges to be set up. However, by using a 
low modulator p.r.f. this effect was minimized. 


2 3 4 
MeV 
(@) 
2 S 4 
MeV 
(6) 
2 i} 4 
MeV 
(C) 
2 3 4 
MeV 
Gq 
2 3 4 
MeV 
(2) 


Fig. 8.—Output beam energy spectra with variation of r.f. power 
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Measurement of the output energy spectrum was made for 
arious r.f. power inputs to the helix, for various input beam 
nergies, and for a change in radio frequency to 290 Mc/s. 
_The results obtained are shown in the form of output beam 
nergy spectra in Figs. 8, 9, and 10. The rf. power shown is 
he power flux at the input of the accelerating section of the 
elix, an allowance of 7% having been made for losses in the 
oupling and matching sections. 

Fig. 8 shows the beam output spectra for r.f. power fluxes 
irogressively increasing from 418 to 605kW. The absence of 
cecelerated output at 418kW is predicted from Fig. 5 which gives 
. value of ng of about 5%, which would be difficult to detect. 
the change in shape of the spectra, both for low and high 
nergies, may be expected for short lengths of helix, although 
io detailed theoretical calculation of the output spectrum was 
tried out. 

Fig. 9 shows the spectra for a change of input beam energies. 
t is to be expected that some acceleration will take place for 
aput energies slightly lower than the design rating; in fact, the 
lowest beam which can be accelerated can be computed by 
considering the energy range acceptable from consideration of 
he acceptance angle. This gives a lower limit of input energy 
yf 2°35 MeV, although between 2:35 and 2:5 MeV the effective 
ieceptance angle will increase from zero to 30°. The energy 
pectra of Figs. 9(a), (b) and (c) bear out this result, acceleration 
aking place at an input of 2:4MeV, with reduced beam effi- 
iency. Above 2-5 MeV the tendency will be for the particles 
0 travel down the helix suffering small positive and negative 
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Fig. 10.—Output beam spectra with variation of both frequency 
and input beam energy. 
Power flux = 510kW. 
(a) 2:5 MeV; f = 300 Mc/s. 
(b) 2-5 MeV; f = 290 Mc/s. 
(c) 2:6 MeV; f = 290 Mc/s. 
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energy changes until they reach a point where the phase velocity 
corresponds to their energy, when, if they are within the 
acceptance angle, they will be accelerated to 4-3 MeV. 

Figs. 10(a) and (5) show the effect of reducing the radio fre- 
quency to 290 Mc/s. From Fig. 7 it can be seen that at 290 Mc/s 
the correct input energy is 2:65MeV, and thus little or no 
acceleration is to be expected. No explanation of the unusual 
shape of the spectrum of Fig. 10(b) can be advanced. Fig. 10(c) 
shows the spectrum as in Fig. 10(b), but with a 2-6 MeV input 
beam. In this case particles were accelerated up to 5 MeV, an 
enhanced output energy being expected owing to the overall 
increase in phase velocity. 

On account of the wall-charging effect the beam losses are 
much greater than are predicted by the beam-collection effi- 
ciency curve of Fig. 5; at the best, values of nz = 8% were 
obtained. However, a comparison with the theory can be made 
if it is assumed that deflection due to wall charges causes equal 
losses for all beam energies. Then the beam efficiency, 1;, may 
be defined as the ratio of accelerated beam current to total 
output beam current. 

The standard spectrum of Fig. 8(c) yields nz = 20%, which 
may be compared with the theoretical yp = 27% for an rf. 
input of 510kW and an acceptance angle of 96°. 

Thus it must be supposed that the difference of 7°% represents 
the beam losses due to the defocusing effects of the r.f. field. 
As this defocusing field acts only upon the accelerated particles, 
particle loss due to it should be expressed relative to the 
accelerated current, in which case the beam defocusing losses 
amount to 35%. 

This was not an unreasonable value, because the input beam 
diameter was made twice that stipulated as the maximum in 
Section 2.3 in order to improve the detection and energy analysis 
of output beam current. 


(7) CONCLUSIONS 


The results of the theoretical analysis of an internally sup- 
ported helix structure indicate that the series impedance is 
superior to a small degree over an unsupported structure. The 
shunt impedance is reduced, however, but no more than may 
be expected for external supports. The results show that the 
theoretical design parameters are reasonable, and considerable 
agreement with theoretical expectations has been obtained. The 
main deviation of the measured results from the theoretical 
results is in respect of beam efficiency. Heavy beam losses are 
experienced in the helix tube, owing to beam deflection caused 
by wall charging, and this may limit the usefulness of an 
internally supported helix. It would be possible to remove wall 
charging by using a conducting giass tube, or by severely coating 
the inside of the tube with a conducting film; both these solu- 
tions would cause comparatively heavy r.f. power losses and 
reduce the advantage of the helix over other types of accelerator. 
Another alternative would be to use an externally supported 
helix; this would introduce difficulties associated with cooling 
the helix, and possibly with voltage breakdown, although 
measurements made on voltage breakdown in vacuo indicate 
that, with care, this latter difficulty could be overcome. 

No attempt was made in this investigation to focus the beam; 
however, some thought was given to methods of focusing, and 
these are outlined here. The method which has been used for 
travelling-wave tubes, of introducing an axial magnetic field 
by means of a long solenoid, is not really applicable, owing to 
the very large fields required for a proton beam; however, 
focusing by an electron-beam space-charge effect has been 
suggested.'3 The use of magnetic strong focusing is a possi- 
bility, and the difficulty of introducing the magnet poles very 
near the beam may be overcome by building an accelerator up 
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in sections of 1m or less, and incorporating the strong focusing 
in the drift tubes between the sections. Another possibility is 
the use of electrostatic strong focusing continuously along the 
helix tube. This would entail using conducting films inside the 
helix tube, which would introduce additional r.f. power losses; 
however, as this system would inhibit wall charges, it is worthy 
of consideration. Phase focusing has been investigated by 
Servranckx,> in which use is made of the fact that particles 
travelling within the acceptance angle at ys < 0 are accelerated 
and focused. It would be possible to operate a helix under 
these conditions with considerably reduced effective acceptance 
angle, but beam efficiency would be low unless very efficient 
particle bunching could be achieved. 

It would be advantageous if the accelerated beam current 
could be increased; at present, for 10A input current, the mean 
accelerated beam current has a maximum theoretical possible 
value of less than 0-1j,A. The use of a pulsed ion source for 
the electrostatic generator could give a considerable increase of 
peak current input, while, with an efficient beam bunching 
system, a theoretically maximum increase of about four times 
the output current may be obtained. 

Some thought has been given to the problem of devising a 
method for varying continuously the output beam energy. 
Chick and Petrie? have suggested varying physically the point 
on the helix at which power is removed. Another method 
which would be somewhat easier to devise mechanically could 
consist of a power-absorbing sleeve, which could be moved 
along the outside of the helix, and could be tapered in diameter 
to provide a reflectionless attenuator. To ensure no further 
acceleration it is only necessary to reduce the acceptance angle 
to zero, i.e. to reduce the phase-stable angle to zero, and as this 
angle is a function of power it would be necessary to reduce the 
power by a factor given by AP/P = cos? yp, where AP is power 
absorbed in the attenuating sleeve. This would be approxi- 
mately 400 W maximum for a modulator duty ratio of 300 and 
jo = 30°. The same effect could be achieved without loss of 
power if a semi-resonant system were used, and the attenuating 
sleeve were replaced by a reflecting element which caused a 
power reflection coefficient: 


Ipl? = 0s? Yo 


This would set up a standing-wave pattern which would perio- 
dically increase the electric field strength to 1-5 times its previous 
value; voltage-breakdown difficulties would be increased, but, 
on the other hand, an input power reduction of 25°% would be 
achieved. 

Another method for obtaining small continuous changes of 
output power has been suggested by Chick and Petrie? and 
Gallup!* independently. This consists in changing frequency 
and input beam energy by interrelated values, thus making use 
of the constant change of phase velocity along the structure; 
this effect has been measured and is presented in the results 
(see Section 7). A nearly constant change of phase velocity 
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along the helix is only obtained for small frequency changes, ant 
thus the method will only produce a limited output energ; 
change. | 


| 
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SUMMARY 


The paper describes a wide-band microwave system suitable for 
‘oupling power between a coaxial line and a waveguide or between 
Wo waveguides. Such a system can be applied to normal matched 
tansmission as well as, for example, to coupling power between a 
oaxial Klystron cavity and a waveguide. An appreciable improve- 
nent in performance over other schemes results in an almost constant 
yower transfer over a bandwidth in the region of 25%. A practical 
xample of the system in X-band is described. 
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LIST OF PRINCIPAL SYMBOLS 
Stef, f, = Cut-off frequencies of waveguides. 
Sn = Mid-band frequency. 
€, = Relative permittivity. 
Xey %1, &, = Coefficients of linear frequency dependence. 
B = Phase-change coefficient of coupling guide. 
€) = Permittivity of free space. 
: /4o = Permeability of free space. 


() INTRODUCTION 

_ In some microwave systems it is necessary to couple power 
between a coaxial line and a waveguide, or between two wave- 
zuides, in such a way that the coupling factor does not vary 
appreciably over a wide band of wavelengths. The term ‘trans- 
Mission line’ signifies any means for guiding electromagnetic 
waves and includes a coaxial line and a waveguide as special 
cases. The problem of obtaining a wide band usually arises 
because the characteristic impedance of the two transmission 
ines to be coupled may not vary in the same manner with a 
change of frequency. 


(2) COAXIAL-TO-WAVEGUIDE COUPLING METHODS 

‘One such system comprises a coaxial klystron cavity to be 
voupled to a rectangular waveguide. General methods in 
dealing with such a coupling are: 


(a) To use a coaxial cable with an inductive-loop probe inserted 
into the klystron cavity and a capacitive probe launching the 
required wave in the rectangular guide. The adjustment of sucha 
coupling system over a wide band of frequencies is purely experi- 
mental and is difficult, and, in general, the variation in power 
transferred is about 4 : 1 over the bandwidth of 15%. 

(6) To couple the power into the waveguide by means of an 
aperture. In such cases a trial-and-error method is employed and 
this usually results in a system which is very frequency sensitive 

“(dependent on the fourth power of the wavelength). In order to 
obtain the best power transfer, considerable matching manipulation 
is necessary at each frequency. ; 

(c) To use short sections of ‘guide-below-cut-off’ as a coupling 
element. This system is successful if only a small fraction of the 
power available in the klystron cavity is to be fed into the waveguide, 

‘which is rather inefficient. To make this system satisfactory, even 
for narrow-band operation, a variable matching system, which can 
be adjusted experimentally, is usually provided. 
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These methods have two drawbacks: they are difficult to set 
up, and they fail to provide the constant loading which, with 
modern klystrons such as the CV.2346, enables a uniform power 
output to be produced over a considerable band of frequencies. 

Quarter-wave sections have been proposed by Reed! as a 
coupling technique, and show much more promise than the 
other methods. A new design principle for such couplers -is 
described below. 


(3) NEW PRINCIPLE 
(3.1) Single-Element Coupling using Special Waveguide 
The system described here was designed to meet a requirement 
for coupling a coaxial klystron cavity operating in X-band to a 
rectangular guide.” Before discussing this specific application, 
however, we shall first consider the simple configuration of 
Fig. 1. 


LINE 2 


Fig. 1.—Coupling system between a transmission line (line 1) and a 
waveguide (line 2). 


Line 1 is a transmission line, which can be either a coaxial line 
carrying a TEM wave or a waveguide of uniform cross-section 
carrying an E- or H-mode wave. In the latter cases its charac- 
teristic impedance will be a function of frequency. : 

Line 2 is a waveguide of uniform cross-section and as such its char- 
acteristic impedance will in general be a fixed function of frequency. 

Line 3 is the coupling guide of characteristic impedance Ze, 
dependent again on frequency, and forming a series T-junction at 
each end with lines 1 and 2. 

Let P be the total incident power in line 1; P,, the power 
delivered to Z,; and P , the total power transferred to line 2, 
both ends of which are terminated by reflectionless loads, Z. 
If the currents and voltages at the receiving and sending ends 
of the coupling guide are as shown, and assuming that the 
coupling is weak and the lines are loss-free, we can write the 


following equations: 


Vr 
== Sao cg aa i aN ea aes 
Sey eae a) 
V, = Vp cos BI + jIpZ, sin Bl 
Za. 
——— — . . . 2 
Vr (cos pl + ing sin Bt) (2) 


I, = Ip cos Bl es sin B/ 


aga ent Eis sinifP) Jo nile aes) 
c 


2Z, 
where B = 271/Xee and / is the length of the coupling guide. 
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The input impedance, Z,, at the upper junction is given by 


V, _ cot Bl + jZ,/2Z, 
I, cot Bi/2Z, +j/Z, 


If the coupling factor is defined as the ratio P,/P,, which is 
equal to # Z,/Z,, it is easily shown that 
P3_ Ze 1 per 
P, 22Z,Z, sin? Bl + (4Z2/Z2) cos* Bl 
If Z, < Z>, the term (4Z2/Z}) cos” B/ is small in comparison 
with sin? 6/ for a wide range of values of B/ centred on Bl = 77/2. 
Thus the coupling guide should be made a quarter guide- 
wavelength long at the desired mid-band frequency. 
At mid-band the coupling factor is 


Ze (4) 


2 
Pr_ zi 6 
12) DGG 
To a close approximation for weak coupling, we find 
2 
Poppe Ze 1 (1) 


OV AVA NI 


The change in coupling due to the factor 1/sin? B/ for a total 
25% band is Jess than 0:3 dB and can usually be neglected. The 
remaining factor is Z2/Z,Z,, in which Z, is usually much smaller 
than either Z, or Z5. 

A change of Af, from the mid-band frequency f,, will alter Z, 
to a new value which can be written Z,(1+«,Af,, +y,AfZ+...), 
with similar expressions for Z, and Z,. Neglecting terms in 
Af2, Af, etc., it can be seen that, for the coupling to be inde- 
pendent of frequency, the required condition (to the first order 
of approximation) is that 


20, = a, + a nen ay See e(S) 


As shown in Section 7, for a waveguide employing either H or 
‘E mode and having a cut-off frequency f,, the coefficient «, is 


1 1 ‘ : 
found to be equal to — -———-,—— with corresponding results 


Seale! 
for «, and «>, namely 
1 1 1 1 
fen Enea casey ee 
The relationship 2«, =a, + «a, then yields the following 


formula for f, in terms of the cut-off frequencies, f, and f, of 
the two transmission lines to be coupled: 


2 1 1 
= oo ee 
fnlloys =i Galfe sted (Smlf2)? ==)1 
It may be of interest that when f/f, =f, this formula gives 


Sf. =f, = fr, so that the known result for similar-guide coupling 
is obtained. 


(9) 


3.1.1) Coupling between a Coaxial Line and a Waveguide. 
For a coaxial line, f; = 0, i.e. the characteristic impedance is 
independent of the frequency and eqn. (9) simplifies to 


Gulf? = Wulf? —1 
or, in terms of the corresponding cut-off wavelengths, to 
Ae = V/[2A3 — AF] (10) 


Thus a broad-band coupling can be achieved if a waveguide of 
suitable dimensions is used as a coupling element. If a rect- 
angular waveguide is used for one of the lines to be coupled, it 
may be found that the required coupling guide is wider than 
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one of the coupled lines. In this case the width of the requir 
coupling waveguide may be reduced by making this a rectanguld 
waveguide containing a dielectric material having a permittivit 
greater than that of the material in either or both of the line 
which are coupled, as shown in Fig. 2. Alternatively, or i 
addition, the coupling may be a ridge waveguide. | 


TOTAL LENGTH | 


W.6.15 W616 | 


Z_ 


11227 


AIR-FILLED RIDGE DISTRENE (€=2:57)-FILLED 
COUPLING GUIDE COUPLING GUIDE 


(a) (b) | 


Fig. 2.—Coupling system between two rectangular guides of differer 
sizes. 


As an example of this principle, in Fig. 3 the relative powe 
coupling is shown plotted against frequency for a singi¢ 
element coupler between a coaxial transmission line and wave 
guide W.G.16. In the case of curve (a) the coupling guide is ¢ 


RELATIVE COUPLING 


FREQUENCY, Gc/s 


Fig. 3.—Relative power coupled between transmission line a 


waveguide. 
—— h, = 4:57cm. 
---- h, = 5:52cm. 


the same width as W.G.16 and its length is A,/4 at 9Gc/s. Curvy 
(b) shows an improved performance of the coupling system usi 
a waveguide with a cut-off wavelength of 5-54cm. As would 
expected, the main improvement results at the lower frequenci 


(3.1.2) Coupling between Two Waveguides Operating in Ho, Mode. 


As a practical example employing the system described, cor 
sider the coupling of W.G.16 (internal dimensions 0:9 x 0:4ir 
to W.G.15 (1:12 x 0-°595in) at X-band. The cut-off frequencie 
of these guides are 6-57 and 5-27 Gce/s respectively. 

Assuming the centre of the band to be 9Ge/s, it is foun 
from eqn. (9) that the cut-off frequency for the coupling gui 
should be 6:06Gc/s. This value is neither a geometric nor a 
algebraic mean of the first two cut-off frequencies. The broa 
dimension of the coupling guide should be 0:973in. This i 
greater than the width of W.G.16 and either of the arrangement 
shown in Fig. 2 can be used. 

With the arrangement shown in Fig. 2(a), in calculating t 
coupling coefficient, allowance must be made for the fact the 
the coupling guide does not extend across the whole width c 
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W.G.15. The same applies to the arrangement shown in 
iFig. 2(6), where the coupling is now affected by the reduced 
\width of the coupling guide with respect to the two waveguides 
as well as by the reduced characteristic impedance of the coupling 
zuide, which is given by 


Big bo 
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ees 
2 
fe 0 
r. 
Allowance for the reduced width of the coupling is auto- 
natically made to the first order by using voltage/current 
tharacteristic impedances for all the waveguides involved, as is 


done in the above expression for Z,, in which b is the broad 
dimension of the guide. 


3.1.3) Coupling Range. 

The technique described above is suitable for a coupling 
range of 10-20dB, in which case the coupling can be easily 
calculated from eqn. (6), modified as necessary to deal with the 
ystems shown in Fig. 2. Tighter coupling involves a wider 
coupling aperture, and junction reactance effects become 
important. If unidirectional coupling, or a coupling tighter 
than 10dB is required, or if the best match in either line is to 
be secured, then two or more branches can be used to achieve 
this, but, for the best frequency performance, the width of the 
coupling guide should still obey the relationship given by eqn. (9). 


a 


(3.2) System for Weak Coupling 


If very weak coupling is required, it may be difficult to obtain 
a sufficiently low characteristic impedance in the coupling guide 
merely by choice of its dimensions, and it may be modified by 
using an inductive diaphragm at one end and a capacitive 
diaphragm at the other. If the susceptances of both these 
diaphragms are large in comparison with the characteristic 
admittances of the waveguides concerned, very weak coupling 
can be obtained and there will be very little change with frequency. 
In general, the frequency variations of susceptance of the dia- 
phragms may be offset against one another and/or against the 
frequency variation of the characteristic impedance of the 
waveguides in such a way as to produce a broad-band per- 
formance. In this case, it is sometimes preferable to use a 
coupling guide of Jength different from a quarter guide- 
wavelength, the precise length depending on the values of 
the susceptances employed. 


(3.2.1) Principle of Broad-Band Coupling using Reactive Elements of 
Opposite Sign. ‘ 

Consider the system shown in Fig. 4, where line 1 is frequency 

independent. Shunt decoupling reactances, X, and X}, of 


LINE | 


LINE 2 


Fig. 4.—Equivalent circuit for weak coupling. 


ypposite sign are placed at either end of the coupling line. If 
X, and X, are small compared with Z,, and Z, is greater than 
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2Z , then the receiving-end voltage, Vp, at the far end of the 
coupling line will be given, to the first order, by the product of 
the receiving-end current, Jp, and the reactance, X>, of the 
shunting element. 

Equations can now be written for the sending-end voltage, 
V,, and current, J,, and for the total current, /,, flowing into the 
junction: 


ae (cos Bl + 2 sin Bt) (11) 
2 


Leh 
Tie ye e 
f IZ, A cos $1 — sin Br) (12) 
Died rete (13) 
Thus 
Tet PRT a Zee Faeroe 
Vp IF. ces sin Bl + ‘e = 7) cos Bl} (14) 


Eqn. (14) is quite general and is symmetrical in X; and X>, so 
that an interchange of decoupling reactances does not affect the 
result. For constant power transfer between lines 1 and 2, Vp 
should remain approximately constant over the required band. 
Under weak-coupling conditions, the current /,; should be 
dependent primarily on the value of Z,, the input impedance 
of the coupling guide being very small in comparison with Z;. 
Thus, the right-hand side of eqn. (14) should be independent of 
frequency. 

In a waveguide, normalized capacitive reactance varies as 
A= 2m/B), normalized inductive reactance as 1/A,(= B/27). 

At a T-junction the situation is much more complicated, and 
the reactance of a capacitive or inductive diaphragm at such a 
position will depend on both the guide wavelengths. or sim- 
plicity of analysis we take the junction-guide wavelength as the 
variable on which the reactances depend, but a more accurate 
analysis would involve the coupled-guide wavelength also. Short 
of carrying out an accurate analysis, it is impossible to justify 
our choice except on grounds of simplicity, and on the experi- 
mental evidence given later which tends to support the results 
of our approximate analysis. For convenience f/ = @ is taken 
as a frequency variable and |X,| and |X| are made equal to | X9| 
when the frequency is such that f,/ is equal to 7/2. If Xj is 
made capacitive and X, inductive then X,; = — Xo7/20 and 
Xp = X920) a. 

Substituting these values in eqn. (14) and rearranging it 
slightly, 


i, 1[ (Zo _ Xo «4 ie » | 
— ir gene 15 
Vr ise X z,) sin aia CY eae |? 
Since Xo is a constant, 
ye ma 
FS FO 16 
Ve IX. (0) (16) 


The function F(@) for various values of @ can now be plotted 
choosing a controlling parameter to be the ratio n = Z/X. 
The computed values of F(@) are plotted in Fig. 5. Fora2:1 
change in A, (@ changing from 60° to 120°) the function F(6), 
and hence the receiving-end voltage, Vp, will remain constant 
to within 13:5%, 4% and 5% respectively for n = 2, 3 and 4. 
The curves show that the coupled power can now be controlled 
to very close limits, especially if the change in rz is smaller (as 
it usually is) in practical cases. 

If an impedance of 4Zp is in parallel with X>, the curves 
obtained for n > 2 are practically indistinguishable from those 
in Fig. 5. 
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Fig. 5.—Plot of F,(@) against 0 with Zo/Xo as a parameter. 


For the sake of completeness, consider a conductance 
G, = m/[Zp in parallel with X;. In this case the full equation, 
similar to eqn. (15), would be 


Rome SEN I eee Cea cee, | 
Ve -i4{| X> Z,) sin 8 + (35 7) 608 8 


+im( cos@ + 72 sino) (17) 


or nani j - [F@) +jiG®] 
0 


Vp (18) 


When the coupling is weak the usual condition is |F(@)| > |G(@)|. 


(3.2.2) Coupling Waveguide not 2,/4 in Length. 


It was assumed previously that the coupling guide was exactly 
a quarter-guide-wavelength long at mid-band, and that the 
values of the two reactances were the same. Neither of these 
conditions need be adhered to, and in fact any desired value of 
coupling, and a wide range of behaviour with change of fre- 
quency, can be produced by altering the conditions. An example 
of this is shown in Fig. 6 for a design of a coupling section 


RELATIVE POWER 


WAVELENGTH, CM 


Fig. 6.—Coupling of W.G.16 waveguide in 3:3cm band. 


Curve (a): 1 =),/4 = 1-12cm. 
Curve (5): 1 = 4,/9 = 0:53cm. 
B, = — j6Yo; By = + j6Yo 


consisting of waveguide W.G.16 in the band 3-3-6cm. In 
curve §(a); (= A,/4) the relative power coupled increases 
towards the ends of the band, in (db), (/ = X,/9) it decreases. 
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(3.3) Combination of the Two Coupling Systems 


The two methods discussed above may be used separately o 
jointly to produce any desired rate of change of coupling witl 
frequency. The actual reactances and the equivalent circuit 
of the T-junctions can be obtained from published data.? Ii 
general these can be taken as giving only approximate values 
the final adjustment of the coupling being confirmed experi 
mentally. | 


(3.3.1) Practical Design of X-Band Oscillator coupled to Waveguid 
W.G.16. 


A combination of the two systems has been used in thy 
practical design of a coupling between a klystron coaxial cavit; 
and waveguide W.G. 16 in the range 8:5-10Gc/s. The klystrep 
used was a low-voltage plug-in type (CV.2346) capable of givin 
an output in excess of 30mW, constant to within 3dB over th 
whole frequency band, provided a suitable coupling is employe 
The schematic of the coaxial cavity is shown in Fig. 7. Th 
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Fig. 7.—Coaxial-line X-band oscillator. 


characteristic impedance of the line is approximately 24 Q, an 
the theoretical length of the cavity is 5A/4, the practical lengt 
being reduced to just above 3A/4 owing to the klystron grid-ga 
capacitance. and the inductance of the cavity corner. Th 
operating mode of the oscillator corresponded to 43 cycles 
the reflector transit time. The chosen dimensions of the coaxia 
line gave freedom from interference of the TE,,, TE,,; and am 
of the TM modes in the coaxial line. Interference from th: 
possible klystron operation in the 3A/4, 23 cycles mode, w. 
avoided by employing suitably shaped contacts on the inn 
conductor of the coaxial line. The capacitance of these contact’ 
to the outer conductor separated the wanted and unwantee 
modes. The tuning of the cavity was provided by a micromet 
head operating an anodized-aluminium piston, which wa 
designed in the form of multiple low- and high-impedance filt 
sections and gave a very effective short-circuit over the whol! 
frequency band. 
Fig. 8 shows the dimensions of the coupling guide and th: 
susceptance elements. For convenience, an inductive elemen 
was used at the coaxial-line end and a capacitive element at th: 
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CAPACITIVE DIAPHRAGM 
DISTRENE 


Fig. 8.—Details of coupling guide. 


\raveguide end. The coupling is a combination of the two 
f ystems described and uses a coupling waveguide filled with 
‘Mistrene (¢ = 2-57) and having a cut-off wavelength of 5-56cm. 
he length of the coupling guide was made equal to A,/9 at 
daid-band and its characteristic impedance was one-half of that 
f W.G.16. 

t It is not immediately obvious that the analysis in Sections 3.1 
nd 3.2 of the systems of Figs. 1 and 4 has any relevance to the 
a coupling problem in which line 1 is a coaxial resonator 
if characteristic impedance Z, terminated ina short-circuit. For 
‘onstant output from the klystron, the loaded Q-factor of its 
‘Yesonator should remain approximately constant over the whole 
/tequency band. If the coupling point were located at a current 
Yaaximum in line 1, this condition would be satisfied if ZALs 
emained constant. This is exactly the condition studied in 
hections 3.1 and 3.2 and so that analysis can be applied. 

‘: There is, however, a complicating factor. As the klystron is 


juned over the frequency range, the positions of the current 
)gaxima in the resonator move. The coupling guide must 
herefore be situated at the correct position for the mid-band 
|fequency, and some attempt must be made to compensate for 
be falling-off of the coupling at the ends of the frequency range 
vhen a current maximum no longer coincides with the coupling 
}yoint. To allow for this, the inductive and capacitive reactances 
vere made equal to one-third and one-sixth respectively of the 
haracteristic impedance of the coupling guide. This com- 
ound gave a coupling which increased at the ends of the 


‘-band by approximately 15%. This rise in coupling compen- 
sated for the fall of power due to the coupling guide not being 
laced at the current maximum when the oscillator was tuned 
0 either the lowest or the highest frequency. 

The klystron cavity has been tested subsequently with a very 
large number of CV.2346 valves, with 85% of which the output 
lemained constant to well within 2dB, the maximum output 
deing achieved at mid-band, ie. near 9-1Gc/s. With the 
remainder of the valves the power never fell below 3 dB of the 
|maximum value. No adjustment was necessary during subse- 
;quent large-scale production, and the power obtainable from 
any one klystron approached 70% of the maximum available. 
It should perhaps be explained that the system must suit any 
.clystron without overloading. Hence the system was designed 
0 undercouple even the weakest valve, provided that it came 
within the CV specification.) It was not possible to achieve 
such consistent results with either of the other methods of 


Patino mentioned at the beginning of the paper. 


== 


Although the experimental results quoted cannot be regarded 
as a detailed study of the theory, they do give support to it 
and have the merit of illustrating an important practical situa- 
tion in which the new principle has been successfully applied. 

Finally, it may be worth while to mention the advantages of 
the present coupling scheme which offset the obvious dis- 
advantage that half the power is wasted in a matched load: 

(a) The power output is uniform over the frequency band, so 
that the oscillator is suitable as a wide-band local oscillator for a 


__ search receiver. ; ; 
_ (b) The source impedance is closely matched to the waveguide. 
(c) The effects of varying the load impedance on the power output 
and the frequency of oscillation are greatly reduced. 
| (d) If more power is needed at any given wavelength, the matched 
load can be replaced by a properly located piston, thus doubling 


the power. 
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(4) CONCLUSIONS 


The methods of coupling described in this paper can be 
applied to a variety of systems, but as proved in practice they 
are specifically suitable for the difficult case of coupling a 


coaxial-line klystron cavity to a waveguide over a 17% frequency 
band. 
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(7) APPENDIX 


(7.1) Value of Coefficient « 


In any air-filled waveguide of uniform cross-section, the 
characteristic impedance for an H wave is given by 


ye a as eee 
RT Nes _o Vil GIN, 


At mid-band frequency f,,, we can denote the impedance by 


ee I) gee Sat ROE 
He €o Vil — Kelfn"l 


At a frequency differing from f,, by Af,, we can write 
Loin AAT pg = Zp eh pV Ale) 
For small values of Af,,: 
Zom + Af = Zom + AZom = Zom(l + AZom!Zom) (23) 


To a first approximation we can neglect terms higher than 
Af, in eqn. (22) and equate this with eqn. (23). This provides 
the relationship 


(20) 
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(22) 
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Differentiating Zp,, with respect to f,, [from eqn. (21)] and 
dividing by Zp,, we obtain 
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and hence the value of «, is given by 
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Similarly it can be shown that for E waves this value is given by 
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in May, 1961.) 


SUMMARY 


The experimental work described here proves that a barium- 
strontium-oxide matrix is thermally unstable at 1020°K and con- 
tinuously generates negative ions of oxygen in its hollow pore system. 
The barium-oxide component of the matrix is essentially stable and 
the strontium-oxide component is the oxygen-ion generator. The 
action is a fundamental one and proceeds at constant and unalterable 
rate. Factors determining the equilibrium concentration of free 
oxygen ions in the pores are examined and described. One conclusion 
reached is that donor concentration of a thermally-activated barium- 
strontium-oxide matrix is almost wholly strontium metal. 


(1) INTRODUCTION 


It was confirmed in Part 8 that the passage of a current through 
an oxide cathode results in a dissociation of the oxide molecule. 
The particular experimental circumstances of this unexcep- 
tional finding Jed to the rather novel conclusion that the dis- 
sociative action was thermal rather than electrolytic. The action 
involved was imagined to take the following course. Isolated 
particles of oxide are raised above the 1020°K ambient tem- 
perature of the matrix by repeated inelastic collisions of electrons 
flying freely through the hollow pores. This increase of thermal 
energy causes the molecule to dissociate into its constituent 
ions which then drift apart in the applied electric field. The 
essence of the hypothesis is that the molecular dissociation 
results from the accession of thermal energy to the particle and 
that the manner in which this thermal energy is acquired is 
quite incidental. If, for example, no electric field exists across 
the matrix but a particular particle is raised in temperature by 
any means whatever, the particle will dissociate into its con- 
stituent ions. The two types of ion will then diffuse to a cooler 
environment and there recombine to form the oxide. The 
passage of current is therefore visualized as having two quite 
separate actions: inelastic collisions by the electrons raise the 
temperature of a particle to the point at which it dissociates 
thermally, and then the two types of ion are permanently 
separated by the electric field. 

It is the purpose of the present Part to examine this thermal 
dissociation in some detail. In the course of the work it will 
be shown that dissociation occurs at the conventional working 
temperature of 1020°K in the absence of current flow, and is 
mainly associated with the strontium-oxide component of the 
barium-strontium-oxide matrix. 

Perhaps the easiest way of introducing the experimental 
approach is to describe the manner in which the phenomenon 
was first observed. The test vehicle used throughout the work 
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was the standard S-type assembly* which is shown diagram 
matically in Fig. 1. Two similar S-type assemblies, one wit 
platinum cores and the other with active O-nickel cores, wet 
taken from the pump and found to have resistances at 1020°° 
in the range 30-50Q. Both samples were then given therm: 
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Fig. 1.—Potentiometric arrangements. 


treatment at 1250°K until the resistance of each had levelle 
out in the characteristic resistance, Rp, range of 16 + 3f. 
The valves were next set up on test at 1020°K, carrying zeri 
current, and their resistances were measured periodically 
It was found that the resistance of the active-nickel syster 
remained constant at the Ry value of about 150, wherea: 
that of the platinum system increased steadily up to abovi 
30Q, thereafter remaining relatively constant. After a furthe’ 
minute at 1250°K, the resistance of the platinum systeri 
returned to the familiar value of 15 at 1020°K, but subse 
quent zero-current running produced a slow climb back t# 
about 30Q. This action was repeated over a number of cycle 
and reproduced on a number of individual samples. Th 
phenomenon therefore seemed to be a general one and t 
indicate that the platinum-cored barium-strontium-oxide syste 
tends to collect gas within its hollow pores during zero-currem 
running at 1020°K. From such rather casual observations th’ 
present work originated. 


(2) EXPERIMENTAL ARRANGEMENTS 
(2.1) Oxygen Action in an S-Type Assembly 


The S-type assemblies were fitted with a 1 mil-diameter pure 
platinum probe wire situated centrally in the oxide matrix, a: 
shown in Fig. 1, the two equal halves of the matrix bein: 


* Specification of standard S-type assembly: 
Cores: Active nickel, 4% tungsten-nickel or pure platinum. 
Matrix: . Co-precipitated equimolar barium-strontium oxide. 
Matrix density: About 1-0. 
Matrix thickness: 150m. 
Matrix area: 0:25cm?2. 
Vacuum processing is as described in Part 1. 
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| tinguishable by their positioning relative to the direction of 
jissage of an electron flow Z,. The half-section of resistance 
Il adjacent to the cathodic core C is termed the ‘leading’ 
ction and the other section of resistance R, adjacent to the 
1odic core A is the ‘trailing’ section. These resistances can 
h measured by observing the potentials Vp, and Vp, (Fig. 1) 
jising from the passage of J,. A refinement of this measure- 
jent is derived from the existence of a small thermo-electric 
m.f., v, which is always found to be in the probe wire in the 
mse* shown in Fig. 1. Thus 


Vo? 
oe on dias 


R, = 7 ee 
A I4 


/ It was shown in Part 1 that, in a well-activated system with 
nickel cores} at 1 020° K, the two resistances are always equal; 
(us, R, = R, ~ 7Q or R,/R, = 1. 

_ Ifa trace of oxygen gas is now injected into such a system the 
nity value of R,/R; is upset. Both resistances increase, but 
[2 much more rapidly than Rj, i.e. the system moves into the 
= R,/R; >1. This reaction is simply explained. As 
‘<ygen atoms enter the hollow pores of the matrix, they become 
{ogatively ionized and drift under the applied electric field into 
he trailing half of the matrix. Congregation therefore occurs 
fad the electron-cloud density in the hollow pores is more 
isavily suppressed in the trailing half than in the leading half of 
ne matrix. The condition R,/R, > 1 consequently arises. 

| The S-type assembly with a central probe wire is thus well 
liited to detect, and to some extent measure, the free oxygen 
ons within its hollow pore structure. Extensive use of this 
3s been made in the present work. 

| (2.2) Practical Arrangements 

The main physical dimensions of the standard S-type assembly 
‘ill be maintained throughout the work, but the following 
riations of a chemical nature will be introduced: 

_ (a) Core Metals.—In any one assembly the two cores will always 
“be identical but may be prepared from pure platinum, O-nickel or 
‘pure nickel alloyed with 4% tungsten. 

© (6) Probe Wire.—This may be pure platinum or pure nickel. 

. (c¢) Matrix.—This may be the usual co-precipitated equimolar 
i double barium-strontium oxide, single barium oxide or single 
‘ strontium oxide. The density is approximately 1 g/cm3. 


i: The measurement of potentials is made by a vibrating- 
apacitor electrometer of effectively infinite internal impedance. 
he thermo-electric potential, v, is determined by measuring 
ae cathode-probe and probe-anode potentials with the S-type 
ssembly on open-circuit (4 = 0). The two observed values 
x0uld be of equal magnitude but opposite sense. The magni- 
ide of v is usually small compared with Vp, and Vp, and may 
2 ignored without introducing sensible error. Where it is 
portant it will be used and reference made in the text. 

f 


) 


(2.3) Experimental Plan 


The main object of the work is to prove that the barium 
rontium oxide at the conventional working temperature of 
020° K is subject to spontaneous thermal dissociation. This 
issociation involves the evolution of negative ions of oxygen 
ato the hollow pores, and these ions are to be detected and 
leasured by observation of the unbalance condition Roles be 


. fs : Ake the 
* The e.m.f. is thought to be a thermo-electric phenomenon arising from 
yeration of the probe wire at a temperature slightly lower than that of the two metal 


re pieces. : , 
if FO-nickel contains about 0-05 % magnesium and such cores have an inherent 


ndency to activate the matrix by the reaction Mg + BaO - MgO + Ba. 
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It is, of course, possible to observe the unbalance only by passing 
a current through the device, and this at once poses a question 
of some apparent difficulty. How can a current be passed 
through the matrix to observe the unbalance condition without 
at the same time causing doubt that the act of current passage 
has not in itself produced the unbalance? At 1020°K it is, in 
fact, well proven that dissociation occurs rapidly at high current 
densities and can reasonably be expected to occur slowly at Jow 
current densities. The answer to this seemingly difficult situa- 
tion turns out to be quite simple. If free negative ions are 
present in a matrix they can be caused to drift under an electric 
field from leading to trailing section at any matrix temperature 
sufficiently high to permit ion movement. It will be shown 
that the free negative ion of oxygen has a detectable mobility 
at 400° K in the barium-strontium-oxide matrix, and at 550°K 
the drift is rapid enough for practical routine measurements. 
It will furthermore be proved that the passage of an adequate 
current for the measurement of R,/R, at these low temperature 
produces no detectable dissociation of the matrix. : 

The broad experimental plan will now be clear. The S-type 
assembly in some form or other is run at zero current and 
1020°K for some test period. At suitably spaced intervals of 
time the matrix temperature is lowered to 550°K and a spot 
measurement of R,/R, is made. That this value of R,/R, 
reflects the free ion concentration in the matrix at 1020°K will 
become apparent as the work progresses. 

This brief preamble may assist the reader in appreciating the 
overall trend of a rather complex sequence of individual 
experiments. 


(3) BEHAVIOUR OF THE BARIUM-STRONTIUM-OXIDE 
SYSTEM ON PLATINUM CORES 


(3.1) Correlation of R,/R, at 1020 and 550°K 


Our first task is to show that measurements of R,/R, made 
at 550°K faithfully reflect the ionic state of the matrix at 
1020°K. A standard S-type assembly fitted with platinum 
cores and a platinum probe wire in the centre of the barium- 
strontium-oxide matrix is given 5min of thermal treatment at 
1250°K for initial activation. The valve is now set up for a 
test run of 500 hours’ duration at 1 020° K and with zero current. 
At appropriate intervals of time it is temporarily removed from 
test and subjected to the following two measurements: 


(a) At 1020°K a current of 20mA is passed through the device 
for 1min, during which time the leading and trailing resistances, 
R, and R2, are measured potentiometricaliy. At this temperature 
the thermo-electric e.m.f. is an appreciable fraction of Vp, and 
Vp2 and must therefore be taken into account. 

(b) The temperature of the device is next lowered to 550°K and 
a potential V. = 0-50V applied across the core faces. Potentio- 
metric measurements of Vp; and Vp2 are now made over a period 
of 30min, during which time the negative ions, moving relatively 
slowly at 550°K, have all drifted into the trailing section. R; and 
R> are derived once this steady state has been reached; » is negligible 
at 550°K and can be ignored. 


After these two measurements have been completed, the valve 
is returned to its test rack and left at 1020°K until the next 
measurement is due. 

The characteristics of R,; and R, measured at 1020 and 500°K 
are shown in Fig. 2. Comparison of the two sets shows the 
same qualitative features. Both sets of R, show a small initial 
increase over the first 100 hours of the test run, after which they 
are essentially constant. Both sets of R, show a much greater 
rise in the first 100 hours, after which they are also effectively 
constant. One interesting difference is that the R, excursion 
at 550° K is much greater than that at 1020°K. This is a strong 
point in favour of the low-temperature method of measurement, 
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Fig. 2.—R, and Ro. 


—---— At 1020°K. 
— At 550°K. 
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Fig. 3.—Comparison of R2/R; at 1020 and 550°K. 


i.e. the 550°K technique is several times more sensitive than 
the 1020°K one. 

Fig. 3 shows R,/R, for the 550 and 1020°K measurements, 
and here the greater sensitivity of the low-temperature measure- 
ment is very apparent. 

The conclusion drawn from the experiment is that exploration 
of the free negative-ion content of the matrix can be made at 
550°K with perhaps greater accuracy than at 1020°K. The 
low-temperature method will now be presumed to be valid and 
it becomes possible to measure changes of free ion content of a 
matrix which has carried no current at all during its lifetime at 
1020°K. There still remains the possibility that the low- 
temperature test for R,/R; may introduce free ions into the 
system, but this possibility will be excluded by the experiment 
recorded in Section 3.4. We have thus arrived at the point 
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where we can study the generation of free ions within the matri 
under conditions which formally exclude the known dissociati 
action of current flow. 


(3.2) Variation of R,/R, with Operating Time at 1020°K | 


It is now proposed to examine in greater detail the ion mov) 
ments at 550°K and to establish the generality of the charact 
istic set out in Fig. 2. Standard S-type assemblies with Pistia 
cores and a double-oxide matrix will be employed, and th 
samples will be run for their entire test life at 1020°K witho 
the passage of current. | 

Suppose a sample is taken and given thermal treatment i 
1250°K to reduce its resistance to something approaching th 
characteristic Ry value. The valve is then placed on life test . 
1020°K with zero current and removed periodically for dete 
mination of R,/R, at 550°K. A voltage of 0-50 V is now appli 
and maintained constant across the matrix, and time charact 
istics are taken of I4, Vp; and Vp. The thermo-electric pow 
between the probe and the cores is negligible and can be ignore: 
From these measurements the changes of R, and R, are derive: 


25 
30h 


RESISTANCE, kN 


TIME, min 


Fig. 4.—Ion migrations at 550°K as functions of operating time ! 
at 1020°K. 


=e R 
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Results are shown in Fig. 4. At zero time the free negatiy 
ions are uniformly distributed throughout the matrix and tf 
initial potentials, Vp; and Vp, are equal. As the negative io» 
drift from the Jeading to the trailing section R, falls and 
increases. After 30min both R, and R, have reached near 
constant values and it can be assumed that all the ions are - 
the trailing section. The leading section has thus fallen to th 
lowest resistance compatible with its temperature and state « 
activation; R,/R, has therefore increased from unity at zero ti 
to a maximum value after about 30min. This maximum valu 
is a measure of the free ion content of the matrix and is that use 
in the compilation of Fig. 3. 


Fig. 4 shows three pairs of R,/R, characteristics taken at 0, 
and 50 hours of zero-current operation at 1020°K. Characte 


ae 


tics taken after 50 hours’ operation show no further significant 
aviation, i.e. the free negative-ion build-up has by then reached a 
dnstant concentration. Points arising from Fig. 4 are 

__ (a) The final steady values of Ry, R2 and R2/R; increase from 


)1-0 to 4-6kQ, from 3-5 to 23-8kO : 
_respectively. and from 3-5 to 5:2, 


' (6) At zero test time at 550°K where R,; = i 
increases from 1-5 to 13-:0kQ. adh penton see 


' Any one of these four functional changes could, of course, be 
sed as a measure of the build-up of free ion concentration, but 
‘lRi has been chosen on the grounds that it is a dimensionless 
‘amber with a special significance attached to its unity value 
.€. R; = Ry) which defines a gas-free matrix in a steady 
‘ectric field. 

From Fig. 3 it is observed that R,/R, climbs from 2 to 8 in 
out 20 hours. If at this time the matrix temperature is raised 
"om 1020°K to 1250°K for 1 min a retest at 550° K will show 
at the system has reverted to the condition R,/R; =2. A 
‘uther 20 hours at 1020°K with zero current sees the ratio 
turning to a steady value of 8, and this cyclic state can 
parently be indefinitely maintained. In short, gas is expelled 
om the matrix at 1250°K but builds up to a constant concen- 
“ation again at 1020°K. 

To sum up, it might be said that the platinum-cored barium- 
‘rontium-oxide system is in equilibrium with a fixed concentra- 
on of free negative ions at 1020°K. The rate of build-up of 
ais concentration and its steady-state magnitude are curiously 
onstant among individual samples. 


: 


(3.3) A Technical Attempt to Influence the Steady-State 
Magnitude of R,/R, 


The build-up of free ion concentration may be due to some 
Indamental property of the oxide matrix or to some trivial 
schnical cause, such as the long-term outgassing of a piece part. 
Nach effort was put into examining the latter possibility, and 
dis will be given very brief mention. The S-type assembly 
onsists only of two metal cores with insulated heaters, two 
upporting tungsten springs and the surrounding glass envelope. 
lach of these items was given increasingly rigorous thermal 
‘eatment in an endeavour to eliminate occluded gas. The 
irgest metal mass is the platinum core itself, and this was 
ubjected to three different thermal treatments in a vacuum 
etter than 10~° torr, namely (a) 12 min at 1 200°C, (6) 2 hours 
t 1200°C and (c) 18 hours at 1 200°C. 

Treatment (a) is the normal one given to the cores before they 

re sprayed. Samples made up from each pre-processing varia- 
on gave stable levels of R,/R, which were statistically indis- 
nguishable from each other. Substantial alterations in the 
lass-envelope treatment likewise gave negative results. 
From such experiments it was concluded that the build-up and 
table level of free ion concentration cannot be influenced by 
ny reasonable variation of piece-part processing. It would 
2zem probable then that the phenomenon is a fundamental one 
wolving the thermal dissociation of the barium-strontium 
xide. It is hoped to prove this notion by formal experiment in 
ection 4, but a number of matters concerning the free ion will 
e discussed first. 


(3.4) Matrix Stability under Current Load at 550° K 


An essential link in the chain of argument is to prove that the 
et of measuring R,/R, at 550°K does not itself introduce free 
ms into the system. The measurement necessarily involves 
1e passage of current through the matrix under an applied 
otential of 0-50V. The current employed is frequently of the 
rder of 10A, and at 550°K the total core heater power is 


~ Vor. 108, Part C. 
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430mW and the testing power, V4I4, is 5 pW, i.e. 0:001% of 
the power applied to the core heater to maintain the system at 
550° K. 

Suppose now that a platinum-cored S-type assembly with 
barium-strontium-oxide matrix is given thermal treatment at 
1250°K to reduce the resistance to something approaching Ro. 
The valve is set up for a zero-current run at 1020°K for a period 
of 3 hours, during which time R, and R, at 550°K are measured 
six times at appropriate intervals. Results are set out on the 
left-hand side of Fig. 5. The behaviour is qualitatively identical 
with the results in Fig. 2 showing only the early stages of increase 
of both resistances. 


CONDITIONING CONDITIONING 
+— TEMPERATURE aT tla tee 3c 550° K—4 
2 20 S| 
Ge 
tw HA 
> 10 Te 
; Ree 
wn 2 
oa Ae ie oe me EN 
a == — i + Se 
0 2 3 4 5 6 
TIMES oh 


Fig. 5.—Matrix stability under load at 550°K with envelope 
maintained at 49°C. 


At the end of this first 3-hour period the valve is given 1 min 
at 1 250° K and its temperature reduced to 550° K for the measure- 
ment of R; and Ry. The ions have been driven from the matrix 
by the high-temperature treatment and the resistances have 
regained their low initial values as at time t = 0. The valve is 
next run for a further 3 hours with zero current at 550°K with 
regular measurements of R, and R, at 550° K at suitable intervals 
of time. Eight measurements in aJl have been made and these 
are shown on the right-hand side of Fig. 5. It will be clear that 
these eight measurements have contributed nothing to the free- 
ion content of the matrix. 

One experimental precaution may be worth mention. During 
the first 3-hour run with the oxide system at 1020°K the glass- 
envelope temperature was 49°C, This temperature would fall to 
31°C during the second 3-hour run with the oxide system at 
550°K. Steps were taken, however, to maintain the glass 
temperature constant at 49°C throughout the whole experiment. 
This precaution eliminates the glass envelope as a source of 
supply of free ions to the matrix during the first 3-hour run. 

The conclusion drawn from the exercise is that the growth of 
free-ion content during the first 3 hours is due wholly to thermal 
dissociation of the matrix at 1020°K and not in any way to the 
550° K testing procedure. 


(3.5) Mobility of the Free Negative Ions as a Function of 
Temperature 


In the determinations of the R,/R, ratio at 550°K it was 
observed in Fig. 4 that R, and R, reach a steady value after about 
20min. Continuation of the testing beyond this time results in 
little further change in the resistances and it can be assumed 
that all the negative ions have passed into the trailing half of 
the matrix. It is now proposed to establish the influence of 
matrix temperature on the time taken to move all the ions into 
the trailing section at some constant field strength. This move- 
ment under electric force will be described as ‘mobility.’ 

A platinum-cored S-type assembly with double-oxide matrix 
is run with zero current at 1020°K for 100 hours to establish 
the equilibrium concentration of free negative ions in the pore 
system. The matrix is then set at 550°K, a constant potential 

16 
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of 0:50V is applied and regular measurements of R, are taken 
over a test period of about 3 hours. The result is shown in the 
lowest curve of Fig. 6, from which it appears that all the negative 
ions have drifted into the trailing section in about 30 min, i.e. the 
characteristic has become flat in that time. 


160 Tat SL een 


20- 


50 100 i s 


TIME, min 


Fig. 6.—Negative-ion mobility as function of temperature. 


The matrix is next run with zero current for an hour at 1 020°K 
to permit the re-establishment of a uniform ion density by a 
process of diffusion. The temperature is now set at 520°K, the 
applied potential being 0-5V, and a further 3-hour run is 
recorded in respect of R,. This procedure is continued until 
the family of four characteristics shown in Fig. 6 is established. 

Examination of the curves shows that the time taken at 
constant field strength for R, to achieve a steady value increases 
as the temperature is decreased. In other words, the mobility 
of the free ions increases with temperature. At 425°K the 
mobility is so small that there is no stability achieved in a 6-hour 
test, while at 1020°K the stable condition for R, is reached in a 
few seconds. 

The reason for choosing 550° K as the measuring temperature 
for R,/R, will now be apparent—the mobility of negative ions 
at 550° K is just about right for a convenient speed of testing. 


(3.6) Diffusion Rates of the Free Negative Ions 


Suppose an S-type assembly is in possession of its equilibrium 
concentration of free negative ions at 1020°K. The temperature 
is reduced to 550° K, a potential of 0-50 V is applied and the 
system is run for 30 min to drift the ions into the trailing section. 
The left-hand side of Fig. 7 shows the course of this operation. 
At this stage all the free ions are pressed against the anodic core 
face, off which there now exists a steep concentration gradient. 
The applied potential V, = 0-50 V is next removed, whereupon 
the negative ions begin to drift away from the anodic core 
toward the leading section. After 5min V, is applied pulse-wise 
for just sufficient time to enable Vp, to be read on the electro- 
meter, i.e. the R; and R, states of the matrix are explored without 
exposing the ions to other than a momentary electric force. 
This pulse technique is repeated every 5 min for a total of 30min 
run. The resulting resistive states, R, and R, are plotted on the 
right-hand side of Fig. 7. The curves show that diffusion at 


METSON: THE CONDUCTIVITY OF OXIDE CATHODES: PART 10 ‘ 


550°K under a concentration gradient is quite rapid and that 
uniform distribution of ions is re-established in about 30 min. , 

The experiment has been exactly repeated at 425 K and t 
results are shown in Fig. 8 which corresponds to the right-ha 
half of Fig. 7. At 550° K a uniform free negative-ion distributi 
is re-established in about 30min, whereas the time taken | 
425° K is probably about 300 min. Diffusion of the free negati 
ions is thus dependent on temperature in a similar manner | 
mobility. 
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Fig. 7.—Diffusion of negative ions in a concentration gradient @ 
550°K. 
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Fig. 8.—Negative-ion diffusion as a function of temperature. 


(3.7) Reversibility of R, and R, 


The mobility of the negative ions is most effectively dema 
strated by a rhythmical reversal of direction of the appl! 
electric field. Fig. 9 shows the second, third and fourth cyc 
of a system running at 580°K. The first cycle is different fre 
subsequent ones, since it starts with a uniform distribution) 
free ions, ic. Rj = Ry at t =0. Succeeding cycles are appro 
mately similar without any systematic changes of magnitu 
over 10 cycles. One physical half-section—which is, of coun 
alternately in the leading and trailing positions—is drawn a: 
broken-line characteristic, and the other physical half-section: 
a solid line, in Fig. 9. 
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Fig. 9.—R, and R> in a cyclic state. 


T = 580°K, V4 = + 0-5V. 
The graph shows the second, third and fourth cycles. 


(3.8) Storage of Negative Ions in Anodic Sink 
_ The levelling off of the R, characteristic with time in Fig. 9 is 


4pposed to indicate that all the free negative ions have been 
tiven to the trailing section and are now pressed against the 
‘nodic core face of pure platinum. If such an R,/time character- 


tic is extended, as in curve (a) of Fig. 10, R, continues to rise 
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(a) Normal state. 


| 

| Fig. 10.—Storage of negative ions in an anodic sink at 550°K. 
: (b) Provided with anodic sink. 

| 


t a decreasing rate and ultimately flattens out to an apparently 
onstant value. Such a result might be expected, since no 
hemical action is likely to occur which might remove the ions. 
The only avenue of escape for the ion is, in fact, by thermionic 
mission from the matrix edge into the surrounding vacuum. 
‘his emission may occur, but evidence seems to show that, if it 
Oes, it is a very slow process. 

Suppose now that we employ the two alternative arrangements 
f the matrix shown in Fig. 11. In (@) the matrix is limited 
trictly to the space between the inner faces of the two cores, and 
iis is the standard arrangement used throughout the present 
rork. If an electron current flows from X to Y, the ions will 
e pressed up against the inner face of Y and their only possible 
scape path is by thermionic emission in the direction of the 
Irows. 

In (4), each core is sprayed on all sides and in the finished 
evice each core is completely surrounded by oxide matrix. If 
n electron flow passes from X to Y the negative ions are first 
ressed against the anodic core face and then diffuse under a 
oncentration gradient round to the back of the core. The path 
f the diffusing ions is shown by the arrows. The ions pass 
apidly under electric force from leading to trailing section and 
», increases to a maximum value. As the concentration builds 
p the diffusive flow starts and the ions leak away to the ion sink 
n the outer face of Y. The result of this leak is to cause Rp to 
ecay slowly as shown by curve (6) of Fig. 10. 

The experiment brings out clearly the reluctance of the ions 
9 escape from the device at 550°K by thermionic emission, in 
varked contradistinction to their ease of movement within the 
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matrix itself. It might be supposed that the negative ions travel 
mainly over the surfaces of the solid particles rather than by a 
vacuum flight across the hollow pores. 
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Fig. 11.—Alternative arrangements of the barium-strontium-oxide 
matrix. 


(3.9) Movement of Negative Ions in a Temperature Gradient 


The direction of movement of the free negative ions in a 
matrix subjected to a temperature gradient can be easily demon- 
strated. A standard platinum-cored S-type assembly with 
double-oxide matrix is allowed to run at 1020°K with zero 
current for 100 hours to acquire its equilibrium concentration 
of free negative ions. With the tube still passing zero current 
and at a uniform temperature of 1020° K the power to the X-core 
heater (H, in Fig. 12) is switched off. The X-core thereupon 
cools and a temperature gradient of about 250° is set up. At 
this stage power to the Y-core heater, H>, is also switched off 
and the two cores cool under a constantly decreasing temperature 
gradient to room temperature. It now remains to discover the 
whereabouts of the free ions, and this is achieved in the following 
manner. Equal power is supplied to both heaters to raise the 
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Fig. 12.—Movement of negative ions in a temperature gradient. 
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matrix temperature to 450° K, where both mobility and diffusion 
are very slow. A potential of 0-50 V is applied across the device 
and an electron flow is set up in the direction XY. Potentio- 
metric measurements of Vp; and Vp, are then recorded and show 
that R,/R, = 15-6. In other words, the great bulk of the 
negative ions are close to the Y-core and have migrated to and 
settled in the hotter half of the matrix. 

It had, of course, been expected that the free ions would 
congregate in the cooler half and the opposite result calls for 
some explanation. This probably lies in the thermo-electric 
power action of the electrons during the cooling of the matrix 
under a temperature gradient. If the electrometer is placed 
across the cores during the cooling phase, a maximum potential 
of 0:72V is recorded with the hotter core, Y, at a positive 
potential with reference to the cooler core, X. This is simply 
a thermo-electric e.m.f. due to the movement of electrons, 
but the consequent electric field is of apparently sufficient 
magnitude and duration to drive almost all of the free negative 
ions to the positive or hotter core. 


(3.10) Physical Mechanism of the R,/R, > 1 State 


At 1020°K the congregation of negative ions in the trailing 
section is supposed to suppress the surface emission of electrons 
from the pore walls and to decrease the density of the pore 
electron cloud. Since the resistance of each section is a function 
of the electron-cloud density therein the condition R,/R, > 1 
obviously follows. Such matters were considered in Parts 2 and 5. 

This simple explanation of R,/R, action at 1020°K cannot be 
directly applied at 550°K, since vacuum conductivity has 
virtually ceased and solid conductivity is paramount. No 
difficulty need arise, however, for it was shown in Part 7 that a 
trace of oxygen admitted to an S-type assembly operating at 
420°K destroys the solid conductivity. It was further shown 
that this destructive action occurs even with the matrix operating 
at room temperature. Provided that the negative ions have 
adequate mobility, it follows that the R,/R; > 1 condition 
should be applicable to the solid state. 

One further point of interest arises from Part 7, where it was 
shown that the conductivity at 1020°K has a property akin to 
space-charge limitation. Thus conductivity at first increases 
rapidly as the concentration of alkaline-earth metal increases 
in the oxide matrix, but then slows down to a nearly constant 
value as donor concentration is further increased. Suppression 
of emission at 1020°K is therefore likely to be an insensitive 
process, since many donor centres must be extinguished for a 
small change in conductivity. This phenomenon may well 
explain the greater sensitivity of the R,/R,; > 1 technique when 
used in the solid rather than the vacuum phase. 


(3.11) First Hypothesis 


A first tentive hypothesis will now be set down in the following 
terms: 


A platinum-cored S-type assembly with barium-strontium-oxide 
matrix running with zero current at 1 020° K spontaneously generates 
oxygen in negative-ion form. These ions congregate in the hollow 
matrix pore system through which they move freely under electric 
force or concentration gradient. The concentration increases up 
to an equilibrium level which is indefinitely maintained. 


At present the hypothesis stands on the very tenuous evidence 
that the observer is unable to alter the equilibrium concentra- 
tion of free ions by any improvement in technological processing 
of the piece parts of the S-type assembly. This is slender ground 
for confidence, but a quick move will now be made to put the 
hypothesis on an aitogether sounder basis. 
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(4) BEHAVIOUR OF THE SINGLE-OXIDE SYSTEMS OF 
PLATINUM CORES | 


| 
(4.1) Comparative Behaviour of the Single-Oxide Systems 

The single-oxide systems of barium and strontium 
platinum-cored S-type assemblies are made up in precisely 
same way as the standard equimolar double-oxide syst 
Care is taken to ensure the maintenance of the standard 150 
thickness and the densities are kept at about 1-0, i.e. about o 
fifth of the volume of each type of matrix is occupied by so; 
matter. After removal from the pump both the barium- and 1 
strontium-oxide systems are given a 10min activation run w 
zero current at 1250°K in a manner similar to that descrit 
for the double-oxide system. 

A sample of each single-oxide system is now set up for a ze 
current run at 1020°K and both are measured at approprid 
intervals of time for the ratio R,/R, at 650°K. The reason 
the change from the usual 550°K will become apparent frg 
Section 4.2, but implies no significant alteration in testi 
method or principle. 

The behaviour of the barium-oxide system is at once rema: 
able and revealing in that it shows no separation of R, and K, 
the zero-time test in the 1020°K life run. In other words, ow 
the whole test period at 650°K, R, and R, remain the same, i 
R,]R, = Ls 

In marked contrast, the strontium-oxide system shows 
even larger resistance separation than a double-oxide syste 
and starts life with R,/R, = 3-3. Results of a typical test ev 
an extended zero-current run at 1020°K are shown in Fig. 3 
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Fig. 13.—R2/R, for single oxides on platinum cores plotted again; 
operating time at 1020°K. 


from which it will be seen that the strontium-oxide case st: 
life with a considerable free-ion concentration which incre 
in the first 100 hours to an equilibrium level. It behaves, , 
fact, in very similar fashion to the double-oxide case. 
barium-oxide system is entirely different, starting life with 
free-ion content and effectively acquiring none during 1 000 how 
of zero-load operation at 1020°K. 

A typical example of a test measurement at 650°K is sho 
in Fig. 14 as a continuous line. The test has been extended 
80min, in contrast to the usual 20-30 min for the double-oxi 
case at 550°K, and this point will be discussed in Section 
The lack of any free negative-ion content in the barium oxide 
clearly apparent. 

A number of firm conclusions can now be set out in t 
following terms: 

(a) The barium-oxide matrix on platinum at 1020°K is a sta’ 
system undergoing no dissociation into free ions. 


(6) The strontium-oxide matrix on platinum at 1020°K is 
unstable system spontaneously generating free negative ions. 


_ unstable system arising from the spontaneous dissociation of the 


_ strontium-oxide component accompanied b the appeara: 
‘negative ions. : : ee 


(d) The free negative ions are those of oxygen. 
(e) For every free negative ion of oxygen liberated into the 


_ hollow pore system, one 
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(c) The double-oxide matrix on platinum at 1020°K is an 


D x positive ion of stronium must be dissolved 
in the solid particle system. 

(f) The possibility of some undetected residual gas action causing 
the R2/R; > 1 phenomenon, as suggested in Section 3.11, is now 
Tigorously excluded by the R/R; = constant ~ 1 result for the 
barium-oxide case. 


oe ae x 


X00 ~ hee 


—t 
te) 20 40 60 80 
TIME, min 


Fig. 14.—Stability of R2/Ri at 650°K for single oxides. 
— On platinum. 
—--- On O-nickel. 
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Fig. 15.—Temperature dependence of mobility of negative ions on 
strontium oxide. 


(4.2) Mobility and Diffusion of the Free Negative Ion on 
Strontium Oxide 
For the double oxide at 550°K under a constant applied 
s0tential V, = 0:50 V the two resistances have separated from 
quality to the steady condition R,/Ry = 6 in about 30min. 
e-establishment of a uniform ion distribution by diffusion 
akes about the same time. 
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Mobility of the free negative ion on strontium oxide is much 
slower, and Fig. 15 shows that 550° K would be a quite impractic- 
able measuring temperature for R,/R;. It is for this reason that 
650° K has been chosen, and even here the test time must be 
extended to 90 min. For comparison of the barium and strontium 
oxide cases in Fig. 13 all R,/R, measurements were made with 
V4 =0-50V at 650°K with a test time of 90 min. 

Diffusion of the free ion under a concentration gradient in 
strontium oxide can be shown by the method of Section 3.6 to 
be very much slower than that in the double oxide. 


(4.3) Behaviour of the Barium-Oxide System under prolonged 
Current Loading 


Close scrutiny of Fig. 13 will show that R,/R, for barium 
oxide is almost constant at unity for the 1000 hour test run, but 
not absolutely so. There is therefore the probability of a free 
ion generation by barium oxide, but at incomparably slower rate 
than by strontium oxide. 

Suppose now that the barium-oxide system is given a current 
loading of 20mA at 1020°K for 100 hours. It was stated as a 
hypothesis in Part 8 that the electrons pass vacuum-wise through 
the matrix, making repeated inelastic collisions with the solid 
particles and so raising their temperature. Owing to their 
random arrangement, a few particles are raised to a temperature 
much higher than the ambient of 1020°K, and these tend to 
dissociate thermally. The negligibly slow dissociation rate of 
Fig. 13 may therefore be greatly accelerated by the passage of 
current. This proved in practice to be the case, and a load of 
20mA for 100 hours leaves the barium-oxide system with a 
measurable concentration of free negative ions. These ions show 
all the properties described in Section 3, except that the mobility 
on barium oxide is less than on the double oxide but greater than 
on strontium oxide, i.e. the order of increasing mobility is 


SrO < BaO < BaSrO 


If, after the generation of a free-ion concentration by current 
loading, the barium-oxide system is heated to 1250°K for 1 min, 
the free ions are driven out of the system into the surrounding 
vacuum. The system now reverts to the basically ion-free state 
shown in Fig. 13. For the remainder of the present Part it will 
suffice to consider barium oxide as essentially stable in compari- 
son with strontium oxide, which is essentially unstable. 


(4.4) Second Hypothesis 


The first hypothesis set out in Section 3.12 can now be rewritten 
in more definite form: 

A platinum-cored S-type assembly with barium-strontium-oxide 
matrix running with zero current at 1020°K generates oxygen in 
negative-ion form. These oxygen ions arise from a spontaneous 
dissociation of the strontium-oxide component of the matrix. 

A question which arises at this stage concerns the nature of 
the dissociation of the strontium oxide. Is it a spontaneous 
thermal dissociation or is it associated in some way with 
the platinum cores of the assembly? It will be recalled that 
strontium metal is readily soluble in platinum at 1020°K and 
the dissociation might conceivably be associated with this 
property at the platinum/strontium-oxide interface. This 
question will be answered in the next Section. 


(5) BEHAVIOUR OF SINGLE-OXIDE SYSTEMS ON 
NICKEL CORES 


(5.1) Comparative Behaviour of Single-Oxide Systems 


The standard S-type assembly with nickel cores is made up in 
exactly the same form as the platinum-cored assemblies used in 
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Sections 4 and 5. The only point calling for comment concerns 
the nature of the core metals and the probe wire. Two kinds of 
core metal were used—active O-nickel containing small amounts 
of magnesium and silicon,* and a very pure nickel containing 
4% tungsten. The first variant is a chemically active one and 
the second can be regarded as very mildly active. In both cases 
the 1-mil probe wire was of pure nickel. 

The valves were processed in the same way as the platinum 
systems and given an initial zero-current activation run at 
1250°K for 10min. Thereafter both types were set up for life 
test with zero current at 1020°K and removed from time to 
time for measurement of the R,/R, ratio at 650°K. A typical 
set of measurements at the 100-hour test point is set out as the 
broken lines in Fig. 14. 

The results are exactly comparable with those obtained with 
platinum cores. With a barium-oxide matrix R,/R, remains at 
about unity, and with strontium oxide R,/R, increases from 
unity to 4-3 in the 80 min test. 

Another case with O-nickel cores is set out in Fig. 16 and 
shows both systems at 650° K tested for 30 min in each direction 
in turn. The barium-oxide case is typical in that it is constant 
but rather greater than unity in one direction and constant but 
rather less than unity in the other. The strontium-oxide case is 
an obvious time-dependent function in both directions. 

Work on cores of 4°% tungsten-nickel gave similar results. 
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Fig. 16.—R>/R; for active-nickel-cored S-type assemblies in forward 
and reverse directions. 


—— Barium oxide. 
—-—-— Strontium oxide. 


(5.2) Third Hypothesis 


The results obtained on nickel-core systems show clearly that 
the dissociation of the strontium-oxide molecule is independent 
of the type of core metal employed. It is therefore concluded 
that the dissociative action is purely thermal. 

The hypothesis in Section 4.4 can thus be simplified into the 
following terms, which omit any reference to the nature of the 
core metal: 

A barium-strontium-oxide matrix running with zero current at 

1 020° K generates oxygen in negative-ion form. These oxygen ions 


arise from a spontaneous thermal dissociation of the strontium- 
oxide component of the matrix. 


(6) WORKING MODEL OF THE DISSOCIATION PROCESS 


It has been observed that the concentration of free negative 
ions in a platinum-cored barium-strontium-oxide system at 
1020° K rises to an equilibrium level which is apparently main- 
tained unchanged over 1000 hours or more. An attempt will 
now be made to develop a working model which will explain 
this equilibrium concentration. The model will then be further 

* The British Valve Manufacturers’ Association’s specification for O-nickel limits 


magnesium to 0:05-0:10% and silicon to a maximum of 0:05 %. 
Typical concentrations are 0-:07% and 0:03 % respectively. 
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developed to predict the effect of changing the chemical chat 
acteristics of the core metals. 


(6.1) Equilibrium Pressure in a Closed System 


Consider a barium-strontium-oxide matrix at 1020°K of t 
usual density and completely filling a closed box whose wal 
are neutral to both oxygen and strontium ions. | 

It will be assumed that at zero time the matrix is ae 
metric and the hollow pores are devoid of free ions. Our objec 
is to determine the increase of gas content of the pores as 
function of time. The closed system is represented diagram 
matically in Fig. 17(a). 


SS | 


Fig. 17.—Various matrix arrangements. 


(a) Closed system, 
(b) Closed system with strontium injection. 
(c) Open system. 


The strontium-oxide component of the matrix is subject t 
thermal dissociation. The energy of the molecules follows 
Maxwellian probability distribution and the rate of dissociatior 
n, will therefore be proportional to the total number of strontium 
oxide molecules in the system. The number of free negativ 
ions of oxygen liberated into the hollow pores in time ¢ is therefen 
nt. This rate of liberation is shown in Fig. 18(a) as the straigh 
broken line of slope x. 

As the number of free ions of both types increases, they begi; 
to encounter each other during their diffusive travels and t 
recombine. The probability of such recombination increase 
in proportion to the number of ions present, and we have therefon 
superimposed on a constant and unchanging dissociation rat¢ 
n, a time-dependent recombination rate, g,, where 


Gd: = KN, 


where & is a constant of proportionality and N, is the number 
free oxygen ions present in the pores at time ¢. 

The recombination rate increases with time but canne 
exceed in magnitude the constant dissociation rate n. Tt 
system therefore moves to an equilibrium condition where? 
Je =n. The total free-ion concentration, N,, of the matri 
therefore takes the shape of the solid line in Fig. 18(a), levelli 
out at an equilibrium value N,. 

Since N, is the number of free oxygen ions present in th 
hollow pores at time f, the total gain of ions in time df is dN,, a 


dN, = ndt — kN,dt 
dN, 


aaa =e 
or di + kN, =n 


The solution of this first-order differential equation is 
N, = Ae~*t + nfk 


At t = Oand N, = 0, A = —n/k 
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N, =7(l = eke) 


nd N, = nfk 

| The concentration of oxygen ions in the system is therefore 
directly | proportional to the dissociation rate and inversely 
‘roportional to the recombination rate. At any one temperature 
he dissociation rate, n, is inalterably fixed by the total number 
of strontium-oxide molecules in the system, but practical means 
me available for altering the recombination rate, g, The 
ffects of such an alteration are shown in Fig. 18(5). 


TIME 


Fig. 18.—Characteristics of N/t in a closed system. 


(6.2) Injection of Barium or Strontium Ions 


Suppose now that we elaborate the simple closed-box system 
' Fig. 17(a@) to the closed system (4), which has the ability to 
ject ions of barium or strontium metal. As the concentration 
* alkaline-earth metal increases in the matrix the migrating 
<ygen ions will find their partners more easily, the recombina- 
yn rate increases and the oxygen concentration, N,, falls. When 
e injection of metal ceases, a new and lower equilibrium level, 
is established. If, however, the injection process is taken 
r enough, the oxygen concentration becomes vanishingly small, 
though the rate of oxygen generation, n, remains unaltered. 

The thermionic activity of the matrix measured by its con- 
ntration of excess alkaline-earth metal is therefore an inverse 
nection of the free oxygen-ion equilibrium concentration, N,. 
other words, although n oxygen ions are generated per second 
espective of the activity state of the matrix, their lifetime is 
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intimately connected with the activity state. In a highly active 
matrix the lifetime is short and in an inactive matrix it is long. 

Suppose now we apply an electric field across a barium- 
Strontium-oxide system at 1020°K. The free oxygen ions 
possessing mobility tend to drift into the trailing section and 
develop the condition R,/R; > 1. The time taken to make the 
journey from leading to trailing section is appreciable, and the 
lifetime of an oxygen ion must be greater than this if the journey 
is to be successfully completed. If the ion lifetime is much smaller 
than the essential travel time, there will be no arrivals and the 
condition of the matrix will remain that of R,/R,; =1. A 
sufficiently active matrix should therefore hold the condition 
R,/R, = 1 despite the fact that oxygen-ion generation is continu- 
ing at an unchanging rate, n. In short, if the oxygen-ion lifetime 
is sufficiently small, the matrix should exhibit the ‘gas-free’ con- 
dition R,/R, = 1. The term ‘gas-free’ is therefore a misnomer. 

Methods of injecting barium and strontium ions into the matrix 
will be examined in Section 7. 


(6.3) Oxygen Ion Loss from an Open System 


Suppose the closed double-oxide system in Fig. 17(a) is run at 
1020°K to reach its equilibrium oxygen concentration, N,. In 
each of the hollow pores there will exist a gaseous pressure, P,, 
with the oxygen ions distributing themselves partly within the 
vacuum and partly on the solid particle walls. The fraction, 0, 
of the particle walls covered with adsorbed oxygen ions might be 
imagined to follow Langmuir’s isotherm, 

ieee es 
ise ae, 
where a is a term involving temperature, here regarded as 
constant. 

If the closed box is itself enveloped in a vacuum and its 
narrow sides are removed, as in Fig. 17(c), the following action 
wil occur. The edge-wise pores are now exposed to a vacuum 
and P, falls to zero. The ion coverage, 0, of these particular 
pores likewise tends to zero, thereby creating a concentration 
gradient and a diffusive flow of ions from the interior. The 
system therefore leaks oxygen ions into the surrounding vacuum, 
and this action is equivalent to an increase in the recombination 
rate q,. 

The rate of ion leakage is quite unknown, of course, but it may 
be very slow. At a vacuum boundary the oxide surface is 
covered by a space-charge cloud of electrons, and this will tend 
to hinder the escape of the negative ions. A further inhibiting 
action will be the image force set up by an ion as it leaves the 
surface. 


(7) ACHIEVEMENT OF THE R)2/R; = 1 CONDITION IN 
BARIUM-STRONTIUM-OXIDE SYSTEMS 


(7.1) Active-Nickel-Core System 


The obvious way of injecting barium or strontium ions into 
the system is to use an active-nickel core metal containing some 
such reducing agent as magnesium, i.e. 


Mg + XO —> MgO + X 


where X is barium or strontium. 

Fig. 19 shows a typical life-test characteristic at 1020°K of a 
standard double oxide S-type assembly with O-nickel cores. 
Initially the R>/R, ratio is large but it. decreases steadily to a 
value approaching unity after a few hundred hours. At the end 
of this 600-hour activating run the tube was kept on life test at 
1020° K with zero current for 1000 hours. During this period 
R,/R, was measured periodically at 550°K. The ratio remained 
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constant and the resistances at 550°K showed no separation. 
In other words, the assembly has achieved a high state of activa- 
tion wherein the recombination rate g, is too great to permit 
movement of negative ions from leading to trailing section. 
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Fig. 19.—Characteristics of R/t for an active nickel core S-type 
assembly. 


The cause* of the R,/R, > 1 state during the first 100 hours or 
so of Fig. 19 is obviously the thermal dissociation of the 
strontium-oxide component in a matrix of low initial activity 
and a consequent low recombination rate q,. 


(7.2) Platinum-Core System 


The active-nickel-cored double-oxide system achieves the 
R,/R; = 1 state by virtue of its chemical ability to generate free 
alkaline-earth metal at 1020°K. The equivalent platinum-cored 
system possesses no such ability, but it has one interesting 
physical property which does, in fact, enable it to achieve the 
R,/R, —aestate, 

Suppose a standard S-type assembly with a double-oxide 
matrix is heated for a short time at 1450°K. At this relatively 
high temperature the rate of dissociation of the strontium oxide 
is high. The free oxygen ions leak rapidly from the system into 
the surrounding vacuum, as described in Section 6.4, and the 
strontium metal ions dissolve in the matrix. As the concentra- 
tion of Sr++ in the matrix increases, the metal commences to 
flow towards the platinum cores and a solid solution of strontium 
builds up in the platinum. The concentration of this solid solu- 
tion increases with the time of action. If the system is now set at 
the usuai 1020°K, there occurs a back diffusion of strontium 
metal from its solid solution in the core into the oxide matrix. 
We have, in fact, built a strontium-metal generator into the 
platinum system and this produces an effect similar to that of an 
active nickel core. 

The whole action is demonstrated in the following way. A 
standard barium-strontium-oxide assembly with platinum cores 
and probe wire is heated with zero current flowing at 1450°K 
for 1 min. The system is then run for 20 hours with zero current 
at 1020°K to permit the free-ion build-up from the dissociation 
of strontium oxide, and R,/R, is measured at 550° K in the usual 
manner. This sequence of operations is then repeated until 
R,/R, has been measured over a total range of time, t.o,, of 
operation at 1450°K; ¢,,, = 12min is adequate to bring the 
ratio to a constant value. 

* In Part 2 of the paper this initial fall of R; was thought to be due to the gradual 
remoyal of a residual gas (carbon monoxide) by getter action. The presence of the 
residual gas was considered due to inadequate technical processing of the S-type 


assembly. The constancy of R2/R; at unity for barium-oxide systems throu 
life has now shown the earlier view to be false. x Sos 
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Fig. 20 shows R; and R», measured after the standard 30 
operation at 550°K, plotted against units of 1 min of time f¢ 
at 1450°K. It will be clear that the more significant paramet 
R, decreases steadily until it coincides with R, after t,4, = 10m 
The changes of R, under the constant potential V4 = 0-5V fe 
the 30 min of the assessment test at 550° K are shown in Fig. 21) 
After about 9min of the high-temperature treatment R, 
virtually constant and coincident with R, over the whole 30m 
of the test. 
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Fig. 20.—Characteristics of R; and R2 against cumulative conditioni: 
time, teon at 550°K. 
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Fig. 21.—Characteristics of R2 at 550°K. 
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Fig. 22.—Stability of R2/R; for S-type assembly with strontium 
dissolved in the platinum cores. 


sae assembly is operated at 1020°K with zero current, and R2/R, is measured a 
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After attainment of the R,/R, = 1 state, the assembly was run 

t 1020°K with zero current for a test period of 400 hours. 
eriodical measurements of R,/R,; were made at 550°K (see 
ig. 22). It is apparent that the strontium-in-platinum cores are 
sting as effective strontium generators over a long period of 
me and the system is behaving in identical fashion to one with 
ctive nickel cores. 


(8) CONCLUSIONS 
The following conclusions can now be drawn from the work: 


(a) A barium-strontium-oxide matrix operating at 1020°K 
jith zero current passing is subject to thermal dissociation 
volving negative ions of oxygen at a constant and inalterable 
ate 11. 

(6) The component of the matrix subject to thermal dissocia- 
ion is strontium oxide. By comparison the barium oxide is 
ssentially stable and contributes only a negligible fraction of 
he free oxygen ions. 

(c). Positive ions of strontium metal are generated at a constant 
nd inalterable rate n. 
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(d) The free oxygen ions remain in the hollow matrix pores 
where they move easily under electric force or concentration 
gradient. 

(e) Recombination of the oxygen and strontium ions occurs at 
an increasing rate g, until the system comes into equilibrium, 
when g, = n. 

(f) The equilibrium concentration, N,, of free oxygen ions 
in the pores of the matrix is proportional to the dissociation rate 
and inversely proportional to the recombination rate. 

(g) The recombination rate qg, increases in proportion to the 
n-type activity of the matrix, i.e. to its total concentration of 
alkaline-earth metals. 

(h) In a thermally-activated barium-strontium-oxide matrix 
the donor is almost wholly strontium metal. 
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SUMMARY 


The three common alkaline-earth oxides are examined for thermal 
stability at 1200°C. In an experimental arrangement involving a 
massive evaporation from a platinum substrate it is shown that barium 
oxide is removed in the form of unchanged molecules while strontium 
and calcium oxides leave the substrate in elemental form as metal and 
oxygen. It is concluded that the dissociation is a thermal one and not 
concerned with the nature of the substrate. 


(1) INTRODUCTION 


It was shown in Part 10 that the standard S-type assembly 
with platinum cores tends to accumulate free negative ions 
within the hollow pores of the matrix. This growth of pore gas 
pressure was traced to a thermal dissociation of the strontium- 
oxide component, although the barium-oxide component was 
found to be essentially stable. The supporting evidence was 
based wholly on the resistive effects produced by moving the ion 
cloud in the matrix under an electric field. It is proposed here 
to examine the relative thermal stability of the two oxides by a 
method using a more direct experimental approach. The main 
conclusions of the previous Part are amply confirmed. 


(2) EXPERIMENTAL ARRANGEMENTS 


The experimental valve used is shown in Fig. 1. A rect- 
angular-box core A, of pure platinum and fitted internally 
with an insulated heater, is fixed by metal supports in an 
evacuated glass envelope. The core has the same dimensions 
as that used in the standard S-type assembly; one side of it is 
covered with alkaline-earth oxide, and to the other, uncoated, 
side is welded a thermocouple, T,;T,. Opposite the oxide coat- 
ing of the core is a small lead-glass cylinder with nickel-iron 
wires fused to its extremities, which are coated with graphite to 
ensure good contact between the connecting wires and the 
sides. One electrode of the cylinder is led out of the envelope 
by way of a top-cap seal and the other by way of the pinch at 
the bottom of the assembly. Both pinch and envelope are of 
lead glass. Barium-metal getters are fitted in the recess of the 
pinch. 

The core is sprayed in the usual way with alkaline-earth 
carbonate using a poly-n-butyl methacrylate binder. After 
assembly, the valve is mounted on a bench pump and its 
pressure reduced to 10~-° torr. The envelope is then baked at 
400° C for 1 hour and allowed to cool. Power is finally applied 
to the core heater to decompose the carbonate at about 1000°C 
and the temperature is reduced to 700°C when the pressure has 
fallen to 5 x 10-® torr. The getters are then flashed and the 
tube is sealed off from the pump. 


_ The paper is a continuation of Monographs Nos. 221 R and 243 E, published 
in February and June, 1957 (see 104 C, pp. 316 and 496), Nos. 268 R, 269 R and 
289 R, published in December, 1957, and February, 1958 (see 105 C, pp. 183, 189 
and 374), No. 317 R, published in November, 1958 (see 106 C, p. 55), Nos. 347 E 
and 357 E, published in October, 1959, and February, 1960 (see 107 C, pp. 91 and 
158), No. 397 E, published in September, 1960 (see 108 C, p. 83) and No. 443E 
published in May, 1961 (see p. 438). y 

Correspondence on Monographs is invited for consideration with a view to 
publication. 

Dr. Metson and Mr. Batey are at the Post Office Research Station. 
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Fig. 1.—Layout of experimental valve. 


The manner of electrical operation is shown in Fig. 2. Tr 
glass cylinder, of resistance R, is arranged in series with a 1 M& 
resistor and an accurate potential of 1-00 V is maintained acro 
them. This potential is observed by a multi-range vibrating 
capacitor electrometer measuring from 0-1 to 1000mV. Wit 
the overall voltage constant at 1 V, the potential, v, across tt 
resistor is measured as a function of core testing time. Thi 


Fig. 2.—Electrical circuit. 


when R > 1 MQ, v is zero and, when R < 1MQ, v approach 
its maximum value of 1000mV. In other words, v is a co 
venient measure of the electrical conductivity of the glass cylinde 
The actual conductivity of the cylinder can be readily compute¢ 
from v but is of little practical importance. After pump proces: 
ing the valve is ready for testing and in all cases has a resistance 
R, greater than 1000 MQ. 

The conduct of the experiment is simple. Power is applid 
to the core heater until the core temperature has reached a pr 
determined value, T degrees Celsius as indicated by the therm: 
couple. This temperature is accurately maintained througho 
the test run, which may last several hundred hours. During th 
period the following observations are made: 

(a) The visual appearance of the evaporated films on the gla 


cylinder and on the walls of the envelope is noted, with the ai 
the ‘shadow’ cast by the cylinder on the envelope. i z 


fe 
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(6) The value of the potential, v, is observed. 


(c) The heater power required to maintai 
n th : 
_ ‘stant temperature T is measured. DisPTS ab the, con 


(d) The ‘cold’ resistance of the heater is recorded, 

Core temperatures of 1100 and 1200°C were found to be 
convenient. A preliminary experiment conducted with a pure 
platinum core with no oxide coating confirmed the calculated 
prediction that evaporation of platinum would have no measur- 
able effect on the resistance of the cylinder under the conditions 
of the experiments. 

The cold resistance of the insulated tungsten heater showed no 


Significant change in any experiment and will receive little further 
attention. 


(3) EXPERIMENTAL RESULTS 
(3.1) Barium-Strontium Oxide 


The barium-strontium oxide is arranged to be 150 pum thick 
with a specific density of 0-7. It is derived from the usual 
co-precipitated equimolar carbonates. 

In the first experiment the core is maintained at a constant 
temperature of 1100°C, while v is observed over a period of 
500 hours. The result (Fig. 3) shows a slow and irregular 
increase in conductivity over the first 250 hours followed by a 
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Fig. 3.—Characteristic of v/time for barium-strontium oxide at 
1 100° 


rapid increase up to a steady high level approaching the maximum 
possible value, v = 1000mV. During the whole of this con- 
stant-temperature run the core heater power shows a slow but 
significant increase, although the cold resistance of the insulated 
tungsten heater remains substantially constant. 

At zero time the glass envelope opposite the hot oxide is quite 
clear and shows no trace of evaporated film. After about 
100 hours, however, a film is clearly visible in the form of con- 
centrically arranged bands of colour (Newton’s rings). At this 
stage the film, although exhibiting clear colour bands, is quite 
transparent. With time, the bands become more pronounced 
until at about 250 hours they begin to lose their clear trans- 
parency and become increasingly grey. This trend quickens 
after the steep rise of conductivity at 250 hours until the film 


approaches a state which might be described as black. The 
density of this black film may be sufficiently great to obscure the 
interior of the tube. If the tube is opened to the atmosphere 
the black film disappears instantly, leaving a white film of vary- 
ing opacity. The conductivity of the cylinder also falls to zero. 

The results of a similar experiment carried out at T = 1200°C 
are shown in Fig. 4. All the same qualitative features are 
observed, although the irregular plateau before the steep rise of v 
is much more pronounced. 
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Fig. 4.—Characteristic of v/time for barium-strontium oxide at 
1 200°C. 


(3.2) Barium Oxide 


The barium oxide is arranged to have a thickness of 150um 
with a specific gravity of 0-7 and is derived from analytically 
pure barium carbonate. Two experiments were undertaken: at 
1100°C for 500 hours and at 1 200°C for 200 hours. Qualita- 
tively identical results, differing only in the time scale, were 
obtained for both runs. 

At 1200°C the initial resistance of the glass cylinder was 
greater than 1000 MQ and it showed no measurable change in 
200 hours. Similarly the core-heater power showed no sig- 
nificant change during the test run, in marked contrast to the 
double-oxide case. 

The circumstances of the film growth on the glass envelope are 
significant in that the strongly demarked Newtonian colour rings 
remained quite transparent and unchanged after the first 10 
hours of the whole run, and no sign of grey deposit appeared 
during the experiment. 

Observation of the platinum core itself showed that after the 
first 10 hours the whole of the barium oxide had evaporated 
leaving the platinum surface quite clean. (This differs from the 
double-oxide case, where some oxide coating remained at the 
end of the experiment.) The test was continued for a further 
190 hours to prove that platinum evaporation had no measurable 
effect on v—a result which is used in the next Section. 


(3.3) Strontium Oxide 


The strontium-oxide layer was 180m thick, with a specific 
gravity of 0-7, but thinner coatings have been used and will be 
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mentioned in the text. The temperature of the tests has been 
limited to 1 200°C. 

Typical results for two thicknesses of strontium oxide are 
shown in Fig. 5 with one for barium oxide for reference purposes. 
Extension of these characteristics to 200 hours shows no 
measurable change from those noted at 100 hours. In marked 
contradistinction to the barium-oxide case, the value of v for the 
strontium-oxide system rises in a smooth regular curve from 
zero to the maximum value, v ~ 1000mV. There is, moreover, 
no plateau effect, such as occurs in the double-oxide case. Much 
of the oxide still remained on the platinum core at the end of the 
experiment. 

The influence of spray thickness was investigated and it was 
found that the rate of rise of v to its maximum value increased 


with decrease of thickness. (See Fig. 5.) 
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Fig. 5.—Characteristic of v/time for strontium oxide and barium oxide 
at 1200°C. 


The circumstances of visible film growth on the glass envelope 
were particularly interesting in the case of strontium oxide. 
Careful observation revealed no trace of the coloured New- 
tonian rings. The shadow edge on the glass envelope behind 
the glass cylinder was a uniform grey when it first became 
visible, and the only change with time was a steady increase in 
density. Films of almost black opacity were obtained. On 
opening the envelope to the atmosphere such films instantly 
turned white. 


(3.4) Mechanism of the Strontium-Oxide Dissociation 


If two systems of barium oxide and strontium oxide respec- 
tively are run at 1200°C and the core heater powers are 
measured as functions of time, it is found that the heater power 
required for the barium oxide falls slightly as the oxide evapo- 
rates from the core and then remains substantially constant. In 
the strontium-oxide case, however, the required core-heater 
power rises sharply to a maximum value, where it remains 
roughly constant for a time which is dependent on the thickness 
of the coating. If the strontium-oxide coating is sufficiently 
thin this maximum is soon passed and the heater power declines 
slowly to a value rather lower than the initial value. A com- 
parative example of two thin coatings of about 5 zm thickness is 
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shown in Fig. 6 for a run of 100 hours at 1 200°C. Fora thicke gl 
coating (e.g. 180 um), the heater power required for strontiumr 
oxide rises to a higher value and then remains substantially con- 
stant for 200 hours or more. 
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Fig. 6.—Characteristic of heater power/time for barium-oxide and: 
strontium-oxide systems maintained at 1 200°C. 
Initial thickness is about 5 um. 
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The experimental process can now be taken a step further. 
Two systems with 150m thick coatings are run for 100 hours 
at 1200°C. Both envelopes are then cracked open and the 
platinum cores recovered. The barium oxide has evaporated 
from its core, which is bright and shining with the platinum 
crystal boundaries clearly defined. The other core, still covered: 
with the more involatile strontium oxide, is cleaned with dilute 
acid, thoroughly washed and dried for microscopic examination. 
That part of the core previously covered by strontium oxide is 
seen to be deeply etched, of a dull matt grey colour, and showing 
no sign of the platinum crystal boundaries. The reclaimed core; 
is now fitted with a new heater, remounted in the standard 
assembly shown in Fig. 1, and run at 1200°C for 100 hours. | 
The observed relationship, v/time (Fig. 7), shows that the 
measurable conductivity of the test cylinder has risen from zero) 
to a maximum. At the same time, the glass envelope hass 
been coated with a dense black deposit. At zero time the? 
core-heater power was 9-6W and this has decayed only to 
9-0W after 100 hours; thus the thermal emissivity of the core? 
is still high and the strontium reservoir is not yet exhausted. 

Assuming that the matt-grey core surface is an alloy of plati-- 
num and strontium metal, the experiment proves: 


(a) That after thermal dissociation the oxygen element is the firstt 
to leave the system, followed later by the strontium element. 
(b) That the increase in core-heater power required to maintain) 

a constant core temperature is due to the high thermal emissivity of 

the platinum-strontium alloy. 

The reclaimed core, which had originally been coated with 
barium oxide, showed no evidence of the evaporation of any; 
dissolved barium metal. 

Both barium and strontium dissolve readily in platinum at: 
red heat, and the constancy of the core-heater power and 
absence of dissolved barium in the barium-oxide case are strong? 
evidence in support of the thermal stability of barium oxide. 


(3.5) Nature of the Films 


Some information concerning the nature of the films can 
be obtained from their temperature characteristics. In the: 
strontium-oxide cases shown in Fig. 5 and the special case in 
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Fig. 7.—Evaporation of strontium metal from a reclaimed platinum 
core at 1 200°C. 


Fig. 7 the films have virtually no temperature dependence and 
are represented by the upper characteristic in Fig. 8. The data 
have been presented in the conventional form of a plot of the 
logarithm of the conductivity against the reciprocal of the 
glass-cylinder temperature. The latter is measured by a thermo- 
couple fixed to the cylinder which receives its heat by radiation 
from the heated platinum core. 

The double-oxide case has been measured in the plateau 
condition shown in Fig. 4 after 30 hours’ running, and its 
characteristic is shown in the lower half of Fig. 8. Clearly the 
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characteristic is that of a semiconductor and must be interpreted 
as that of barium oxide activated by strontium metal. As the 
evaporation proceeds for 80 hours or more, a layer of metallic 
strontium overlays the activated barium oxide and the con- 
ductivity/temperature characteristic gradually levels off to 
approach the ‘metal’ form of the upper graph. 

The pure barium-oxide case has not been examined, since the 
conductivity is always too small to measure with the available 
apparatus. It probably evaporates and condenses in something 
approaching stoichiometric form. 


(3.6) Calcium Oxide 


So far it has become clear that barium oxide evaporates as a 
molecule from a platinum substrate while strontium oxide 
dissociates with a loss of oxygen to the surrounding vacuum 
and a storage of strontium metal as a solution in the platinum 
core. This confirms the findings of Part 10, where it was further 
shown that the initial dissociation is a thermal phenomenon and 
independent of the nature of the core metal. The two oxides 
have therefore a marked difference in thermal stability. The 
two metals belong to Group 2 of the periodic system and it might 
therefore be predicted that calcium oxide would be unstable, like 
strontium oxide. For this reason it was decided to include 
calcium oxide in the experimental sequence and the result is 
shown in Fig. 9. It can be seen that the variation of v with time 
at 1200°C is similar to that of strontium oxide. The growth of 
v is, moreover, accompanied by the formation of a black film 
of calcium metal, by an absence of Newtonian colour bands, and 
by a steady rise of the power required to maintain a constant core 
temperature. In short, the qualitative behaviour of calcium 
oxide is identical with that of strontium oxide. 
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Fig. 9.—Characteristic of v/time for calcium oxide at 1 200°C. 


(3.7) Previous Work 


The products of evaporation from the oxide cathode have 
been examined by three different workers!»*»3 using the mass- 
spectrometer. The most recent and systematic contribution is 
from Pelchowitch,? who finds that barium oxide evaporates in 
the unchanged molecular form. Using platinum as a substrate 
in the temperature range 1400-1500°C, Pelchowitch further 
observes the evolution of strontium metal, oxygen and strontium- 
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oxide molecules from a strontium-oxide matrix. Analogous 
results are obtained with calcium oxide. Work on a nickel 
substrate in a mass-spectrometer is difficult because of the 
relatively high evaporation rate of nickel. 


(4) CONCLUSION 


From the negative-ion movements in platinum- and nickel- 
cored S-type assemblies recorded in Part 10, from the direct 
macroscopic observations of the present Part and from the 
mass-spectrometric measurements of previous workers, the 
following conclusion can now be confidently written: 


It is a fundamental property of the common barium-strontium- 
oxide cathode operating at 1 000° K that it maintains an atmosphere 
of free negative ions of oxygen within its hollow pore system. 

» These ions arise from the thermal dissociation of the strontium- 
oxide component and are generated at a constant rate throughout 
the life of the cathode. The concentration of free ions in the pore 
system rises to an equilibrium level where the constant rate of 
dissociation is balanced by an equal rate of recombination. 


A corollary of the conclusion is that a barium-strontium-oxide 
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cathode has an inherent tendency towards self-activation unde 
any operating condition favouring the escape of the free oxygen 
ion. | 
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SUMMARY 


;im common use. The equations of each system differ by constants 
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involving 47 and (approximately) 3 x 1010, Although this is well 
sunderstood and accepted, difficulties sometimes arise when a com- 
\Parison is made between the units or quantities of different systems. 
The paper endeavours to show that these difficulties are largely 
semantic, and that they can be overcome with ‘transitional electrical 
units’ by converting a given unit into its transitional counterpart, and 
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| 
thence into the unit of the desired system. 


LIST OF PRINCIPAL SYMBOLS 
D = Electric displacement. 


_B = Magnetic induction. 


H 
i 
} 
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} 
{ 
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_E = Electric field strength. 


H = Magnetic field strength. 


| p= Charge density. 


J = Current density. 


# — Force. 

| O = Charge. 

' S= Constant of proportionality, later associated with solid 
angle. 

‘U= Constant of proportionality, later associated with plane 
angle. 


_y = Dimensionless constant numerically equal to the velocity 


of light expressed in centimetres per second. (The 


symbol c is reserved for the velocity of light, and has 
dimensions LT—!.) 


(1) INTRODUCTION 


The electromagnetic equations of the six metric systems in 
common use differ by two constants of proportionality, namely 
4m and (approximately) 3 x 10!°. Asa result, difficulties some- 
times arise when comparing the quantities of different systems, 
which are often measured in units having the same name but 
different magnitudes. This is a semantic problem, which can 
be overcome by suitable choice of terminology. The purpose 
of the paper is to show that this can be done rigorously and 
that a consistent system of ‘transitional electrical units’ can be 
set up. Difficulties of conversion between either quantities or 
equations expressed in different systems can be overcome by 
converting a given quantity or equation into its transitional 
counterpart and thence into that of the desired system. The 
full transitional name or equation need be retained only when a 
comparison between different systems is contemplated. 

The electric and magnetic field quantities may be defined by 


Maxwell’s equations, which can be written in generalized form! 
div D = Sp (1) 

div B=0 (2) 

U-' curl E= —B (3) 

U-' curl H = SJ +D (4) 
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and one force equation such as 
EQ=F (5) 


By assigning the appropriate numerical values to S and U, the 
systems shown in Table 1 are obtained. 


Table 1 


NUMERICAL VALUES OF S AND U 


M.K.S. rationalized 
M.K.S. unrationalized 


€.S.U. 

é.m.u. 

Gaussian a 
Heaviside—Lorentz 


where y is a dimensionless number, approximately equal to 
3 x 1010, 


(2) FUNDAMENTAL AND DERIVED QUANTITIES 


Every physical quantity has to be defined by one of two 
alternative methods, namely (a) in terms of an arbitrary unit 
by direct comparison, or (5) in terms of other quantities by some 
arbitrary process. If the former, it is referred to as a funda- 
mental (or primary) quantity; if the latter, as a derived (or 
secondary) quantity.2 For a derived quantity the definition 
takes the form of an equation, and involves an arbitrary con- 
stant of proportionality. It is largely a matter of choice whether 
we decide to take a given physical quantity as fundamental or 
derived. However, there is a minimum number of fundamental 
quantities required. In mechanics there are three, in electro- 
magnetism there is also a fourth. 

The unit of a derived quantity changes whenever we change 
the units of the fundamental quantities on which it depends 
through its defining equation, and whenever we change the 
constant of proportionality in that equation. 

The equations do not change with the fundamental units, but 
only with the constants of proportionality. 


(3) PRIMARY AND SECONDARY DIMENSIONS 


With any electrical quantity there are associated four primary 
dimensions, which will be taken* as force, F, length, L, time, T, 
and charge, Q. These dimensions are assigned to a quantity 
through its defining equation. The process may be summarized 
as follows. Strip the defining equation of its constant of pro- 
portionality and all operator symbols (such as differential or 
integral operators), leaving only the symbols F, L, T and Q. 
If necessary, first reduce all previously defined derived quantities 
to their primary dimensions in F, L, T and Q. This turns the 
defining equation into the dimensional formula of the quantity 

* Force rather than mass is chosen for convenience in dimensionless computations. 
Charge rather than uo or € is chosen for the electrical dimension to avoid fractional 
indices. Current IJ was adopted as the fourth fundamental quantity by the Tenth 


General Conference of Weights and Measures, 1954. If this is used in place of 
charge Q, replace [Q] by [IT]. 
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defined. It tells how the unit of the derived quantity changes 
when the units of the fundamental quantities are changed. 

In the process of obtaining the dimensional formula, the 
information carried by the constant of proportionality in the 
defining equation has been lost. For most equations and in 
most systems this constant is unity, and the information is of 
no consequence. Sometimes, however, this information is 
worth preserving. 

Consider, for instance, eqn. (1), which defines electric 
displacement D. When div is replaced by its dimensional value, 
and § is dropped, it gives the dimensional formula of D as 


(PGE 40 ee ee ee eG) 
Suppose, however, that S had been left in, so that 
[D] = [L=20'S] eRe Oe. Serers (7) 


where [S] is kept as a fifth dimension. We shall speak of [S] 
as a secondary dimension, to distinguish it from the minimum 
number of (four) primary dimensions. Its usefulness lies in the 
possibility of treating a change of equations as a change of units, 
since the generalized equations remain the same. 


(4) ANGLE DIMENSIONS 


Since [S] appears in the dimensional formula for D, it will 
appear also in the dimensional formula of any quantity (such 
as €g) involving D in its definition. S also appears in eqn. (4) 
which defines H, and will therefore appear in the dimensional 
formula of H and any quantity (such as wave impedance) 
derived from H. 

Similarly [U] appears in the dimensional formulae of B and H, 
and any quantities derived from them. 

The introduction of the secondary dimensions [S] and [U] to 
correspond to the constants of proportionality in Maxwell’s 
equations is thus a uniquely defined process. 

With every dimension there goes a unit, and any physical 
quantity which involves that dimension has also to be expressed 
in terms which involve that unit. For example, the dimensional 
equation for electric displacement D is given by eqn. (6) or (7). 
In the M.K.S. rationalized system, the unit of D is then the 
coulomb per meter squared, by eqn. (6); or if S is to be retained, 
it is the coulomb (S) per meter squared, by eqn. (7), where (S) 
stands for the appropriate unit of S. This becomes easier to 
apply and to memorize when a name is found for that unit of S. 
It was shown in another paper! that a natural choice for that 
name is ‘sphere’. Electric displacement D is then measured in 
transitional units of coulomb-sphere per meter squared in the 
M.K.S. rationalized system. The units of S in the six common 
metric systems are reproduced! in Table 2. 


Table 2 
Units oF S$ 
M.K.:S. rationalized oe Sphere 
M.K.S. unrationalized Steradian 
OCs a BA Steradian 
€.m.u. Steradian 
Gaussian 5 Steradian 
Heaviside-Lorentz . Sphere 


For example, the transitional unit of D in the M.K:S. 
unrationalized system is coulomb-steradian per meter squared, 
from which it follows at once that one M.K.S. rationalized unit 
of D equals 47 M.K.S. unrationalized units. 

A similar convenient terminology for the units of U in the 
six common metric systems is reproduced! in Table 3. 

The units of S and U in the selected terminology are all angles. 
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Table 3 | 


Units oF U | 
M.K.S. rationalized . Turn | 
M.K.S. unrationalized Turn | 
Sal. oss ar Turn | 
é.m.u. Turn 
Gaussian es y turns 
Heaviside—Lorentz y turns | 


Although angles have some of the attributes of dimensions,4~% 


the present argument in no way depends on this claim. It is 
and U which have (secondary) dimensions. In looking for 
name for the corresponding unit quantities, the choice of units: 
of solid angle and (plane) angle for the units of S and U, respec- 
tively, is a natural one,! and a convenient solution to a semanti 
problem. 


(5) DISCUSSION 


In the past, various paradoxes and dilemmas have been 
pointed out from time to time as arising from the process ef 
rationalization.’”-!9 These can all be resolved by making an 
comparisons or conversions between different unit systems: 
through transitional units. 

For example, the relation between the oersted and the M.K.S. 
units of magnetic field is discussed at some length in Reference 1.) 
We note that, since 

[= (OSU Lora) @ 
it follows that \ 
1 oersted = 1 e.m.u. of magnetic field 


10 x a | 
TT = S 5 
eae M.K:S. rationalized units 


1000 
—— ampere-sphere-turns per meter 


4a (M.K.S. rationalized units) 


I 


= 1000 ampere-steradian turns pcr meter 
(M.K.S. unrationalized units) 


These equations sum up many otherwise longer discussions.7> 1% 
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(8) APPENDICES 
(8.1) Relations between Fundamental Units 


1m = 100cm 
lkg = 1000g 


{2 1 coulomb = 0°1 e.m.u. of charge 


= 3 x 10’e.s.u.s (approximately) 
xX 10° Gaussian units 


=3 
= 3 x »/(4m) x 10° Heaviside—Lorentz units. 


Quantity Symbol = 
|, Charge wo x OQ 

|’ Electric field intensity E 1 
Electric displacement D 

_ Permittivity €0 =i 
Polarization .. iP 
Current ae a I 
Magnetic field intensity Hy. 

_ Magnetic induction .. B 1 
Wave impedance Zin 1 
Permeability .. Lo I 
Magnetic flux. . co) 1 

Pole strength* a me Dp 1 
Intensity of magnetizationt Mor & 1 

Electric potential (e.m.f.) V 1 
Resistance .. a R 1 
Capacitance .. C —1 
Inductancey .. Lor Y 1 
Conductivity .. are 0 —|l 
Resistivityf .. 3 ey, porr 1 
Magnetomotive forcet (m.m.f.) For F 
Reluctancef .. ae 6 Sor SF —1 
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(8.3) Example of Conversion Between Equations 


Given that the energy density of the electric field in e.s.u. is 
ED[87, what is the expression in M.K.S. rationalized units ? 
The missing dimension is assumed to be S*._ Then 


[E] [D] [S*] 
From the Table in Section 8.2,x = —1. Since S = 47 es.u., 


the transitional expression for the energy density of the electric 
field is 


[energy] [L~?] 


ED 


Si 


In the M.K.S. rationalized system S = 1 and this then reduces 
to E D/2. 


(8.2) Dimensions of some Common Physical Quantities and their Name in Transitional M.K.S. Rationalized Units 


Dimensions in Transitional M.K.S. rationalized 
1b, T Q s U i 
1 Coulomb 
—1 Volt/meter 
—2 1 1 Coulomb-sphere/meter2 
—2 2 1 Farad-sphere/meter 
—2 1 Coulomb/meter2 
—1| 1 Ampere 
—1 —1 1 1 1 | Ampere-turn-sphere/meter 
—| 1 —1 —1 Weber/meter? 
1 1 —2 —1 —1 Ohm/turn-sphere 
2 —2 —1 —2 | Henry/meter-sphere-turn2 
1 1 —1 —1 Weber 
1 1 —1 —1 —1 Weber/sphere 
—1 1 —1 —l —1 | Weber/sphere-meter2 
1 —1 Volt 
1 1 —2 Ohm 
—1 2 Farad 
1 2 —2 Henry 
—2 —1 2 Mho/meter 
2 1 —2 Ohm meter 
—1 1 i 1 Ampere-turn sphere 
—1 —2 2 1 2 | Ampere-turn-sphere/weber 


Note especially the difference in dimensions between such quantities as D and P, J and H, B and M, R and Zw, © and p. 


* Defined by pH = F. 


+ The first symbol is the British Standard. Since there are more quantities than letters, these conflict in turn with the symbols for mass, length, charge density, force 


‘and the dimensional constant S. The second symbol is suggested as an alternative in dimensional equations to avoid using the same symbol twice. 
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SUMMARY 


The internal distribution of magnetic flux and eddy currents to be 
expected in a homogeneous magnetic lamination having a sinusoidal 
total flux has been investigated experimentally using an analogue. It 
is concluded that the anomalous loss in laminations found to occur 
in practice cannot be accounted for by waveform distortions within 
the lamination. 


LIST OF SYMBOLS 


bo, by, 6, etc. = Instantaneous flux density in the lamination 
and in the cores. 
Jo; J12, J, etc. = Instantaneous current density in the lamina- 
tion. 
ii, 442, i, etc. = Instantaneous current in the lamination. 
Io1, 112, I, etc. = Instantaneous current in the analogue with 
N turns. 
! = Length of sheet and of magnetic path in cores. 
d = Width of sheet. 
d’ = Width of core laminations. 
a = Half-thickness of sheet. 
a’ = Total thickness over all cores. 
n = Number of imaginary layers in sheet. 
r = Resistance of one layer. 
r’ = Resistance in analogue with one turn. 
R = Resistance in analogue with N turns. 
N = Number of turns on each eddy-current winding 
in analogue. 
p = Electrical resistivity of material of simulated 
lamination. 
N, = Number of turns on each eddy-current winding 
in analogue per unit length of magnetic path. 
v = Total volume of cores in analogue. 


(1) INTRODUCTION 


An account is given of an experimental investigation on an 
analogue which was constructed to simulate a single ferro- 
magnetic lamination. It was a purpose of the work to determine 
the internal magnetic-flux and eddy-current waveforms to be 
expected in silicon-iron laminations carrying a sinusoidal total 
flux, and to find if waveform distortions might account for extra 
or anomalous losses in the material. The subject of anomalous 
losses has been discussed in a previous paper.! 

The waveform distortions considered in this investigation are 
those which would arise from the non-linear relationship between 
flux density, B, and field strength, H, in a supposedly homo- 
geneous material. No account is taken of local internal dis- 
continuities due to the ferromagnetic domain structure of the 
crystals of the polycrystalline material, or due to any other 
non-uniformity. The possibility that the extra losses are 
associated with the size of the domains has recently been investi- 
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gated theoretically.2» 34 Mathematical work is, however, mad 
difficult by the non-linearities mentioned, or entails the use © 
simplifying assumptions. It was therefore thought worth whi! 
to carry out the detailed experimental work described here. 


(2) CONSTRUCTION OF THE ANALOGUE 


Fig. 1 shows how an analogue may be devised to simulate 
single lamination. In Fig. 1(b) the half-thickness of part of — 


(f) 


Fig. 1.—Development of an analogue to simulate a single laminatio» 

(a) Lamination to be simulated. 

(d), (c) and (d) Half-thickness of lamination subdivided into n layers. 
(e) Analogue with artificial eddy-current paths. 
) Eddy-current circuits in analogue. 

lamination carrying a sinusoidal total flux is shown. TF 
half-thickness is divided into » equal layers, and the instantaneov 
induced eddy currents appropriate to the layers are shown < 
igi, 412 - . . etc., while the flux densities are represented 
bo, 5, . . . b,. In Fig. 1(c) the resistance r of each layer 
assumed to be brought outside the lamination and in (d) tk 
resistors r are included in circuits threaded through the lamina 
tion. In Fig. 1(e) equal packets of laminations are now subst 
tuted for the individual layers of the original lamination, bv 
with the outer packets halved. The cross-sectional area of eac 
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packet may be made for convenience much greater than that of 
the simulated layer and r now becomes r’ where r’ = a‘d’rfad. 

; In the analogue each packet was made up of thin insulated 
rings and the eddy-current windings were not restricted to a 
single turn. The final arrangement of the component packets 
of rings and of the eddy-current windings is shown in Fig. 1(f). 
[t will be seen that separate equal eddy-current windings were 
put on each packet, and these windings were connected in series. 
[t is easy to show that, if p is the electrical resistivity and a is the 
half-thickness of the simulated lamination, the resistors to be 
used in the analogue each have resistance R = pnvN?/a?, where v 
is the total volume of the cores in the analogue and N 1 is the 
number of eddy-current winding turns per unit length of the 
magnetic path in the rings. 

In addition to the windings shown in Fig. 1(f), equal magneti- 

zing windings were put on each packet. These windings were 
connected in series to a sinusoidal source of supply at a frequency 
of 50c/s, so that the total flux in the whole analogue was sinu- 
soidal. Each packet was also provided with a search coil. 
_ Ideally the core material of the analogue should have the same 
dynamic hysteresis characteristics as the material of the lamina- 
tion being simulated. Eddy currents in the ring laminations 
themselves should also be kept negligibly small, either by 
stamping the rings from very thin sheets or using material of high 
electrical resistivity, or both. n should also be large. Under 
these circumstances, for the same mean flux density in the 
simulated lamination and in the analogue, the flux density, in 
magnitude and waveform, is the same at any depth in the 
lamination and in the corresponding core of the analogue. The 
current density at any point in the lamination is obtainable from 
observation of the currents Jp;, 1; . . ., etc., and the iron losses 
per unit volume are the same in the lamination and in the 
analogue. 


(3) APPARATUS 


In constructing the analogue, m was made equal to 10. Each 
tenth of the half-section of the simulated lamination was repre- 
sented by a packet of laminations built up from 0-003in 
varnished rings of inside diameter 8cm’ and outside diameter 
12cm, the material being 2°8% silicon-iron. Because of the 
thinness of the laminations and the relatively high silicon content, 
the eddy-loss component of this material itself was small com- 
pared with its hysteresis component at 50c/s. To make up the 
analogue as represented in Fig. 1(f), nine packets of rings were 
assembled of cross-sectional area 5-26cm* and mean length of 
magnetic path 31-4cm. To represent the outermost and 
innermost layers, two packets, each of half the cross-sectional 
area, were used. Each packet had a magnetizing winding of 
100 turns and a search coil winding of 25 turns. The eddy- 
current windings, depicted in Fig. 1(f), each had 20 turns of 
26s.w.g. Copper wire. 

Flux waveforms were determined by using a synchronous 
commutator and moving-coil reflecting galvanometer, eddy- 
current waveforms were obtained from a cathode-ray oscillo- 
scope, iron-loss measurements at 50c/s were made bya reflecting 
electrodynamic wattmeter and static hysteresis loops by using a 
ballistic galvanometer. ' 

Two thicknesses of dynamo-iron laminations were simulated 
and investigated in detail, namely 0-021 in and 0-080in. 


(4) RESULTS FOR A 0-021 IN LAMINATION 
A lamination of 0-021 in-thickness of dynamo iron was first 
simulated in order to compare the results, in the present investiga- 
tion using a more refined analogue, with those previously 


* . . 1 
published using a cruder model. -e 
If the resistivity of dynamo iron is taken as p = 14 x 10-8 Q-m 
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and 2a = 0:021in = 0:054cm, then R = 128Q. Each eddy- 
current circuit in the analogue was made up to this value using 
external resistors of constantan wire. 

Flux waveforms corresponding to a flux density DE ops = 


1 -12Wb/m? (11200G) for the whole lamination are shown in 
Fig. 2, where the letters A, B, C, . . . correspond to those given 


1-0 +10 000 
Wo/m? “fNN 
//, AN 
If 


FLUX DENSITY 


Fig. 2.—Flux waveforms observed for 0-021 in dynamo iron. 


(a) Centre of lamination. 
(6) Surface of lamination. 
(c) Mean flux density. 


in Fig. 1(f). The mean waveform for the sum of all the cores 
is very nearly a sine wave, as shown, but the internal flux wave- 
form tends to be triangular at the centre, varying to a more 
flat-topped shape at the surface. The harmonic contents of 
these waves are given in Table 1. 

The observed peak flux density at any point in the sheet as 
derived from the analogue and the phase angle of the funda- 
mental components in relation to the total flux are plotted as the 
full lines in Fig. 3 for this case. The broken lines given the 
theoretical values calculated from the classical formulae* 
assuming linear conditions with a constant relative permeability 
of 2500 for the material. The observed phase angles are a 
little less than those previously reported by Brailsford,! while 
the variation in B,,,, across the section is negligible, although 
using a cruder model it was previously suggested that a flux- 
density variation of the order of about +15% might occur. 

From these results it was clear that there would be no increase 
in hysteresis loss in the lamination arising from non-uniformity 
of Byax across the section. Estimates also showed that distor- 
tion produced no significant increase in eddy-current loss above 
the calculated classical value. It was therefore decided to 
investigate the case of a lamination of greater thickness in which 
distortion and non-uniformity would be accentuated. As 
already mentioned, a thickness of 0-080 in was chosen. 


(5) RESULTS FOR A 0-080IN LAMINATION 
To simulate a dynamo-iron sheet of 0:080in thickness the 
resistance in each eddy-current circuit was reduced to R = 9-0Q. 


* See, for example, RusseLL, A.: ‘Alternating Currents’, Vol. 1 (Cambridge, 1914), 
p. 490. 
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Table 1 


HARMONICS IN FLUX DENSITY EXPRESSED AS A PERCENTAGE OF EACH FUNDAMENTAL FOR 0-0211N LAMINATIONS 
AT A MEAN Byigx OF 1:12 We/M? 


Harmonic content in cores 


Harmonic 
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Fig. 3.—Amplitude of internal flux density and phase angle of internal 
flux fundamentals relative to total flux wave. 


° us 
Dynamo iron 0-021in thick. Mean flux density Bmaz = 1-12 Wb/m2. : : a 
¥ (a) Observed. Sty 2maz fen Fig. 4.—Flux waveforms observed for 0-080in dynamo iron, 
(6) Theoretical (u, = 2500). (a) Centre of lamination. 


(6) Surface of lamination. 
(c) Mean flux density. 


Table 2 


HARMONICS IN FLUX DENSITY EXPRESSED AS A PERCENTAGE OF EACH FUNDAMENTAL FOR 0-0801N LAMINATION 
AT A MEAN B,,,, OF 0:95 WB/M2 


Harmonic content in cores 


[RON LAMINATIONS FOR MAGNETIZATION AT 50 c/s 


he mean value of B,,,,,. for the lamination was limited in this 
ise to 0-95 Wb/m? (9 500G) to avoid overheating the windings 
o the analogue. 

Fig. 4 shows the flux waveforms obtained in the successive 
res in magnitude and in the correct phase relation with the 
ean flux density for the whole lamination. The harmonic 
ymponents of these waves are given in Table 2. 

The observed values of B,,,,, and the theoretical values at any 
dint in the lamination are shown in Fig. 5, and the phase angles 
f the fundamental components of the flux are shown in Fig. 6. 
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Fig. 5.—Amplitude of internal flux density. 


Dynamo iron 0-080in thick. Mean flux density Bmaz = 0:95 Wb/m2. 
(a) Observed. 
(b) Theoretical (uy, = 2500). 
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ig. 6.—Phase angle of internal flux fundamentals relative to total 
flux wave. 


Dynamo iron 0-080 in thick. Mean flux density Braz = 0°95 Wb/m?. 
a) Observed. 
6 Theoretical (u, = 2500). 


Fig. 7(a) is a vector polygon showing the fundamental compo- 
ent of the fluxes in magnitude and direction in the successive 
ores, and Fig. 7(d) is a similar diagram for the third harmonics. 
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=5-1x10% Wb 
=0-97 Wb/m2 


RESULTANT 
=0:07x10% Wb 
=0:013  Wb/m2 


Fig. 7.—Vector polygons of components of flux in 0-080in dynamo 
iron. 


(a) Fundamenta Jcomponents. 
(6) Third harmonic components, 


This latter polygon does not quite close on itself since there is 
a resultant third-harmonic component corresponding to a flux 
density of 0:013Wb/m? (130G). The total flux was there- 
fore not quite sinusoidal but contained a third harmonic of 
about 1:-4%. The phase angles appropriate to the fifth and 
seventh harmonics were also determined, but the results do not 
appear to be of particular interest and are not reproduced. 

The currents Jp,, Z,, etc. [see Fig. 1(f)] were observed oscillo- 
graphically and their r.m.s. values measured. From these values 
the corresponding values of Jo;, Jj, etc., were found. The 
observed r.m.s. values of J are plotted in Fig. 8 as the full line, 
in relation to distance from the centre of the sheet. The current 
densities, calculated from the classical theory based on a constant 
relative permeability of u, = 2500, i.e. for theoretical sinusoidal 
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Fig. 8.—Current density at any point in 0-080 in lamination as observed 
from analogue, and the observed current waveforms at three 
points. 


(a) Observed. : 
(b) Calculated from classical theory. 
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conditions, are given by the broken line. The agreement 
between observation and theory is so close that there can be no 
substantial discrepancy between the calculated eddy-current loss 
using the classical formula and the actual loss for a homogeneous 
material with distorted eddy-current waveforms. The eddy- 
current waveforms corresponding to three points of the curve in 
Fig. 8 are also shown. 

Finally, Fig. 9 shows measurements of hysteresis loss under 
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Fig. 9.—Hysteresis loss in relation to sinusoidal total flux density; 
analogue simulating 0-080in lamination. 


—— No eddy current, sinusoidal flux in every packet. 
x Observed hysteresis loss with eddy current; distorted flux waveforms. 
© Calculated hysteresis loss from observed Bax values and static hysteresis loops. 


three conditions over a range of flux densities for the analogue. 
The full line gives the losses in the analogue when the eddy- 
current circuits were disconnected, i.e. with a sinusoidal flux of 
amplitude B,,,,, in every section of the analogue. The crosses 
are the measured losses in the analogue, with the eddy currents 
corresponding to a simulated thickness of 0-080in after sub- 
tracting the eddy-current losses. That is to say, the crosses 
represent the total hysteresis loss in relation to the mean value 
of B,,.gx in the whole analogue when the flux waveforms are 
distorted. The circles represent the losses measured from static 
hysteresis loops of the material in relation to B It is not 
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possible to say from a comparison of these results that there. 
any difference between them within the limits of experiment) 
error. | 


(6) CONCLUSIONS 


Measurements of waveforms of flux and currents on th 
analogue of a lamination show that severe waveform distortiq 
of the internal eddy current and flux density will occur in| 
lamination carrying a sinusoidal flux at SOc/s. 

For the thicknesses of lamination simulated, that is up | 
0-080in, the eddy-current losses due to the distorted eda 
currents will not differ by more than a few per cent from th 
losses calculated from the classical formula. | 

Although the flux-density waveforms are distorted and th 
distribution of B,,,,, differs somewhat from the theoretical valu 
the total hysteresis loss was not appreciably affected thereby * 
the particular material of which this analogue was made. | 

It is concluded that the anomalous loss found to occur i 
laminations of iron or silicon-iron cannot be accounted for { 
the internal flux waveform distortions which would occur in} 
lamination having a supposed small domain size. 
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SUMMARY 


' The paper first discusses the way in which theories concerning the 
motion of cold-cathode arcs when acted upon by a magnetic field 
lave ranged from proposing cathode-fall mechanisms for retrograde 
notion to column processes for forward motion. A very recent 
nechanism proposed by Ecker for retrograde motion is then examined 
ind found to be capable of extension to higher pressures where forward 
notion occurs. 

' Previously published experimental results for forward motion are 
niewed in the light of this mechanism, which is found to be consistent 
with them, and some features which had hitherto been anomalous may 
10w be explained. Thus there emerges a unified model for the cathode 
and fall region which appears to be valid for both forward and 
etrograde movements of the arc. It is suggested that this provides a 
ital step in the approach to the development of certain devices in 
which are discharges take place. 


(1) INTRODUCTION 


It was discovered at a very early date! that the application of 
a magnetic field to an electric arc transverse to the axis of the 
arc current caused movement of the arc in a direction mutually 
perpendicular to the magnetic field and the arc axis. At atmo- 
spheric pressure the direction of movement in a transverse 
magnetic field (t.m.f.) is given by Ampére’s law, and it therefore 
seemed natural at first to consider the arc as a flexible conductor, 
perhaps experiencing an aerodynamic drag as it moved and 
acted on by a force proportional to the t.m.f., and the arc 
urrent.2-> The fact that reduction of pressure caused the arc 
3 decrease in velocity and eventually to move in the opposite 
or retrograde direction® 7 was unfortunate since such behaviour 
would not be explained in terms of the forces acting on a simple 
‘conductor. Evidence accumulated in recent years shows that 
the arc movement is actually controlled by conditions in the 
‘cathode-fall space and on the cathode surface, and that in most 
‘cases the rest of the arc (which still has an Ampérian force on 
it’) can have little effect on the velocity. Conditions for main- 
taining the arc in the anode and column regions are easily 
realized, but in the cathode region the maintenance conditions 
| are critical and influence the whole discharge. The arc current 
is carried mainly by electrons, since these have a far greater 
mobility than positive ions, and these electrons are emitted from 
‘the cathode spot and accelerated in the cathode-fall space. 
_ The movement of ions across the fall region and the possibility 
of electron-gas-molecule collisions are of great importance in the 
‘description of arc motion given below, but an equally important 
‘process is that of electron emission from the cathode spot. 
A single dominant emission mechanism has not been established 
for cold-cathode arcs in which the current densities exceed 
105A/cm?. Field emission and field-aided thermionic emission 
can occur, and it is probable that other processes such as Auger 
and resonance ejection by positive ions and ejection by metastable 
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excited atoms and incident photons are important. For all these 
processes the effective work function of the cathode spot will be 
important, and this parameter will depend strongly on surface 
conditions. 

It has been suggested that a number of processes occurring in 
the cathode-fall region and in the cathode spot are capable of 
inducing retrograde motion,’ 9-!? but none of these theories has 
received general acceptance. A new theory of this type which 
explains the experimental results more adequately has recently 
been given by Ecker,!? and this will be discussed in Section 2. 
It will be shown that it may be extended to agree with the experi- 
ments of Guile and Secker,!+ who have stressed the unsoundness 
of considering the column as the predominant seat of motion in 
the case of forward movement. Their evidence indicates that, 
while an Ampérian force on the column does exist, it plays a 
minor role and the arc velocity is, in fact, controlled by conditions 
in the cathode-fall space and on the cathode surface. For 
example, in experiments at atmospheric pressure, using parallel 
horizontal electrodes of 1cm diameter situated in a vertical 
plane with the anode uppermost and current connection made 
at one end of the electrodes, the results shown in Fig. 1 were 
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Fig. 1.—Arc velocity as a function of material and current.13 


Current feed to one end of electrodes only. 
Inter-electrode gap = 3:2cm. 


obtained.!4 The t.m.f. which moved the arc along the electrodes 
was the self-field set up by the current in the anode and cathode. 
Leaving until later the discussion of a discontinuous mode 
of motion which occurred under certain conditions, the arc 
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moved continuously with a velocity which depended on the 
material of the electrodes, and it is significant that the velocity 
was very much greater for magnetic than for non-magnetic 
materials. From Fig. 1 alone it is clear that phenomena in the 
neighbourhood of the cathode must be important, because for 
any given current and therefore t.m.f. the motive force on the 
column should not be very different for different electrodes. 
Further experiments!5 were designed to eliminate the self-field 
by feeding balanced currents to both ends of each electrode and 
supplying the t.m.f. by an external solenoid. The arc velocity 
in the continuous mode was then proportional to the t.m.f. 
but independent of arc current above 40A. These results were 
not entirely in agreement with those of previous investigators, 
but this was attributed to less accurate measuring techniques in 
the earlier work. A most surprising effect was that the velocity 
on non-magnetic materials was now greater than on steel (see 
Fig. 2), whereas when the t.m.f. had been supplied by the current 
itself the reverse had been true (Fig. 1). More detailed analysis!* 
of the situation shows, however, that, for the electrode con- 
figuration which yielded the results in Fig. 2, the field in the 
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Fig. 2.—Arc velocity on copper, steel and brass of two compositions. 


Balanced current feed to both ends of the electrodes. 
Inter-electrode gap = 3-2cm. 
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immediate vicinity of a magnetic electrode where the arc roots 
operated would be very small, although it would increase pro- 
gressively to the normal value further out in the inter-electrode 
space. If the velocity depends on the field in the cathode neigh- 
bourhood, the low value for a magnetic electrode in this con- 
figuration is explained. Furthermore, in the configuration for 
Fig. 1 it has been shown!® that a significant skin effect occurs 
as the arc moves on the magnetic electrodes, owing to the rapidly 
changing paths of the current in the electrode near the cathode 
spot. This forces the current paths to an outer sheath of the 
electrode, and the increase in the magnetic field just outside the 
electrode is of the correct order to give the increased velocity 
observed. Thus both situations emphasize the significance of 
the magnetic field in the cathode-fall space and the lack of 
importance of forces on the column. 

The discussion of further experiments which indicate that 
motion is associated with the cathode is best facilitated by 
postulating a general model which, it is suggested, represents 
the major processes controlling arc motion in the Ampérian and 
retrograde directions. 
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(2) MODEL FOR THE MOVEMENT OF THE ARC 
CATHODE 

It is clear that a moving arc must establish a succession 0 
cathode spots in its travel, and the ease with which this car 
occur will depend on the emission properties of the cathodd| 
surface. Furthermore, as demonstrated by the random motion 
of the spot when a t.m.f. is absent, the arc prefers not to ancho 
at a given point, suggesting that sufficient emission from a give 
spot cannot be maintained indefinitely. The randomness 1 
removed when a t.m.f. is imposed, and the spot then moves an 
a rate determined by the magnitude of the t.m.f. and the cathodd 
conditions. It is therefore necessary to study the emissior 
properties of the cathode spot, especially the factors which leac 
to random wandering and the processes by which a t.m.f. car 
lead to a preferred direction of motion. | 


(2.1) Cathode Emission 


The cold-cathode arc spot is believed to consist of severa 
small emitting sites each of limited current capacity.!7)18 Fos 
an arc in air at atmospheric pressure the limit is about 45 A! 
but it decreases to about 1 or 2A at 25 torr. The tendency * 
form separate sites can be expected from considerations 
stability!’ and from the fact that electrons will not be emittec 
uniformly from the cathode. 

While the nature of the emission process for cold-cathode 
arcs will be important in determining arc motion, it is likely tha’ 
no single mechanism is operative but that several processes a7é 
combined to give the required magnitude of emission current 
It is clear that the temperature of the cathode spot is not sufficien: 
to give the necessary electron current by a purely thermionic ( 
emission, nor is the local surface field high enough to indu 
simple field (F) emission when the effective work function oh 
the surface is taken to be that of the pure metal. A better 
starting-point is to consider that the emission is caused simu!- 
taneously by the field and temperature (T-F)!9 and to acknow- 
ledge that the effective work function may be appreciably less 
than that of the clean metal because of the surface films present 
on the cathode. In addition, it has been shown that to gain 
an accurate assessment of the total emission current it is necessary 
to consider microscopic local fields due to impinging ions, and 
to employ stochastic methods of computation.?° 

The cathode field will be set up by positive ions in the fall 
space and particularly by an ion layer established on the cathode 
films. The ions will be statistically distributed, and the field at 
the surface will undergo’ spatial and temporal changes about a 
mean value determined by the rate of incidence of ions and their 
neutralization on the surface layer. Because the emission will 
generally increase rapidly with field strength, these fluctuations 
will be important in determining the emission. T—F emission 
will be sensitive to the nature of the insulating surface film (which 
is likely to be oxide layer in most cases) and to the presence of 
any gas layers, dust particles or surface irregularities. As will be 
demonstrated below, these surface conditions appear to be all- 
important in determining the arc velocity. 

Apart from T-F emission, additional electrons will arise as 
the result of the incidence of uncharged particles. The yield 
from photons is likely to be small, but that from excited 
metastable molecules produced in the discharge may be large. 
Transferred resonance radiation from these can finally cause 
emission at the cathode; the possible efficiency of this has been 
discussed by Hagstrum?! and by von Engel and Robson.22 It 
is clear that the process is important. However, in establishing 
a cathode site, the incidence of positive ions which lower the 
potential barrier will be, for any mechanism, a necessary first 
stage. The strong influence of surface layers in causing glow—ar 
transitions has been well demonstrated by Edels3 and co-workers. 


ond it is known that low-current arcs cannot be maintained on 
‘xide-free surfaces, If the arc causes removal of any insulating 
urface film at the cathode spot, a lowering of the strength of the 
on layer and an increase in the potential barrier may be expected. 
rhe wandering normally observed with cold-cathode arcs 
etween solid electrodes in air is thus due to a search for new 
wxidized sites which can act as more efficient emitters, and is 
also affected by the temperature difference between new and 
xisting sites. 

: Thus, if an arc is initiated on an oxidized surface, emission 
| ill be established at suitable sites within the cathode spot. 
‘These will immediately tend to become less suitable as the oxide 
's removed and the arc will be forced to seek new sites, the 
‘election of which will depend on the surface potential barrier 
'n the vicinity at the moment of transfer. The resulting random 
vandering may be turned into a directed motion of the spot by 
he application of a t.m.f. To understand this, the behaviour 
of positive ions and electrons in the cathode-fall space must be 
yonsidered. 


(2.2) Effect of T.M.F. 


) Both the electrons emitted from the cathode spot and the 
Ositive ions created at the top of the fall region will experience 
deflecting force in the Ampérian direction when a t.m-f. is 
yplied. The ions produced by an electron stream from a given 
mission site will be constrained to travel towards the cathode 
n the form of a beam or tube of ions, owing to the self-magnetic 
pinch force. This tube is deflected in the Ampérian direction, 
is shown in Fig. 3. Ecker has shown that !3 this ion tube appears 
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to the emitted electrons as a trough of low potential, such that 
any electron would require a kinetic energy of several electron- 
volts to escape from the boundary of the ion tube. Thus 
although electrons will be emitted with arbitrary initial directions 
of motion, they will be constrained to move in the ion tube, 
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because of the positive ion field, which is greatest near the 
cathode.24 The coupling between the electrons and ions in the 
tube increases the bending beyond that which would occur for 
ions alone.?> At low pressure and in the presence of a t.m.f., 
Ecker postulates that retrograde motion occurs basically as 
follows. The emitted electrons are accelerated in the ion tube, 
and because this is deflected in the Ampérian direction the 
electrons are given a retrograde component of velocity [Fig. 3(d)]. 
As the electrons move up the ion tube they gain an amount of 
kinetic energy such that they may be able to leave the tube. The 
initial component of retrograde velocity causes the electrons to 
break out from the tube on the retrograde side, thus giving rise 
to fresh ionization and to a new tube on that side of the existing 
system. The theory proposed by Ecker is confined to the 
behaviour at low pressures, since it is implicitly assumed that 
the electrons do not suffer collisions with gas molecules during 
their passage through the fall region. 

If this model is now extended to higher pressures, electron— 
molecule and ion—molecule collisions must now be considered. 
At atmospheric pressure the initial retrograde velocity of the 
electrons will quickly be lost because of many elastic scattering 
collisions with gas molecules. The electrons will thus acquire 
only a drift motion in the Ampérian direction due to the t.mf. 
and will tend to reach the top of the fall region on the Ampérian 
side [Fig. 3(a)]. Ions produced by these electrons will create a 
new ion tube directed to regions on the Ampérain side of the 
existing spot, which will be conditioned to form new emitting 
sites. Thus according to the pressure we may expect either a 
forward or a retrograde shift of the region of new ion production 
relative to that in which the ions causing the initial site were 
created. For some intermediate pressure the two opposing pro- 
cesses can cancel, and an immobility then arises.’ Thus the new 
ionization zone and new ion tube are formed in the same region as 
the existing system, and the arc remains stationary until the local 
emission efficiency of the cathode becomes so poor that the arc 
root is forced to move. 

Suppose we consider a particular emitting site at a given 
instant. The t.m.f. will cause a shift in the region of ion pro- 
duction, and consequently the axis of the ion tube and the sites 
for subsequent electron emission will also be shifted. Ultimately, 
a continuation of this process would lead to no further ions 
returning to the original site, but there will be an intervening 
period in which ions continue to return to the original site in 
decreasing numbers. As a consequence of the shift of ion and 
electron tubes there will also be a shift of the region in which 
excited molecules reach the cathode, but this will not be well 
defined. The original site, receiving less positive ions and 
excited molecules, is likely to decline in emission efficiency, 
especially if there is erosion of the insulating surface layer on 
which the ions exist. On the other hand, sites in the adjacent 
region to which the ions have been directed will increase in 
emission efficiency as a result of the ion layer built up and the 
heat energy transferred to the surface. Eventually, emission 
ceases at the old site and the new site (or sites) will produce the 
required emission, only to die out in turn. If new sites are not 
sufficiently prepared before the old site dies, this part of the 
cathode spot is extinguished and the current must transfer to 
other trains of sites. If this is not possible the are as a whole 
will tend to extinguish. 

The arc velocity (in the continuous mode) will depend, there- 
fore, on the rates of decline of emission from the old sites and 
growth on the new. These are determined by surface conditions, 
are current, gas pressure, etc., as well as by the t.m.f. in the 
cathode-fall space. The observed motion under various con- 
ditions may now be discussed in the light of the mechanisms 
suggested above. 


466 


(3) COMPARISON OF EXPERIMENTAL RESULTS AND 
MODEL PREDICTIONS 


(3.1) Effect of Pressure 


As already described, the model predicts that as the pressure 
is reduced the Ampérian velocity should decrease, and after it 
has passed through an immobility range, retrograde motion 
should set in. This has been demonstrated by Yamamura’? (see 
Fig. 4) for aluminium electrodes in air and by Gallagher?® for 
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Fig. 4.—Arc velocity as a function of pressure.7 


Arc current = 10A. 

Magnetic flux density = 0-075 Wb/m2. 
Inter-electrode gap = 2:5mm. 
Aluminium electrodes. 


several different cathode materials in helium, argon, nitrogen, 
oxygen and carbon dioxide. The cathode root controlled the 
behaviour and the reversal pressure was approximately propor- 
tional to the first excitation potential of the gas. At any given 
pressure the excitation potential will determine the dimensions 
of the cathode-fall space and therefore the curvature of the ion 
tube. An increase in the curvature of the tube will increase the 
reversal pressure as found. 

Sometimes, as reported by many investigators, the cathode 
spot moves in the retrograde direction while the column and 
anode spot tend to continue in the Ampérian direction. This 
leads to discontinuous jumping of the cathode spot in the forward 
direction to prevent extinction. 


(3.2) Influence of T.M.F. 


The experiments already described (Figs. 1 and 2) show the 
importance of the magnitude of the t.m.f. in the fall region. 
According to the mechanism suggested, relatively simple 
relationships between t.m.f. and velocity could be expected for 
both Ampérian and retrograde motion. This has been con- 
firmed for Ampérian motion on brass electrodes in air 
(Fig. 2). Fig. 5 shows that when a mercury arc moves under 
the action of a t.m.f. in argon at 150 torr, a progressive reduction 
in the magnetic flux density causes the retrograde arc velocity 
to decrease to zero, and subsequently causes the forward 
velocity to increase. An explanation based upon the model is 
that as the t.m.f. weakens the ion tube is deflected less and the 
initial retrograde electron velocity is reduced. Consequently, 
new ion production occurs in a region not so far to the retrograde 
side of the ionization zone as before, and thus the retrograde arc 
velocity is reduced. Continued reduction in the t.m.f. will then 
lead to immobility, and this will be followed by Ampérian 
motion due to the diminishing initial component of retrograde 
velocity. Finally, as the field decreases further, the velocity in 
the Ampérian direction might be expected to pass through a 
maximum and then tend to zero, because the weakening field is 
no longer able to cause marked deflection in the Ampérian 
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Fig. 5.—Arc velocity as a function of magnetic field strength for 
constant arc currents.10 


Argon pressure = 150 torr. 
Mercury-molybdenum cathode. 


sense of the emitted electrons, which by this stage receive < 
negligible initial retrograde component of velocity. The curve 
for an arc of 4:5A in Fig. 5 tends to confirm this. 

In a high-vacuum arc the electrons will have a small probability 
of collision on their passage in the ion tube, so that they do no» 
lose their initial retrograde component of velocity. Thus, as 
the t.m.f. decreases, the probability of forward motion occurring 
is much less, and Fig. 6 shows that the retrograde velocity merely; 
decreases to zero. 
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Fig. 6.—Arc velocity as a function of magnetic field strength for 
constant arc currents in vacuum.10 


Mercury-molybdenum cathode. 


Fig. 6 also shows another important phenomenon, namely 
a rapid increase in retrograde velocity when the t.m.f. exceeds 
0:9Wb/m?, so that two velocity plateaux appear. Spectral 
analysis indicated that, above the first plateau, Hg?+ ions were 
being produced in the discharge, and further that another increase 
in velocity observed above the second plateau was associated 
with the production of Hg?*. The effects disappeared on the 
addition of argon to the system. These results have been the 
downfall of most of the theories of retrograde motion, but as 


ker"? has already shown, the present model can explain them 
mply. Hg?* ions will be deflected more in the Ampérian 
irection than Hg* ions, and thus the initial] retrograde com- 
)onent of velocity imparted to the emitted electrons will be 
acreased. The new region of ionization consequently will be 
isplaced more in the retrograde direction and increased arc 
(elocity will result. The production Hg3*+ at even higher fields 
mill cause a further increase in velocity for the same reason. 


a 


(3.3) Multiple Sites and the Influence of the Arc Current 


_ The arc current affects the motion by changing the conditions 
17 the cathode spot. If the spot consists of several independent 
‘mitting sites, each of limited current capacity, it is possible to 
‘xplain why the arc velocity should increase with current up to 

certain value and then show no further increase. In air at 
/tmospheric pressure the limit!* is about 45A, and below this 
alue only one site would exist in the spot. A change in current 
relow about 45A might be expected to alter the site charac- 
eristics by changing the electron emission density and the degree 
{ion bombardment. According to the proposed model these 
/hanges will affect the rates of decay and growth of emission 
ficiency of the site and thus will change the arc velocity. If 
he current exceeds 45 A more than one site will exist and change 
it current in this range will have less effect on the velocity, 
ecause the majority of sites will exist and move independently 
‘vith a current at the limit of about 45A for each. The results 
»btained by Winsor and Lee?’ with copper electrodes tend to 
confirm this. Up to 49A the velocity increased rapidly with 
current, but above this value the increase was less than 20% 
sven when the current was more than doubled. The measure- 
nents’ displayed in Fig. 7 are even more striking in this respect, 
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while recent experiments with brass electrodes in hydrogen at 
25 torr indicated that multiple sites occurred when the current 
in the retrograde-moving arc”® exceeded about 1 A. 

A secondary effect of the arc current is particularly obvious 
at low pressures. As the current increases there is an increased 
tendency for Ampérian motion,!® so that at pressures in the 
range 50-125 torr the t.m.f. needs to be increased linearly with 
arc current in order to maintain the immobility condition. The 
probable explanation is that the current influences the local 
pressure in the cathode-fall space by determining the density 
of metal vapour present. An increase in current would increase 
the pressure and so encourage Ampeérian motion. 

The tracks left on electrodes after passage of the arc afford 
further evidence for multiple emission sites and the influence of 
surrent on the motion. Fig. 8 shows tracks left on polished 
brass electrodes2? for Ampérian motion at both atmospheric 
and low pressures. In both cases branched filamentary tracks 
indicate the existence of multiple emission sites. At low pres- 
sures, however, the overall motion is only just in the Ampérian 
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MOTION 


(a) 


(b) 


Fig. 8.—Cathode-root tracks. 


(a) At atmospheric pressure. 
(6) At reduced pressure. 


sense, and it will be seen that many of the filamentary tracks 
turn back from the main track, thus showing that some emission 
sites travel in the retrograde direction for a short time just 
before dying out. This shows that when the pressure is reduced 
almost to the range of immobility, some sites can move forward 
while others move retrogradely, depending on local conditions 
such as surface state, site current and local variations of t.m.f. 
(due possibly to self-field effects). This seems to offer further 
support for a unified model of forward and retrograde motion. 
It can be seen in Fig. 8 that those emitting sites which move 
outwards and decay, while moving forward at the higher pressure, 
do so while moving retrogradely at the lower pressure, despite 
the overall forward movement of the cathode spot. Sites to the 
edge of the main track will tend to move outwards, owing to 
repulsive forces in both cases, and the current carried by each 
marginal emitting site will tend to decrease as a result of the 
sites being inadequately conditioned by ion bombardment. At 
the lower pressure, however, reduction in current will give a 
tendency towards retrograde motion (Fig. 5), so that these sites 
will lag behind the majority of the emitting sites. The current 
carried by the latter will set up a self-field (pinch field) which 
will augment the t.m.f. and further increase the retrograde 
tendency of the lagging sites (see Fig. 5). At the higher pressure 
there is no tendency for retrograde motion, and Fig. 7 shows that 
a reduction in current may reduce the forward velocity of the 
marginal emitting sites so that they lag behind the main discharge 
and eventually extinguish. 


(3.4) Cathode Effects 


The model proposed suggests that the nature of the cathode 
surface should have a strong influence on the velocity and 
particularly that insulating oxide or other tarnishing surface 
layers will be important. It has been shown by many workers 
that an arc prefers to operate on an oxidized surface, and recent 
measurements in this laboratory have clearly demonstrated these 
effects.29 It might be expected that the growth of emission at 
a new site to which the arc is to transfer will depend critically 
on the thickness and insulating properties of the oxide layer 
there. For thin layers the positive charge will be neutralized 
easily by electrons tunnelling from the base metal, but this 
neutralization will decrease as the oxide layer increases, so that 
a site will condition more rapidly to a suitable emission efficiency 
for arc transfer. However, for thick oxide layers the electrons 
emitted are likely to come from the oxide itself rather than from 
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the base metal, and the emission and thus the arc velocity may 
decrease again. It is interesting to note that Hancox has 
recently shown*® that insulating inclusions in the cathode surface 
encourage the initiation of new cathode spots, owing to their 
being charged by incident positive ions. The reasoning here 
considers processes at new sites only, but the behaviour of the 
old sites from which the arc has to transfer will be equally 
important in determining arc velocity. These sites will ultimately 
become poor emitters, first because of reduced ion bombard- 
ment, and secondly because of the removal of the oxide layer. 
The arguments ignore the temperature dependence of the T—F 
emission, which may also be important and depend on oxide 
thickness. Site transfer might occur when the temperature of 
the new site bears some relation to that of the old, depending 
on the T-F process. The temperatures of both old and new 
sites may be determined by the rate of heat flow through the 
oxide layers involved, and again a simple thermodynamic treat- 
ment?® shows that the arc velocity should go through a maxi- 
mum as the oxide layer increases. Fig. 9 shows results of this 
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oxidation. 


Current = 70A. 

Pressure = 25 torr. 

Flux density = 0-024 Wb/m2. 
Inter-electrode gap = 6:-4mm. 


nature for Ampérian motion on brass electrodes which were 
initially etched and then allowed to oxidize for fixed times before 
testing. Many other results for both Ampérian and retrograde 
motion indicating the great influence of cathode-surface con- 
ditions have been reported recently.29 In particular, arcs on 
oxidized annular brass electrodes initiated in nitrogen or hydrogen 
and allowed to move for some minutes changed in velocity 
continuously as the oxide layer was gradually reduced by the 
arc. If air was admitted to the system the velocity gradually 
changed back again, corresponding to the re-formation of the 
oxide layer. 

Other electrode materials also exhibited the same general 
cathode phenomena. Thus an arc in air on stainless-steel 
electrodes with some surface oxidation moved steadily, but 
when the electrodes were polished and a hydrogen atmosphere 
substituted an arc could not be maintained. With polished 
platinum an arc could be initiated in air only with considerable 
difficulty, and the small change in velocity with arc running time 
was probably due to surface roughening rather than oxidation 
effects. 

Contrary to the results of earlier investigations, it was found 
difficult to maintain arcs on copper electrodes at low pressures, 
even when these had been allowed to oxidize freely for several 
days. At atmospheric pressure the arc was stable, but even then 
it could not be made to function in a reproducible manner. It 
has been suggested”? that this behaviour is due to the oxide layer 
on copper being mainly the semiconducting cuprous oxide, 
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Cu,O, with an extremely thin surface film of insulating cupr' 
oxide, CuO. At low pressures the cupric oxide could be quick 
removed by the arc, so exposing the cuprous oxide, which is ng 
efficient in maintaining the arc. At atmospheric pressure, in i 
presence of a greater amount of oxygen, the cupric oxide coul 
be continuously regenerated and the arc attain a constant velocit 
The failure of previous workers to appreciate the significance « 
the oxide layer and their use of well-conditioned (i.e. well arced 
electrodes in many cases may be partly responsible for the lac 
of agreement in their experimental results. . | 


(4) HELICAL MOTION 


The discussion so far has concerned arc tracks which ar 
straight, since they are influenced only by a t.m.f. When th 
cylindrical electrodes used in obtaining the results shown i 
Fig. 1 were magnetized in an axial direction, either permanent 
or by the application of an external magnetizing coil, the ai 
moved helically along the cathode in the Ampérian directioy 
It was found possible for the cathode spot to make sever 
complete turns of the electrode without the column shor 
circuiting back to the electrode.3! It was observed that tf 
direction of the helix motion was determined by the directi 
of the combined axial and circumferential fields, the axid 
direction being that of the field inside the cathode. Ta 
discovery appears at first sight to be at variance with the concef 
that motion is determined by the t.m.f. in the cathode-fall spa 
However, a perfect gas-electrode interface with abrupt rever 
of the field does not exist for permanently magnetized electro 
The interface will have many irregularities due to roughness 4 
crystal boundaries, and between irregularities the field direct: 
could be that of the interior of the electrodes. 

The circumferential field acting is the self-field of the curre 
in the electrodes, whereas the applied axial field is independer 
of current, so that it might be expected that an increase in a7 
current with constant axial field would cause the helix angs 
between the arc track and the electrode axis to decrease, i. 
the helix would open out. Fig. 10 shows!* that the oppositi 
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Current feed to one end of electrodes only. 
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Steel electrodes. 


actually occurs and is well defined. A possible explanation fo: 
this can be advanced in terms of the model. 

The variation in helix angle in Fig. 10 is due to the effectiv 
axial field being influenced by the current in the electrodes, anc 
this may be aided by the circumferential field, which does no 
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cise in proportion to the current. Moreover, at high currents 
the increase in skin effect?® may further distort the pattern of 
current flow near the cathode spot in such a way that the circum- 
ferential field does not increase at the rate predicted by simple 
considerations. 

| The axial field is likely to be modified by the current flowing 
from the cathode spot, because this is not uniform and axial 
until some distance from the spot. In the immediate neigh- 
bourhood of the spot there will be components of current along 
the surface at right angles to the axis of the electrode. This 
tesults in the effective axial field being non-uniform along this 
circumference, since the component on one side of the spot 
augments the applied axial field, while on the other side the 
current tends to reduce it. Examination of the relative field 
directions shows that the axial field is reduced on the leading 
side of the cathode spot and increases on the trailing side. For 
the arc currents of the magnitudes shown in Fig. 10 the cathode 
spot will be composed of a number of emission sites. Those on 
the leading side of the spot, which are in the process of being 
established, experience the weaker axial magnetic field. Their 
rate of growth will be increased because their positive-ion tubes 
will not be so sharply deflected ahead of them, and thus they 
will receive positive ions at a greater rate. Moreover, sites on 
the trailing edge, which experience the increased axial field, will 
have their ion tubes more sharply defiected, and this will speed 
up their extinction and the growth of new emitting sites ahead. 
_ The gradient of axial field across the cathode spot will increase 
with current, so that on the basis of the mechanism suggested 
above the circumferential component of velocity might increase, 
as has been observed.*!_ Although the explanation is tentative, 
it is supported to a certain extent by the results of Kesaev.?2 
He observed that, when an arc was established in an asymmetric 
magnetic field at low pressure, retrograde movement occurred 
towards the region of maximum field strength. Robson? has 
reported arc motion for retrograde conditions which seems to 
be related to this helix motion. An arc of 10A was struck 
between flat parallel electrodes in air at pressures in the range 
0:05-0-5 torr and a uniform magnetic field was applied, inclined 
at an angle @ to the cathode surface. The resultant arc motion 
was found to have a component in the direction of the acute 
angle @ as well as the expected retrograde component along the 
longitudinal axis of the cathode. The arc track was thus formed 
at an angle ¢ (see Fig. 11) to the axis, and ¢ increased with 0, 


CATHODE 


- Fig. 11.—Inclined direction of magnetic field used by Robson.33 


magnetic field strength and arc current. When the pressure 
was increased to above that for normal retrograde motion the 
arc movement became erratic, the tracks left being a series of 
close spirals and randomly directed interconnecting paths. 
Robson has sought to explain the movement in terms of the 
theory of Robson and von Engel? already discussed, but the 
present model is also capable of explaining it adequately. The 
component of the field parallel to the cathode is a t.m.f. deflecting 
the ions of the fall region in the Ampérian sense and producing 
an ion velocity parallel to the cathode. The normal component 
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of the magnetic field is perpendicular to the direction of this 
velocity and so a force will arise to cause further deflection of the 
ion tube in a direction perpendicular to the axis of the electrode. 
Although the ions are deflected in the Ampérian direction, the 
electrons emitted will move in a retrograde sense, as described 
in Section 2.2, having both axial and transverse components. 
The observed effects of changing 6, magnetic field and arc current 
are consistent with the above description. If the pressure is 
raised to the immobility range, consistent retrograde deflection 
will cease and secondary forces will set up the random motion 
observed. 


(5) DISCONTINUOUS MODE 


So far, discussion has been limited to the continuous mode of 
arc motion for which the model is valid, but a discontinuous 
mode can also be found in which the arc moving in the Ampérian 
direction proceeds by a series of irregular steps of the cathode 
spot, leaving the cathode unmarked in between.!> In general, 
the discontinuous mode occurred when the t.m.f. was large 
(greater than 0-05 Wb/m?). A mechanism for this mode has 
been proposed by Dunkerley and Schaefer34 which basically 
depends on factors similar to those governing continuous 
motion. They suggest that the arc column is caused to bow out 
ahead of the existing spot and to come close to the cathode 
surface. Ions can then come from the column itself rather than 
from the top of the fall region to condition the surface and 
cause emission well ahead of the original spot. Both cathode 
and column processes will operate, as has been demonstrated.!> 
A change of cathode material altered the velocity (measured as 
the overall distance moved in unit time) by a factor of four, 
while a change in time-constant of the external circuit (keeping 
the current constant) resulted in a fivefold velocity change. 
While the change of electrode would affect only the cathode 
processes, a change in time-constant would alter the flexibility 
of the column through the transient voltage which could be 
impressed. It is surprising that the velocity in this mode is 
independent of current, because although the cathode processes 
may be independent of current, the column deflection would not 
be if it were considered as being similar to a metallic conductor. 
This result further stresses the fallacy of the conductor concept 
and suggests that deflection of the column arises from forces on 
the individual ions and not from some collective action of the 
current considered as a circuit parameter. 

It should be noted that, while in nearly every case the overall 
velocity of movement is greater for discontinuous rather than 
for continuous motion, the surface damage from the former may 
be far more serious. It usually consists of a series of raised and 
roughened areas where the arc has dwelt which may, for instance, 
easily prevent satisfactory mating of contacts. 


(6) CONCLUSIONS 


Ali the evidence summarized here indicates the important part 
played by cathode processes in determining arc motion. The 
presence of insulating layers, which are likely to be the oxides 
of the base metal in most situations, is seen to be vital in deter- 
mining the velocity and degree of damage. This is of more than 
academic interest and has direct application to industrial equip- 
ment in which an arc is required to traverse a surface many 
times. If the arc operates in air, the arc track will tend to 
become more heavily oxidized and the arc will follow the same 
path in subsequent operation of the device. In hydrogen or 
nitrogen the opposite will tend to occur, and so there are advan- 
tages in operating arcing devices in non-oxidizing atmospheres, 
since the wear will be reduced. Even when operating in air, 
however, the damage can be greatly reduced by suitable electrode 
design and treatment. 
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It now appears that a single model of the operation of cold- 
cathode arcs can be given which applies to both Ampérian and 
retrograde motion and to the immobility region. 

It should be emphasized that his model requires further 
experimental confirmation, but at present it seems to offer a 
reasonable basis for the planning of further work. 
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; SUMMARY 

_ The paper describes the application of the frequency-response 
soncept to the analysis of displacement governing in a synchronous 
machine system. The governor loop is shown to combine with the 
asic closed-loop pattern of the generator and modifies only the feed- 
vack element in the original basic loop. The analysis is used to com- 
pare stability : boundaries for different governor conditions, these 
youndaries being derived by the application of the Nyquist stability 
‘riterion. The results obtained by this method, although based on 
small-displacement theory, were found to be in agreement with those 
»btained from a power-system simulator. 

The effects of phase lags, arising in the steam header of the turbine 


nd the servo mechanism operating the throttle valve, on the stability 
of the system are considered together with that of a second-derivative 
itabilizer. An examination is also made of the damping in the system, 
iS this provides a useful appraisement when comparing the relative 
stability of different configurations in the governor loop. 


LIST OF SYMBOLS 


6 = Rotor angle. 
a = Time error or displacement angle. 
B = Angle between busbar voltage and control vector. 
« = Frequency of small oscillations of rotor, rad/s. 
f’, w’ = System frequency, c/s and rad/s. 
H = Inertia constant, kWs/kVA. 
| Vi SH US0f-. 
_ T; = Turbine torque. 
T,, = Torque output. 
g = Governor gain. 
g(p) = Transfer function of governed turbine. 
&, = Gain of governor stabilizer. 
7, = Steam header or penstock time-constant. 
T2 = Servo mechanism time-constant. 
Tay = Generator field time-constant. 
Kp = Mechanical damping-torque coefficient. 
v = Busbar voltage. 
Urq = Generator field voltage. 
Veg = VeaXal Rpg = Open-circuit terminal voltage at normal 
speed. 
®, = Direct-axis armature flux linkage. 
©, = Quadrature-axis armature flux linkage. 
Vq = Direct-axis busbar voltage. 
Vq = Quadrature-axis busbar voltage. 
iz = Direct-axis armature current. 
ie Quadrature-axis armature current. 
X,.q = Mutual reactance between generator field and direct- 
axis armature winding. 
Xq, X, = Total direct- and quadrature-axis reactances. 
X= Total direct-axis transient reactance. 
Ryq = Field resistance. 
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' FREQUENCY-RESPONSE ANALYSIS OF DISPLACEMENT GOVERNING IN 
SYNCHRONOUS POWER SYSTEMS 


By P. A. W. WALKER, B.Eng., Graduate, and A. S. ALDRED, M.Sc., Ph.D., Associate Member. 


e 
(The paper was first received 21st November, 1960, and in revised form 28th January, 1961. It was published as an INSTITUTION MONOGRAPH 
i in May, 1961.) 


(1) INTRODUCTION 


The present trend in the design of turbo-alternators is towards 
larger machine ratings. This concentration of generated power 
in individual machines emphasizes the necessity for improved 
methods of load and frequency control and for increasing the 
margin of stability. The conventional method of control is by 
means of a centrifugal governor that detects a change in speed 
from a fixed reference, and thereby operates the throttle valve 
on the turbine to compensate for load fluctuations. This tech- 
nique has the disadvantages of relatively inefficient control of 
frequency and load sharing, and contributes very little to ensuring 
stability. The introduction of fast-acting voltage regulators 
helps to improve the stability of the generator, but this is partially 
offset by the inclusion of current feedback in the regulator. It 
is pertinent, therefore, to examine alternative supplementary 
control techniques. One such technique that has been pro- 
posed!»? is known as displacement governing (alternatively 
known as synchronous or time-error governing). Here the 
characteristic of the governor causes the turbine torque to be 
proportional to the time error or angle by which the rotor lags a 
vector (rotating at 50c/s) that represents standard time, the 
constant of proportionality being the governor gain. 

Consider a single machine connected to an infinite busbar. 
The busbar voltage, in general, lags the standard vector by an 
angle that is fixed owing to the infinite nature of the system. 
The machine rotor is displaced from the busbar vector by the 
rotor angle 6. A third rotating vector is proposed and defined 
here as the control vector. This is illustrated in Fig. 1(@), and 
its space position may be varied with respect to the standard 
reference vector or, because the system is infinite, the busbar 
vector, from which it is displaced by an angle 8. The time-error 
angle is then the angle between the rotor and control vector. 
It is apparent that for correct operation of this type of governing 
the frequency of the infinite busbar must be exactly 50c/s. It 
follows that the machines feeding the busbar must themselves 
be controlled by displacement governors. A block diagram 
representing the method of control for a single machine is shown 
in Fig. 1(b). To supply a given load, T,, requires a certain 
rotor angle 8. The necessary value of £ is determined when it is 
realized that the displacement-governed set will operate in the 
steady state only when the turbine torque T; = e(8 — 5) = T,, 
assuming that the governor gain is fixed. If the load tends to 
decrease, the rotor angle will tend to increase as a result of an 
accelerating torque acting on the rotor. In so doing the dif- 
ference between the controlling quantity 6 and the rotor angle 
will decrease, consequently reducing the turbine torque to create 
a decelerating torque on the rotor. Provided that there is 
sufficient damping in the system the rotor oscillations will decay 
until the machine is stable at the original load. Thus a change 
in load can be met only by a suitable rotation of the control 
vector position, i.e. of p. From the foregoing description, it 
should be evident that the governor, because of its negative 
torque/angle characteristic, contributes to the stiffness of the 


system. ; 
It has been suggested? that this phenomenon might be used to 
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STANDARD 


STABILIZER 


GOVERNOR 


B 


(4) 
Fig. 1.—Synchronous-machine system with displacement governor. 


(a) Principal rotating-vector quantities. 
(6) Complete block diagram. 


extend the region of stable operation of the machine into the 
dynamic-stability region. It is also necessary to take into 
account the effect of the phase lags in the governor loop. This 
is because the movement of the rotor subsequent to a small 
disturbance is dependent upon the damping in the system and 
the net synchronizing torque acting upon it. The existence of 
phase lags in the governor loop modifies both these quantities. 
The occurrence of a small disturbance would then give rise to a 
response from the system that might be considerably different 
from the response with no phase lags. 

The object of the paper is to examine the influence on the 
steady-state stability boundary of the governor gain and, in 
particular, of phase lags in the governor loop. The improve- 
ment in stability of the machine, to be expected from the inclusion 
of a stabilizer, is dealt with. An examination is also made of 
the damping in the system, as this provides a useful appraisement 
for comparing the relative stability of different configurations 
in the governor loop. 


(2) ANALYSIS OF A SYNCHRONOUS MACHINE WITH 
A DISPLACEMENT GOVERNOR 


(2.1) Operation of Governor 


When the prime mover is controlled by a displacement 
governor the stiffness of the set is increased by an amount equal 
to the gain of the governor, if there are no phase lags in the 
governor loop. This allows of operation in the dynamic- 
stability region where the synchronizing-torque coefficient of the 
machine itself is negative. To operate at the point P in Fig. 2, 
the minimum governor gain, necessary for stable operation, is 
the slope of the torque/angle curve at that point. The corre- 
sponding governor characteristic line is MN. It is tangential to 
the curve at P and is described by the equation 


T; — Ea . . ° . . . . (i) 


in which the error angle «equals 8 — 6. This represents a stability 
boundary because the net synchronizing-torque coefficient of the 
system is zero at this point. It might be noted that, if the 
governor characteristic intersects the torque-angle curve twice, 
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Fig. 2.—Governor characteristic line imposed on the torque-angle ; 
curve. 


the machine will be stable only at the intercept correspondin 
to the smaller rotor angle. It is evident that for stable operatio: 
at a specific load three conditions must be satisfied, namely 


(a) The resultant torque acting on the alternator must be zero. 
(6) The net synchronizing-torque coefficient must be positive. 
(c) The damping coefficient must be positive. 


The provision of (a) amounts to the proper adjustment of th‘ 
angle by the control vector, whilst that of (b) and (c) is mor 
difficult since, in practice, there are phase lags associated wit! 
the operation of the steam-head valve of the turbine. 

It is envisaged that there are two principal phase lags in thi 
governed turbine. These arise from the steam in the turbini 
header and the hydraulic servo mechanism actuating the steam 
head valve. Broadbent! has, to some extent, compensated fo: 
these by the use of a second-derivative stabilizer, which provide 
phase advance for the electrical signal representing the time 
error angle. It consisted of a tachometer feeding an RC net 
work. The attenuation and phase lag of this network coul: 


a ee 
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ye Minimized by gain compensation. The complete torque/angle 
ransfer function of the turbine operating with a stabilized 
jovernor and including phase lags is 


Lg 1 5 

St SW) ere ere 7 esp) wie (2) 
t is evident from eqn. (2) that stability cannot be determined 
tom absolute steady-state analysis and that an operational 
gethod or frequency-response approach is necessary. The 
method adopted by the authors, to determine whether or not 
Onditions (6) and (c) obtain, is the technique of frequency- 
sponse analysis, which is based on the linearization of the 


pachine equations using small-displacement theory. This has 
yeen fully described elsewhere.® 


(2.2) Small-Displacement Theory 


_ The system that is analysed is shown in block-schematic form 
a Fig. 1(6). The operational equations, together with the 
‘ssumptions implicit in them, for a machine connected through 
. transmission line to a busbar without any governor, are 
lerived in Section 8-1 of Reference 5. For convenience the 
squations are restated here in per-unit notation. 


} 


Direct axis Dis ax SION Re s,s (3) 
Quadrature ais, = Oy—PCOSoe). . & . 6) a @ 
vhere Dee A ns 
| O, = G(pP)Vig — Xa(Pia ss ss. O 
1 Xq + XgTaoP 

ind G = ——__ Xx, = 

inc (p) ielaae a(P) ree care 


The equation of motion of the system is 


d?6 ds dd ; : 
Ty= M oa t+ kp + Tos, + O77 = ORG : (7) 
Tere Tp is the damping-torque coefficient arising from the 
yresence of either damper windings in a salient-pole machine or 
‘tor eddy currents in a round-rotor machine. To the above 
quations we now add that for the output torque of the governed 
urbine, namely 


T= ope. . 3. Neem Cire 3 
a=B—6. . 


[he small-displacement equations for the system are obtained 
"y allowing all the variables in eqns. (3)-(8) to change by small 
‘mounts from the initial operating conditions. Steady-state 
nitial-condition voltages and angles are denoted by the sub- 
cript 0. It will be sufficient here to quote the results of this 
echnique which is set out in detail in Reference 5. 

When these equations are solved for the ratio AT;/Aé they 
rield: 

\T, _ a(p)AB 


NS Ks 


vhere 


OV pg 8 
= Mp? + Kpp + EDD Treats 0 


| Ee w(Xq te. XQ) 
d“q 


Diep) ey 
v? sin? d9(Xq X)Ta0P Kees 
X(Xq + XgTaoP) 

(9) 
ti j i onditions necessary for a con- 
t is of interest to examine the c ion ao lmagtae 
inuous sinusoidal oscillation to exist in the sys 
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is no disturbing force, i.e. when AT; = AB = 0. By writing 
p = jw and extending this equality to eqn. (9), it is evident that 
the latter will reduce to a real and an imaginary quantity. To 
obtain the proper solution each of these terms must be zero. 
Equating the real part to zero gives an equation which may 
be solved to determine the natural undamped frequency of 
oscillation of the system. The imaginary part reveals the 
amount of damping, KppAéd (either positive or negative), 
required to cancel that in the system. The latter is taken to 
include positive damping due to the load and damper windings 
or round-rotor eddy currents and negative damping due to 
phase lags in the governor loop. 


(3) FREQUENCY-RESPONSE ANALYSIS 
(3.1) Closed-Loop Representation 


It has been shown? that a synchronous machine can be cone 
sidered as a basic closed-loop pattern, amenable to analysis by 
the normal frequency-response method developed by Nyquist. 
The addition of a regulator to the machine alters only the form 
of the feedback function but in no way modifies the basic closed- 
loop pattern. The addition of a displacement governor to 
operate the steam-head valve of the turbine introduces a second 
closed loop into the system, and it is now shown that these two 
loops can be conveniently combined. 

The small-displacement equation (9) of the machine driven 
by a turbine having a displacement governor may be written 


g(p)AB _ 


iE A Sonia Mp? + f(p) + g(p) (10) 
where f(p) = $(So) + A(r) (11) 
From eqn. (9), 
V, 2(X, — X,) 
(do) = aia cos 69 + ae cos 259 (12) 
v sin? d9(Xy — XPT a0P \ 

= 3 

and = (p) = Kpp + Tpp + Sade aaa (13) 
Rewriting eqn. (10), 

Aé 1/Mp? (14) 

g(p)AB 1 + {f(p) + g(p)]/Mp? * 


The simple block diagram which represents eqn. (14) is shown 
in Fig. 3, and this is the basic closed-loop pattern for the syn- 
chronous-generator system for small displacements from the 


f (p)+g(p) 


Fig. 3.—Basic closed-loop pattern for a synchronous machine 
operating with a displacement governor, derived from small- 
displacement theory. 


initial conditions. The function [f(p) + g(p)]/Mp? is the open- 

loop transfer function in operational form of the governed 

system. The term g(p)APf represents a small change in the 

prime-mover torque produced by a small rotation, Af, of the 
ily 
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control vector. This has the effect of slightly moving the 
governor characteristic line in a direction parallel to the torque 
axis in Fig. 2. 

The Nyquist diagram is constructed by plotting the open-loop 
transfer function of Fig. 3, ie. [f(p) + g(p)]/Mp’, for p = jw 
over a range of w. The Nyquist criterion may be stated as 
follows. When the function is plotted for values of p between 
—joo and +joo the number of encirclements of the (—1, 0) 
point must equal the number of poles of the transfer function 
with positive real parts minus the number of zeros. Since, 
in the present instance for the system under analysis, there are 
no such poles there must be no net encirclement of the (—1, 0) 
point if the machine is to remain stable. 


(3.2) Determination of Dynamic-Stability Boundaries 


The frequency-response method is illustrated by consideration 
of both a turbo-alternator and a salient-pole alternator. Their 
principal parameters in per-unit notation have the values 
indicated in Table 1. 


Table 1 

Turbo-alternator 
XG oles aXe 
Vfao = 1:0 tao 


1-7 X4=0-65 v= 1-0 
Ssec H=5kWs/kVA Tp =3p.u. 

Salient-pole alternator 

Ad=1:5 X,=1-2 XZ~=0:'7 v=1-0 
Vang =1:0 tao =Ssec H=3kWs/kVA 

Stability boundaries are determined by calculating and 
plotting the open-loop frequency response. Different values of 
governor gain are then chosen until, by application of the 
Nyquist stability criterion, the system is on the point of being 
unstable. Experimental results were obtained from an electronic 
power-system simulator® to which the analogue of the governor 
equations had been added. The stability boundaries for the 
turbo-alternator were calculated, whilst those for the salient-pole 
alternator were obtained both by calculation, based on small- 
displacement theory, and from the analogue computer. As the 
differences between these two are small only the theoretical 
results are shown in this Section. 


(72310) Pi serhgtns Machine with Ideal Conditions in the Governor 
oop. 

The performance of the governor will be affected by the two 
principal time-constants 7, and 7, and it is clear that the 
optimum governor response will be obtained if these are both 
zero. For this condition the governor may be defined as ideal, 
and in consequence it will be useful if the stability boundary 
for this ideal case is derived initially. The open-loop frequency 
response is obtained from the open-loop transfer function 


f(p) + g(p) _ a $6 Jeb v sin* bo(Xq — Xj)Ta0P 
Mp? VIDE ie Xj(Xq + Xjta0P) 


+e+Top| . oltadens (15) 


by writing p = jw, and putting in values for the load angle 8o 
and the governor gain g. For example, turbo-alternator 
responses are plotted in Fig. 4 for an initial load angle of 150° 
for three different values of governor gain. It is seen that in 
the region of the (—1, 0) point the curves are all similar. The 
difference between stable and unstable operation will be deter- 
mined by the closure of the graphs in the region p = j0. This 
will depend on the sign of [4(59) + g]/M(jw)?, which will under- 
go an inflection when the negative slope of the torque/angle 
curve, (59), becomes greater than the governor gain, i.e. when 


a e) 
<= -15 —10 -5 : 0 


SA 
pA Ne ae Pn 


Fig. 4.—Frequency response of a turbo-alternator with ideal steam 
and governor conditions showing effect of governor gain. 


So = 150°. Tp = 3p.u. 


the net synchronizing-torque coefficient becomes negative. The 
locus of the steady-state stability limit as a function of governor 
gain and rotor angle is shown in Fig. 5(a), where it is compared 
with the unregulated rotor-angle limit. This locus divides the 
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Fig. 5.—Dynamic stability boundaries for a turbo-alternator with 
a displacement governor. 


Unstable 
| | 
Stable { 
(a) 1 = 72 =0 8 = Tp = 3p.u. | 
(6) 71 =O-Ssec t2=0 8 = Tp = 3p.u. 
(c) t1 =O0-Ssec t2 =0-Ssec g, = Tp — 3ipu- 


(dq) 7, =0-Ssec tz =O0-Ssec g5=1:0 Tp =3p.u. 


two regions, namely the unstable region on the left of the 
boundary and the stable region on the right. Fig. 6(a) shows | 
the corresponding boundary for a salient-pole alternator which — 
is seen to be of a similar nature. 


(3.2.2) Synchronous Machine with Displacement Governor—Effect of F 
Phase Lags. 

In Fig. 7, the function [f(jw) + g(jw)]/M(jw)? is plotted for 
the turbo-alternator with two phase lags in the governor loop. 
When g = 1-75 the graph passes through the (—1, 0) point. 
When g > 1:75 there are two net encirclements of the critical t 
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t 
Fie, 6.—Dynamic-stability boundaries for a salient-pole alternator 
| with a displacement governor. 
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{ (d):+, = 0-5sec: 12 = 0-5sec’ 9). = 0 Tp = 3p.u. 
(e) 71 =O-Ssec t2=O-Ssec gy =1:0 Tp = 3p.u. 
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Fig. 7.—Frequency response of turbo-alternator with two phase 
lags in governor loop. 
do = 70° 


71 =0-5sec tz = 0:S5sec go=0 Tp = 3p.u. 


0int, and since there are no poles of the function with positive 
eal parts, self-excited oscillations will occur. Fig. 5(c) shows the 
ocus of the boundary, as a function of rotor angle and governor 
sain, which has two distinct parts. The first, up to the break- 
,0int B at a rotor angle of 128°, is coincident with the ideal 
tability boundary where instability arises from lack of syn- 
shronizing torque. On the second part of the curve, which 
tarts at the point B, instability will arise from the presence of 
1egative damping. If it were assumed that the servo mechanism 
sf the governor had no associated phase lags, i.e. if there were 
ynly one phase lag in the governor loop, the stability boundary 
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would have the form shown in Fig. 5(b). Again this has two 
distinct parts separated by a break-point A, which is now at a 
rotor angle of 121°. 

The salient-pole machine, which initially is assumed to have 
no damper windings, is now considered. Fig. 6(b) shows the 
locus of the boundary when it is assumed that the only phase 
lag in the governor loop is in the servo mechanism operating 
the water gate of the turbine. When account is taken of the 
inertia of the water in the penstock and the tailrace, by assuming 
that these have a time-constant of half a second, the stability 
boundary takes the form shown in Fig. 6(c), where the break- 
point has now increased from 90° to 113°. Whilst, in practice, 
the penstock time-constant might be considerably larger, it is 
apparent that increasing the time-constant would make the 
system more stable as a result of reducing the negative damping 
in the governor loop. These results appertain to a machine 
without damping other than that introduced by the field. Thus, 
in particular, boundary (c) in Fig. 6 does not represent a true 
picture of the operating conditions. A more realistic result is 
obtained when the damping supplied by the damper windings 
is taken into account. This may be done in one of two ways: 
first by introducing damper equations into the analysis and 
secondly by introducing a constant damping coefficient Tp. 
The authors have observed, by frequency-response analysis, 
that the results of applying both these methods are virtually 
identical over a restricted range of 59. Therefore a constant 
damping-torque coefficient Tp of 3 p.u. was introduced into 
the mechanical equation of motion (7). This value was computed 
by frequency-response analysis from typical values of damper 
parameters.’ The resulting stability boundary of Fig. 6(d) 
shows a very considerable increase in stability, and the break- 
point is now at 117:5°. This improvement is gratifying since 
boundary (c) would appear to practically inhibit operation of 
the system. 

Figs. 5(6) and (c) and Figs. 6(b), (c) and (d@) all exhibit the 
break-point characteristic arising from the fact that the cause of 
system instability changes from lack of positive synchronizing 
torque to the presence of negative damping at the break-points. 
They also indicate that at certain rotor angles the systems are 
conditionally stable. For example, in Fig. 6, consider the 
machine operating at a load angle of 90° for system conditions 
described by boundary (c). If 0 < g < 0°16 the system will be 
unstable, whilst for 0:16 < g < 0-71 it will be stable, but will 
become unstable again when g >0-:71. Thus by steadily 
increasing the governor gain from zero to 1:2 the system is 
progressively unstable, stable and again unstable. Curve (c) 
in Fig. 6, together with curves (b) and (d), therefore represents a 
control system which is conditionally stable at certain rotor 
angles. 


(3.2.3) Influence of Stabilizer on Dynamic-Stability Boundary. 


Fig. 8 shows the open-loop frequency-response plot for the 
governed salient-pole alternator when the second-derivative 
phase-advance circuit suggested in Reference 1 is included. The 
complete stability boundary is drawn in Fig. 6(e), where it can 
be seen that the stabilizer effects a considerable improvement on 
the stability boundary when two phase lags are present. The 
inclusion of the dampers now has a negligible effect on the 
boundary, because the second-derivative stabilizer introduces a 
damping-torque coefficient of the order of 19 p.u. compared 
with 3p.u. from the damper. Fig. 5(d) illustrates a similar 
effect when a stabilizer is added to the turbo-alternator governor. 

It is of some interest to note that, by examination of Figs. 7 
and 8, where the open-loop frequency-response plots are concave 
to the (—1, 0) point, the effect of increasing the inertia of the 
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89=133'5° 


Fig. 8.—Frequency response of salient-pole alternator with 
second-derivative stabilizer in the governor loop. 


71 = 05sec t2=O0:5sec g=1:0 g,=1:0 


rotor is to make the machine less stable. This is in contra- 
distinction to the more usual case illustrated, for example, in 
Fig. 4. Here the plot is convex to the (— 1,0) point and 
increasing the inertia of the rotor makes the machine more stable. 


(4) DAMPING CHARACTERISTICS OF THE GOVERNED 
SYSTEM 

It was indicated in Section 2.2 that the damping inherent in 
the system might be cancelled in the smali-displacement eqn. (9) 
by including an equal and opposite damping torque KppA6é in 
the mechanical equations of motion. The value of Kp required 
to make the system oscillate with constant amplitude gives a 
measure of the damping in the system corresponding to the 
undamped natural frequency for the given operating conditions. 
An examination of the system damping not only helps to eluci- 
date the mechanism of stability but also provides a useful 
appraisement when comparing the relative stability of different 
configurations in the governor loop. The damping-torque coeffi- 
cients may be calculated from the expressions obtained from the 
imaginary part of eqn. (9) after the substitution p = jw has 
been made. Alternatively, the values of Kp required for small 
oscillations to exist may be obtained from an electronic power- 
system simulator, both methods being employed by the authors. 
All the results in this Section will refer to a salient-pole alter- 
nator. As might be expected, however, the turbo-alternator 
has been shown, by calculation, to have similar characteristics. 


(4.1) Generator with Ideal Conditions in Governor Loop 


In Fig. 9(a) the damping-torque coefficient is plotted as a 
function of rotor angle, the results being obtained from the 
analogue computer. At 6) = 0 and 180° the damping is zero 
and the machine will hunt continuously. Between these two 
points the damping is positive. There is a close correlation 
between the above curve and that calculated from the expression 
for the damping coefficient derived from eqn. (9) assuming that 
dampers are absent, i.e. 


ae v sin? bo(Xa = Xj)Ta0 
2 2-2 LD) 
XG + w*Ta dy 


(16) 


D 


This formula indicates that the damping, under idealized 
governor conditions, is always positive. Thus provided that the 
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Fig. 9.—Damping coefficient of salient-pole alternator as a function 
of rotor angle derived experimentally. 


(a) Idealized conditions: t; = 0 t2=0 g=1:0 Tp =0 
(b) Two phase lags in governor loop: t; = 0:5sec t2 = O-S5sec g =0'5 Tp =?) 


synchronizing-torque coefficient is positive, as shown by boundary; 

(a) in Fig. 6, the system will always be stable under steady-stats 
conditions. 

(4.2) Generator with Displacement Governor—Effect of 

Phase Lags ; 

~ | 

The expression for the damping coefficient from eqn. (9), 

after substituting : 


\ 


@ +70 + 7p) 
and again neglecting the effect of dampers is given by 


S v sin Oo(Xa = X4)Ta0 (7 -+- T>) 
AG wer Ae aes «721 -F ore 


Fig. 9(b) shows the behaviour of the damping coefficient, as 4) 
function of rotor angle, derived from the analogue computer. 
Comparison of this curve with boundary (c) in Fig. 6 indicates 
that inside the boundary the damping is positive. Outside the 
boundary the damping coefficient is negative, so precluding stabl 
operation. It is evident from eqn. (17) that with the value o 
0-5 sec for the time-constants 7; and 7, and with natural syste 
frequencies of the order of 1 c/s, putting +, = 0 will increase the 
negative damping introduced by the governor. As a consequences 
the system becomes less stable and the break-point A in Fig. 6( 

will be considerably lower down the ideal characteristic than 
that for boundary (c) where there are two phase lags. The 
effect of the dampers on the damping coefficient is to transport 
the curve in Fig. 9(b) in a positive direction by an amount a 
to 9-6 x 10-3 p.u. power-second/rad (=3p.u.). This mak 

se net damping coefficient positive up to a rotor angle of about 
Me ' 


g(p) = 


Kp 


(17) 


(4.3) Generator with Displacement Governor—Effect of 
Stabilizer ‘ 


The effect of the second-derivative stabilizer on the damping 
coefficient for various rotor angles is shown in Fig. 10. If this 
curve Is compared with those of Figs. 9(a) and (6), the stabilizg 


tig, 10.—Damping coefficient of salient-pole alternator as a function 
of rotor angle for the stabilized governor, calculated from small- 
displacement theory. 


1 =O0:Ssec t2=0-5sec g=1:0 g3=1:0 Tp =0 


Oop is seen to increase the damping coefficient by a factor of 
en to give a damping coefficient of about 19p.u. The effect 
of dampers in the machine would therefore be negligible com- 
yared with the stabilizer. The rather sharp cut-off displayed in 
7ig. 10 is due to a change in the mode of operation of the 
nachine. This can be best explained with reference to the fre- 
juency-response plot of Fig. 8. For rotor angles less than 130° 
he machine operates in the region A having a natural frequency 
of the order 2-9c/s. When the machine approaches close to 
he stability limit, i.e. as region B approaches more closely the 
_—1, 0) point, the mode of oscillation changes and the machine 
vill operate with a natural frequency of about 0:135c/s. Fora 
‘light increase of rotor angle above the stability limit, this 
‘egion, from Fig. 8, rises above the real axis, indicating that the 
pemping is negative and therefore unstable operation will ensue. 


F 


' (5) CONCLUSIONS 

' Reference has been made to the need for improved methods 
of load and frequency control, and it appears that this need 
would, to some extent, be satisfied by the use of displacement 
zoverning. Once the governor gain and the space position of the 
sontro] vector have been fixed, steady-state operation can occur 
only at one rotor angle corresponding to the intersection of the 
zovernor characteristic line and the torque/angle curve of the 
machine. The load may be changed only by a suitable rotation 
of the control vector. The alternator frequency is determined 
absolutely by the speed of rotation of the control vector to 
which the machine rotor is ‘locked’, provided that the machine 
is stable. It should be realized that this single mode of operation 
occurs only in the case of one machine connected to an infinite 
system that is governed in a similar manner. 

_ The paper shows quite clearly that, by employing a displace- 
ment governor with a suitable gain in conjunction with a sub- 
sidiary stabilizer, a very substantial improvement should be 
effected in the steady-state stability limit of a synchronous 
alternator. Up to the present, displacement governors have 
been used in an actual system only by Electricité de France. 
This has been described? under the title of ‘load-phase regulation’ 
using the very low gain of 0:00032p.u. power/rad. Broadbent! 
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has described a model system using gains up to 0-16p.u. 
power/rad. Thus the maximum gain used in the present paper 
represents an increase of six times above that used elsewhere. 

The governor gain having been fixed, the most important 
factor in the system would appear to be the damping-torque 
coefficient. When the gain becomes, as in the present paper, 
of the same order as the synchronizing-torque coefficient, the 
amount of damping in the system is considerably altered by the 
presence of phase lags in the governor loop. This effect is only 
partially mollified by the damper windings in the alternator. 
The addition of a stabilizer in the governor loop such as the 
second-derivative type used here is essential for satisfactory 
operation, since it not only increases the ‘steady-state’ stability 
limit but also introduces heavy damping of the order of 19p.u. 
It should, however, be possible to improve the design of the 
stabilizer to increase the stability limit further. 

The small-displacement study reveals how the phase lags and 
the stabilizer in the governor loop affect the damping in the 
synchronous generator. The open-loop frequency-response 
method for predetermining whether or not the system will be 
stable after a small perturbation is shown to give results that 
correlate very well with those from a power-system simulator 
which represents the complete system equations. 
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SUMMARY 


In a previous paper the authors dealt with the case of semi-enclosed 
fuses, manufactured from uniform thin strip or with single or double 
discontinuities in their cross-sections. An analytical solution for the 
time/current characteristic of such fuses was shown to exist, which 
was in very close correlation with experimental derivations of the same 
characteristics. 

This work has now been extended in two ways. First, the analytical 
derivation of fuse characteristic has been extended to cases of fuses 
with n discontinuities in their cross-sections, where n > 2; this work 
was carried out with the aim of investigating the full range of alter- 
native characteristics available from such fuses. Secondly, and the 
most important part of the work, has been the extension of the solution 
obtained for a semi-enclosed fuse to fuses of similar metallic construc- 
tion but immersed in oil or enclosed in a silica-type filler. 

Having established a method and form of solution, a substantial 
amount of computation is necessary in any one case; in order to 
facilitate computation, a simple form of transient analogue computer 
has been used, and is described in the paper. In the case of fuses 
immersed in oil or enclosed in silica-type filler, the main problems 
have been to establish the parameters of heat transfer prior to finding 
a form of solution of the relevant equations. 

The Appendices contain representative Tables of results in the form 
in which they were obtained from the analogue computer, and an 
analysis showing the feasibility of establishing a single series of Tables 
of analogue-computer results for fuses with multiple discontinuities 
in cross-section. 


LIST OF PRINCIPAL SYMBOLS 
t = Time, sec. 
x = Axial distance measured along the fuse from one 
end, cm. 
6 — 6) = Temperature rise, deg C. 
6) = Initial ambient temperature, deg C. 
T = Temperature of fuse at distance x along the fuse axis 
independent of time. 
ys = Transient temperature, a function of x and t. 
A;, Ay = Fuse cross-sectional areas, cm?. 
p = Perimeter of fuse, cm. 
1 = Length of fuse, cm. 
H = Coefficient of thermal transfer between fuse surface 
and medium surrounding the fuse. 
k = Mean thermal conductivity. 
c = Specific heat, cal/g. 
J = Joule’s equivalent. 
p = Density, g/cm’. 
o = Mean electrical conductivity between room tem- 


perature and the melting temperature of the fuse, 
mhos/cm. 
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(1) INTRODUCTION 


Earlier work! established the validity of a method for pre~ 
dicting the characteristics of semi-enclosed fuses. The Suppos'= 
tion on which this work rested was that discontinuities in cross 
section, which are used by most manufacturers as shown i 
Fig. 1, were subject to analytical treatment and could thus bey 


q 


@) 


oC) OmO 
(e) 6 igs Oitter%e 


Fig. 1—Common forms of fuse-element construction with discon- 
tinuities in cross-section. 
(a) British type.* 
(6) U.S. type.t 
(c) U.S. type.t 
(d) ‘Hi-cap’ fuse (U.S. type).§ 
(e) German-type h.r.c. fuse. || 


* English Electric publication FG/131. 

+ General Electric Review, May, 1951. 

{ Electrical Engineering, 1953, 72. 

§ Transactions of the American I.E.E., 1952, 72, p. 77. 

|| Bulletin Association Suisse, 1954, 45. 
introduced in a controlled fashion to give particular desired 
characteristics. Apart from the formulation and solution of 
the thermo-electric equations involving discontinuities, the work 
took into account surface heat losses and was applicable bot 
to round wires and the more difficult case of flat strip. Close 
correlation was obtained between predicted characteristics 
and those obtained by experiment on a large number of 
laboratory-manufactured samples, and it was thus logical te 
attempt to extend the work to fuses enclosed in more complicated 
media. The paper describes the way in which the original 
method has been successfully applied to fuses immersed in oil 
and short-length fuses enclosed in silica/quartz filler. 


(2) THERMAL EQUATIONS OF FUSES 


For a constant current flowing in a fuse, heat is generated: 
either the temperature rises and reaches equilibrium or the fuse 
element melts and interrupts the current. 
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i 
i 
i The equation? for the temperature rise (0 — §) in a thin wire 


jeated by electric current was given by Verdet in 1872 as 
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\ ° on . 
The problem is divided into one of steady temperature and 
he of variable temperature, __ 


ie. 6=T+td 

| The solution obtained from eqn. (1) for a fuse of uniform 
)ross-section is: 

| (Qn — 1)r 

|, _ 46 S ed Q 

7 p21 Qn — 1)[(2n — 1)27? + pl?) 


p/? sin 


‘ This solution has been extended to fuses with single and double 
jiscontinuities in their cross-section by applying the appropriate 
joundary conditions (see Fig. 2) at each point of discontinuity, 
do dé 

ec. Aj => pete 
dx 1 dx, 


thus the solution for a single discontinuity of section /; is 
liven as 
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ad the solution! for a double discontinuity of section length /, 
Jniddle section) is 
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Fig. 2.—Experimental fuse elements with discontinuities in cross- 
section. 


(a) Single discontinuity. 

(6) Double discontinuity, with pattern of temperature distribution along the fuse. 
1 
tanh py! 1 

point of discontinuity and ¢’ is the apparent time. 
The solutions for 7, and ¢’ have been given and illustrated.! 


where C, = ; T, is the steady-state temperature at the 


(3) FUSE ELEMENTS WITH MULTIPLE DISCONTINUITIES 
IN THEIR CROSS-SECTIONS 

Fuses with more than two discontinuities (see Fig. 3) in their 

cross-sections are not commonly in industrial use, although one 
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Fig. 3.—Generalized case of a fuse with multiple discontinuities. 


that is commercially available is shown in Fig. l(c). The forms 
of solution above may, however, be applied to fuses which have 
this particular form of metallic element and are included here 
for analytical completeness. The general solution is of interest 
in that it indicates the full extent to which fuse characteristics 
may be controlled by adjusting the geometrical shape or arrange- 
ment of the fuse element. 


(3.1) Formulation of Equations and Their Solution 
For steady-state conditions, rewriting eqn. (1) we have 


oT, 
0= Ki -MM, +a (5) 
where T; = Oat x, =—=,() T = T512 at x1 = 1, 
T> = T5142 at Xp = 0 T> => oe at x= l, 6 


T= T (n=1)n at X,= 0 T,, =Oatx,= ln 
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Ais es aE at x, = J; and x2 = Thickness = 0:0165cm 
xy 
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2 a4, = 0-310/? 
Eqn. (5) may be solved with the conditions stated in eqns. (6) Peer ae 
and (7) to give b, = 24-252 
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(3.2) Application to a Fuse Element with 3 Discontinuities 
in its Cross-Section 
To illustrate the application to a multiple cross-section fuse, 


the minimum fusing current of the element shown in Fig. 4 
will be calculated. 


TEMPERATURE ——= 


Fig. 5.—Temperature-distribution pattern for fuse element shown i 
ie Fig. 4. 
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> 

oO 

vt 

9 Hence the melting point = 232 = 2-22/? and thus J = 10-:2A, 

° compared with J = 10-4A obtained by experimental testing. 

Fig. 4.—Particular illustrative case of a fuse with three discontinuities A complete calculation of a less complicated fuse element wit 
in cross-section. double discontinuities has already been published.! 


(4) ELECTRICAL ANALOGUE OF A FUSE 


| An electrical network can be set up for most simple sets of 
| second-order differential equations, thereby enabling them to be 
| iolved by analogy. Guile and Carne? have attempted a solution 
of the cartridge-fuse equation which involved the inclusion of 
verms for radial heat transfer in the surrounding silica powder 
is well as the axial heat transfer in the fuse element. The form 
of analogue adopted by those authors is shown in Fig. 6(a); it 
‘s complex and difficult to set up and manipulate. 

_ The authors have found that.a simpler form of analogue [see 
Fig. 6(d)] is quite satisfactory and may be used with greater 
Jacility; much less manipulation of circuit parameters is necessary 
when changing from one form of fuse element to another, 
including such marked changes as from a uniform section to 
one with multiple discontinuities. This simplification follows 
from the analytical approach previously examined. The new 
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analogue includes the terms for both radial and axial heat 
transfer for the fuse element and the radial heat transfer through 
the surrounding medium; the axial heat transfer from any point 
in the surrounding medium to, and through, adjacent points in 
the medium in an axial direction is neglected. 


(4.1) Mathematical Analogue 


Considering the electrical circuit of Fig. 6(6), the equation of 
the circuit is 
OV 
ot 


1207S len 


ond one (10) 


Comparison of eqn. (10) with eqn. (1) shows that they are 
analogous; thus the equivalent circuit of Fig. 6(6) and egn. (10) 
can represent the performance of a fuse of uniform cross-section. 


DISTANCE THROUGH MEDIUM SURROUNDING A CIRCULAR 
FUSE ELEMENT 


{fals. 


1Ax | +x 


LENGTH OF FUSE ELEMENT DIVIDED INTO SECTIONS 


(a) 


R,/2 R, R, 


> 


i TO FIRING CIRCUIT 


(6) 


X=1/2 - 


Fig. 6.—Electrical circuit analogues of a fuse. 


(a) Fuse analogue allowing for heat transfer in an axial direction through the medium surrounding the fuse element. 


(b) Simplified analogue adopted by the authors. 
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(4.2) Analogue for a Strip Fuse with Discontinuities in its 
Cross-Section 


For a wire with n discontinuities in its cross-section, the 
general heat equation is of the form given by eqn. (1), but the 
boundary conditions are different. 


00 076 
= a pet, oe acl 
Sips mma oe 
with 6, —— Tg =i) at Xn = 0 


I 


G..=- Tab xe 1 
6,, = 0 when t = 0 
In order to deal with any particular fuse sections, as in previous 


cases when using a purely mathematical approach, eqn. (11) will 
be broken up to form three equations: 


2 
ee pe with @ = Oat x =Uand x =/ 
or Ox? 
8 = 0 when t = 0 (11a) 
2 
Gee “Toit Oe bate ee 0 
of Ox? 
O=6, atx=/ 
6 = 0 when ¢ = 0 (11) 
eee, 026 ; ty 
(iil) + = Ky — 48 with 6 = 0, atx =0 
CAO athe 
@ =0 when t = 0 (11c) 


Any nth section of a fuse with multiple discontinuities in its 
cross-section will then be described by the conditions in 
eqns. (11a), (115) and (11c). 

The instantaneous temperature will then be 

Oy Oigek Ore Oe. « 


Egn. (11a) will describe the analogue circuit of Fig. 6(0). 


(12) 
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Comparing eqns. (11), (11a), (115) and (11c) with eqns. (10) 
and (13), 
i = i,Axm = mAxa, 


C = 2CyAxm = 2mAx 


Ry 


j ne Soe ae 
AAx m  AxdAm } 


(4.4) Procedure for Solution 


(4.4.1) To Find a Current/Time Characteristic of a Single Wire. 


(a) The maximum temperature of a single wire heated by a 3 
electric current will be at its centre. | 
(b) Convert the analogue current in terms of a, [eqn. (14} 
first part]. 
(c) a, =plI*; the corresponding current for that recorded 


a, | 2 


voltage will be J = | — 


(d) From the recorded voltage and corresponding curren*, 
find N; V = NI* = Na,|p. 
(e) Find the fusing current at time fr: 


@ = melting-point temperature 
= NI? 


Opie Eli 
or l= B = Vp 


N is the temperature per current squared at distance x from 
the origin. 
12 


at = pie 
— JA? pco 


pl 


1 
~ JA2pceo _ 


oe 
Ry Y 3 x ? 
WV 
R,/2 R, 


TO FIRING CIRCUIT 


Fig. 7.—Subsidiary analogue circuit for a fuse with multiple discontinuities in cross-section. 


For egns. (115) and (11c), consider the electrical circuit shown 
in Fig. 7; when the switch is closed at t = 0 the instantaneous 
voltage will be 
oo 41 eV V 

or 2 R, Ox? R, 


(13) 


Inspection shows that eqn. (13) is analogous to eqns. (11d) 
and (11c). 
The difference between them lies only in the limiting boundary 
conditions. 
(4.3) General Parameters 


For accurate results the overall length of the fuse should be 
divided into as large a number of sections as possible. 


(4.4.2) To Find the Minimum Fusing Current of a Fuse with n 
Discontinuities in Cross-Section. 


(a) Find the value of N as shown in Section 4.4.1 throughout 
the fuse element of n sections, using Tables of the form shown 
in Appendix 12.1. These are obtained from the analogue com- 
puter illustrated in Fig. 6(d). 


(b) From Tables 11 and 12 in Appendix 12.1 find d0/dx at 
every point where there are changes in cross-section. 


(c) Assume the steady-state value T,1>, T,53, etc., at the points 
of discontinuity. 


(d) Find the approximate value of d@/dx due to T5125 F593, ete. 
(approximately a straight line function), or find the accurate 


f 
i 
! 
! 


asin Fig. 7. 
(e) Compute and evaluate Ty12, T,23, etc., by 


dé; d@ 
aire as ae =11,x, =0 


a of d0/dx due to T s12> 1523, etc., by the represented circuit 


) 

| d6, dO 

I A —_— = sas areas = 

| 2x, ay es at X2 L, ey 0 


atek. LC. 


(f) Add the result of (e) to the value of N obtained from (a). 
(g) Find the accurate maximum value of NI? and its location. 


(melting seppersta) | 1/2 


(h) Minimum fusing current, J = | N 


| 
| 
| 

1 
. 


(4.4.3) To Find the Time/Current Characteristic of a Multiple-Cross- 
Section Fuse Element. 

, (a) Find the steady-state distribution as shown in Section 4.4.2. 

(b) Find 6/,, @5, etc., at various points along the length of 

‘the multiple-cross-section fuse from the electrical analogue as 


shown in Section 5.2 in terms of 7,9, T,3, etc. 
} 


I 
( 


Ag —lo— 19 a—19¢ + Ainlp Pir 
Again) Healy 


(0) Find 61, = 


for time f. 

_ (d) Plot the pattern of distribution at time . 

(e) Find the maximum value of NJ? and its location. 
(f) Find the corresponding current at time f, 


Pe Ges UAE) [2 
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(5) RATE OF HEAT TRANSFER IN OIL 
When a heated vertical plate has been set up in a liquid, 
‘natural convection occurs, and the equations of motion and 
heat flow> are 


| 
| 
7 
f 
. 
' 


ou ou 02u 
= 1 
use tO = a5 + ef (15) 
06 00 =k 070 
= 16 
us OF Nie (16) 


where uw and v are the velocity components in the x and y 
directions, the x-axis being vertical, the y-axis horizontal and 
at right angles to the heated vertical plate; «, is the kinematic 
viscosity, and f is the coefficient of change of density p with 
temperature as defined by p = po(1 + £8), where po is the density 
at temperature 0 = 0. 

If the horizontal motion is ignored, 


10) (17) 
ox e oy 
where wu = v = 0 and 8 = 4 when y = 0 for all values of x. 
_ gBbql3 
By putting G, (the Grashof number) = ee 


and P, (the Prandtl number) = ss the unit velocity may be 


taken as k/cl. 
Also put 


y, 
BE (3/4G,P,)"*-4 


From eqns. (15), (16) and (17) the solution for the mean rate 
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of heat transfer per unit area> H, for a plate of length J, is 
given by 


al 
= Koy | pe dx 
l J oy y=0 
0 
= =r) parE) 00 
1 27 Oz z=0 
Hl 
Sea 1/4 
or Bo w(G,P,) (18) 


Saunders* has given an approximate theoretical value of w, 
derived from eqns. (15), (16) and (17), as w = 0-54; Lorenz> 
has obtained results by measurement, and gives w = 0-56 for 
switchgear oil. 


(6) HEAT TRANSFER THROUGH POWDERED MATERIAL 


(6.1) General Conduction Equation 


When heat is conducted through powdered solid, it can be 
shown that 


070 1 4.0°0 


070 06 
i toy aw 


aay (19) 


Eqn. (19) may be transformed readily into a cylindrical system 
of co-ordinates, 
z=rcosyandy=rsiny 


Eqn. (19) for 8 becomes 


OGM (0-0 aod 
Ot cp\dr? * 7 Or 


1 070 
r2 dy? 


es) (20) 


One 
Again when the initial and boundary conditions do not contain 


y, the flow of heat takes place in planes through the axis, and 
the equation of conduction through powdered solid becomes 


1 00 


06 =k 070 076 
ti a ae) Gy 
Eqn. (21) has been confirmed by other authors.* ? 
The cartridge-fuse equation will thus be 
00; 070; (27r 1)k 06, 
Ut ; ox? A1Cyp, ( hk =r “1 (22) 


and from eqn. (21) by neglecting the axial heat transfer from 
any point in the surrounding powder to, and through, adjacent 
points, 

00, 


076 
PD a ky ; 


06 
We ) 23) 


ror 
For a steady rate of heat dissipation, the inside radius r (of the 
fuse-element) remains at a temperature 6, and the outside radius 


ry (of the cartridge) is at room temperature. 
Then the rate of heat transfer per unit length is* 


06" Ak(6, — 8 
pe ed | ea Dot U2) (24) 
or 1 lo) 
og — 
r2 rj 
Eqn. (22) can then be put into approximate form as follows: 
00; 076; 
a Ph ass Or Fedele o hice ike (25) 
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where IG = is 
CiP1 
* = 27k, - 
Ajc\p; log (2) 
ry 
12 
0 TA2e p15 


(6.2) Elliptical Field of a Strip Fuse with Rectangular 
Cross-Section 
(6.2.1) Basic Relationships. 
Assume that the thermal field, under specified conditions, is 
analogous to the electric field: then 


fe ee i amie 
a aoa &. log r 
ry 
where q = Charge. 
V = Voltage, representing a line of equipotential. 
€ = Permittivity. 
and 0 ane Jak 
Bi gra Ag = 
ry 
where 6 = Temperature. 
k = Thermal conductivity. 
H; = Heat in the inner cylinder per unit length per 
unit time. 
From Fig. 8 of Reference 6 
€ ‘i du 
CG = = 


NV, 


Consider the ellipse (Fig. 9). If 2d (width of the strip) > the 
thickness of the strip, 2g (cartridge diameter) > 2d and 2b > 2d, 


vy CONST. 
vy CONST. 


Fig. 8.—Field between two cylindrical surfaces. 


Fig. 9.—Elliptical field pattern surrounding a strip of rectangular 
cross-section. 
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by conformal transformation it may be shown that the flat strips 
is given by the degenerate ellipse V = 0, so that V; = 0, Tie 
ellipse is given by | 


BS 
cosh V = 5 | 


V> = cosh! g/d | 


| 
When g ~ b the ellipse becomes a circle of diameter D = 281 
Then | 


1.e. 


D 
Les 
V, = cosh Ad 
= € J du ar € 
= oa 
Vopr ae 
| cosh Ad 
If the fuse element is circular 
2k él 
Hy == JO, — %) (26) 
log 2 
ry 
If the fuse element is a strip 
2k 
H; = us 2 JO; — 05) (27) 
=i ee? { 
cosh id 


The strip of width 2d will have surface dissipation equivalent 
to a circular element of surface 27r, by the relation: 


Lp) = =i! 2ry 
log rf cosh ad 
iD 
or r= (28) 


(6.2.2) Electrical Analogue Parameters. 


The analogous electric circuit representing eqn. (25) will then 
be the same as that given in Section 4.3, i.e. 


Ax 1 
K=0°3502 0 = eee 
1" Km 2 ~ Axd\m 


(7) DETERMINATION OF ACTUAL FUSE CHARACTERISTICS | 
(7.1) Example for a Uniform-Cross-Section Semi-Enclosed Fuse 

Material: tin sheet; K = = = 0-359; A =0-022 Gn airp! 
From Section 4.4 Table 1 is obtained. 


Table 1 
ANALOGUE PARAMETERS 


Elemental length of fuse 
element of any 
cross-section dy 


cm 
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ti 
il Table 2 
—_ 


CURRENT/TIME CHARACTERISTIC OF STRIP FUSE 


Voltage for Voltage for 
: Average voltage 5 I 

oes cm ae cm for length = ' I j (from eneen 
Appendix 12.1) | Appendix 12.1) prOkces . sedi Mame See Shy tek) 


| 0-98 
. 0-974 
0-916 
0-76 
0-441 
0-247 
0-129 
0-057 
0-0269 
0-0136 
0-0057 
0-002 55 
0-001 16 


| 
| 
j 
I 


coooocoooorhuw 


i 
[ The material dimensions of the tin strip used in the analytical 
i) and experimental derivations were 2:03 cm long, 0-013 cm thick Table 3 
wand 0-343cm wide. Taking sections of 0:254cm length, the 
maximum temperature will be at //2 or 2-03/2 = 1-016cm; this AVERAGE KINEMATIC VISCOSITY OF SWITCHGEAR OIL 
is the average between points 0-889 cm and 1-143cm in a section 


of 0:254cem length. Temperature Viscosity Average viscosity 
\ 2a 
| P 5 2 
{ or aie == Oil : 
| TAp % 8 
oe 8 3 ‘i 
I aan fe 2 3 
| = 0-58 3 3 
2 
V (the recorded voltage) = NIJ? 4 2 
-0 1 
as ve _ 0 ‘4 58 ‘0 1 
| EN 0 1 
| whence Table 2 is obtained. K : 
(7.2) Example. To Find the Current/Time Characteristic of a 2 0 
Fuse 0-241 cm Wide, 2:03cm Long and 0:165cm Thick, 


Immersed in Switchgear Oil (to B.S. 148: 1959) 
2 


Tf 
= —,— = 0-655]? 
JA*pco Table 4 


a 
(To find Hj 
_ In order to find the average kinematic viscosity between 
' 10°C (ambient) to 230°C (melting point of the fuse), the scale 


DETERMINATION OF G,P, 


! Oe Q T GrP, Tr 

has been divided into 14 ranges, 13-9°C apart. A diderence penne: Gore then TE TS 
| The average of the integrated kinematic viscosity from 10° C to plate and liquid 0-119 m longs) 

| 66°3 

I 204° C is thus es = 4-73 units, corresponding to the kinematic °C Xe 


i) 

I 2-001 x 107 
| viscosity at 81°C. 

' To find G ,P, for a temperature variation of 1°C and lcm 

i length of metal plate at the average viscosity (81°C), the results 
“in Table 4 are based on those of Lorenz, > who used a metal 
{ plate, 0-119 m in length, immersed in switchgear oul. 

| Extrapolating from Table 4, G,P, at 81°C is 145 x 10%. 


|. From eqn. (18), Therefore, 
H 4 4yt/4 * 228 
— = a(G,P,)'/* = 0-55 (145 x 10*)'/* = 19 Rotor ol =k), 
Koi 1 14 ¥ 6 
Koi. = 0-000 317 C.G.S. units’ From Table 1, with R, = 2 kQ, similar to the case of Table 2 
Hi = 19 x 0-000317 = 0-00602 the complete solution with comparison of experimental results 


Hy = 5-15 Xx 10° or Hoy = 46H iy is tabulated in Table 5. 
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Analogue computation 
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Table 5 


CURRENT/TIME CHARACTERISTIC OF FUSE IMMERSED IN OIL 


Experimental determination 


eres Voliags 6 | Asetaes oe |e Time 
sec Vv Vv Vv A A hone 
0-01 0-11 0-11 0-11 284 11729) a 
0-02 0-24 0-23 0-235 194 90 0-072 
0-05 0:57 0-56 0-569 125 65 0-185 
0-1 1-07 1-06 1-065 91-2 50 0-47 
OED 2°05 2-0 2:02 66-3 41-5 0-70 
0:5 4-2 4-2 4-2 45-9 34 lets 
1 7-0 6:9 6:95 sey 30 2-0 | 
Z 9-1 9-0 9-05 S133 28 8-2 | 
5 10-4 10-4 10-4 29-2 27 time | 
Time 10-6 10°5 1OeS5 29-0 to 
to m.f.c. 
msf.c; 


Table 6 


CHARACTERISTIC OF FUSE ENCLOSED IN SILICA FILLER 


= 


By experiment 

Voltage at Voltage at Average voltage pees 1 

Time 7/2 = 1-14cm 1/2 = 0-889 cm 2 = 1-01Scn JV" ; : 
sec Vv Vv Vv A A sec 
0-02 0:22 0-22 0-22 191 205 0-015 
0:05 0:58 0:58 0:58 Ly, 102 0-044 
0-1 1-2 1-18 1-19 81-1 70 0-09 
0:2 2°4 M23) 2-95 Sfjow 52 0-20 
0-5 Si! 5-0 Sl 39-5 41 0-4 

1 8-8 8-5 8-65 30-3 B)sy5) 0:8 
2) BIOS; 12-0 P29) 25 31 1-82 
> 18-2 14-5 16-3 POA 26 2°8 
10 18-5 15-0 16-7 my) 24 4-8 
50 19-0 iNSyos} Wels 255 18-5 345 


(7.3) Cases of Fuse Elements Enclosed in Quartz Filler 


(7.3.1) Example. To Find the Current/Time Characteristic of a Strip 
Fuse 2:03cm Long, 0-:0165cm Thick, 0-228cm Wide, the 
Filler being kz = 5-9 x 10-4¢.g.s.u. and the Cartridge 
Diameter 1-27 cm. 


From eqn. (28), 


0: 
n= ao = Ste = 0:057cm 
exp (cosh~! 52) exp (cosh! 7) 
2k 
Na — = 1-05 
Ajc,p; log = 
ry 
53< 10° 
2 = gg = 4°75kQ 


with 5mA current, Table 6 may be assembled, again with com- 
parison of experimentally derived results. 


(7.3.2.) Example. 


As a further example in this category, the current/time 
characteristic of a fuse 0-508 cm wide and 2:79 cm long, embedded 
in quartz powder, will be found. 


Table 7 


CHARACTERISTIC OF A FUSE OF DIFFERENT DIMENSIONS FROM | 
THOSE GIVEN IN TABLE 6 


By analogue (ij= 5mA) By experiment 


Voltage 


Zon 1/2 
I= (AX) : Current 
Va 


eC 


Cc 
02 

05 
1 
2 
5 
0 
0 


AnaABN 
n 


Conwnan < 


s 
0 
0) 
0: 
0: 
0: 
ile 
2. 
0 


ADNDOAN OS 


—_ 
Ne 


The tin sheet from which the fuses were 
0:178cm thick, and cartridge = 0°635cm. 


a. ==0s147 $1 


manufactured was 


0:635 
ry Tite of AMIRI OS SS = 0:133cm 
e ho! 53) 
Xp (cos re 


r, ae 27k 


aa 0°777 
| , Aicyp, log 2 
| e 
3 
‘Therefore Ry = — = 6:44 ~ 6:5kQ. 


| As before, constructing a tabular comparison of results we 


‘have Table 7. 


(8) EXAMPLE OF A FUSE WITH DOUBLE DISCONTINUITY 
| IN ITS CROSS-SECTION 

| A double-discontinuity fuse (3-04cm long, 0:013cm thick, 
J-38cm wide and 0-137cm neck width with 0-508cm neck 
peneth) is immersed in oil in accordance with B.S. 148: 1959. 


} 
! 
i 


| a, = 4-234]? OAT 
et: 

by = 1°61? by = 0-197? 
Hy = 0-00602 and Ry = 2kQ 


To find 7,, substitute in eqn. (8); alternatively, and more 
simply, T, may be obtained from eqn. (12) of Reference 1. 


T, = 0-417 72 
i 
Table 8 


TEMPERATURE FROM THE FIRST PART OF EQN. (9) FOR THE 
DIsTANCE /,/2, WHERE J, =0-508CM, AND USING THE 
ANALOGUE FOR SECTIONS OF ELEMENTAL LENGTH 0-064 cM 


i 
| 
| 


Voltage from analogue, corresponding 
to ig =5mA 


at //2 where at 1/2 where at 1/2 where 
1=0-508cm | /=0°444cm 7 =0:571cm 


nA AN 


UNABRWNOOO 
NNORWOUWADN < 
Ann 
ADNAUWNOSOO 
WOABAHORN < 
MaAnNnNNW NAN 


0-294J2 


(8.1) Minimum Fusing Current 


_ At 1,/2 the temperature [second and third part of eqn. (9)] is 
0-79T, (from Table 9) = 0-79 x 0-417/7 = 0-3291?. 
At /,/2 the temperature [first part of eqn. (9)] is 0-294 2 (from 
Table 8). Therefore the total temperature is 0-623J? = NI?, 
and the melting temperature is 232°C. The minimum fusing 
current is [232/0-623]!/? = 19-4A and from experiment it is 
19-0A. 

From Tables 8 and 9 and Fig. 10, and the experimental 
results, Table 10 is obtained. 


Table 9 
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Ail; + Arh 
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Se OF LD Wie ate Se OP RO 


at 
0:254cm 


See 


Vv 
000 47; 


0:508cm | J; 


Ol, at /; 


6/, at 
x, =0°19cm 


61; 
2 


092T; 
Dako bi 


001 = 0 
015 =0 


@/; and 


Ol, at 
1, = 0:444cm 


Vv 
6a 


Ol; at 
xy = 0-317cm 


0, at 
= 0-:571cm 


I 


Ol in 


1:27cm | terms of 7; 


at 


Ol 
1:14cm 


at ly 


t+ OH NN 
> QA oRawLLK 


oonnnntytSt 


1-4cm 


at 


h 


not MNnnnnN 
> ANnNOCODADDHAH HE - 


SAD eo 


ges or in terms of 7; sections of elemental length 0-254cm were used for J, 


and sections of elemental length 0-127 cm for /. 


The values of 6/2 and @/; were obtained from the analogue computer expressed as volta 
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(o) 
0-001 


PRE-ARCING TIME, SEC 


Fig. 10.—Graphical determination of temperature rise at a discontinuity. 
Fuse with double discontinuity immersed in oil. 


Table 10 


CURRENT/TIME CHARACTERISTIC OF A FUSE WITH A DOUBLE DISCONTINUITY IN ITS CROSS-SECTION, AND IMMERSED IN OIL 


Analogue computation 


Experimental results 


I 
at + 


{2nd and 3rd parts 
of eqn. (9)] 
Table 9 


T, = 0-417 12 


{Ist part of (substituting) 


eqn. (9)]. 
Table 8 


Current = 
Total [F] 1/2 


Current 
temperature Ht 


0009/2 
0-019/2 
0-03812 
00-0972 

0-15312 
0-22712 
0:27812 
0-294]2 
0-29412 
0-294]2 
0-294]2 


0-00212 
0-00812 
0-042/2 
0-14372 
0-234/2 
0-296/2 
0-332 

0:3312 
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(9) CONCLUSIONS 

The paper describes an extension of previous work! to fuses 
with multiple discontinuities, fuses immersed in oil and fuses in 
silica or quartz filler. The analysis has thus been made more 
general; furthermore, an analogue computer has been developed 
for practical fuse-equation solution, and its mode of use is 
emphasized by means of a number of examples. Very close 
correlation has been obtained between theoretical results 
obtained by the methods described in the paper and the experi- 
mental results obtained in the laboratory under controlled con- 
ditions; these sets of results are given in Tables 2 and 5 for 
semi-enclosed and oil-immersed fuses, respectively. Close 
correlation was also obtained for the example given in Section 8 
where the fuse had a doubly discontinuous cross-section similar 
to those of many fuses in common use, e.g. Fig. 1(a); the experi- 
mental and analytically determined results in this case are given 
in Table 10. 


0-00972 
0-01972 
0-038/2 
0-092/2 
0-16112 
0-269 2 
0-421/2 
0-52812 
0-592 
0- 62472 
0-624/2 


To reduce computational labour, an electrical-analogue com- 
puter has been built to facilitate the mathematical approac 
used in the analysis of a uniform fuse element, as well as that 
of a fuse with multiple discontinuities in its cross-section. Th 
analogue includes elements for representing the axial heat 
transfer, the radial heat transfer, the heat energy from the 
initiating current and the radial heat transfer of the surroundin 
medium. The axial heat of the surrounded medium has bee 
neglected, thereby enabling a reduction in the size of the analogue, 
thus making it more economical and easy to use. The results! 
obtained are very satisfactory and thoroughly justify the approxi-| 
mation. 

Fuses immersed in a liquid, such as the oil-immersed fuse, 
required special considerations. A satisfactory solution for 
liquid-immersed fuse was formulated through the application of 
the mathematical theory of the natural convection of liquids; 
an experiment to investigate the natural convection of switch- 


jsear oil, and with a modified application of the analogue com- 
) uter to the solution of the thermo-electric fuse equation. 

Consideration has also been given in the paper to the thermal 
erformance of the conducting medium in powder-filled cartridge 
juses. The problem of a uniform-cross-section single-wire fuse 
jf this class has been treated by Guile and Carne,? and the 
work above has been concentrated on non-uniform sections 
| rectangular cross-section strip), the radial heat transfer from the 
| -lement being taken into account. This treatment led to appli- 
fration of the analogy between electric and thermal fields for 
‘obtaining a solution of the strip fuse enclosed in quartz/silica 


(iller; the mathematical process adopted once the analogy has 
deen established is the same as in the previous cases. From the 
i3wo examples quoted in Section 7.3, the results of which are 
ziven in Tables 6 and 7, respectively, it can be seen that the 
‘results show reasonable accuracy for cases of fuses which are 
/not very long compared with their width, e.g. length : width +10. 
(For longer fuses in this class, it is clear that more accurate 
computational methods should be used, e.g. extension of the 
analogue computer to permit the fuse length to be represented 
| by a greater number of elemental sections, together with improve- 
(ments in the method of measurement on the analogue computer; 
‘the logical step would be to adopt the equivalent of this in the 
\form of solution by digital computer. Alternatively, a different 
| approach could be made to the problem of the long fuse element 
‘enclosed in heat-conducting filler; one possibility is application 


‘of the methods of Jaeger and Newstead® in their work on the 


| transient heating of buried cables. 
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(12) APPENDICES 


(12.1) Tables of Fuse Data Derived from Analogue-Computer 
Studies 


The following Tables have been assembled from results of 
analogue studies carried out on the computer described in 
Section 4. The complete set of Tables were of fuse data for 
fuses varying in length from 0:445cm to 2°79cm. The columns 
marked ‘length’ refer to the distance of the nodes from the 
origin, as in Fig. 6(b), and correspond to the elemental lengths 
into which the fuse has been divided. In all cases, C = 400 uF 
and i, =5mA. Average values from Tables 11 and 12 were 
taken for fuse lengths of 2:03 cm used in the experiments. 


| Table 11 
| Fuse DaTA 


Ii Vv Vv Vv Vv ¥, Vv 

} 0-05 0-11 0-25 0-59 1-17 2:40 
0-05 0-11 0-24 0-585 iheat 7) 2:40 

0-05 0-11 0-24 0:58 Pails) 23D) 

| 0-05 0-105") 702355) 0-58 heals) 2°28 

| 0-05 OM057 1" 0-1307 |" 0753570792 1-54 

2 


Length x 


Total length = 2-28cm 


ie Table 12 
Fuse DATA 


Voltage corresponding to time f, sec 


Total length = 1-78cm 
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(22.2) Feasibility of Establishing a Single Series of Tables for 
Predicting the Current/Time Characteristic of a Fuse 
with Multiple Discontinuities in its Cross-Section 


According to the method previously established for a fuse of 
doubly discontinuous cross-section, seven sets of Tables are 
generally required; two are required for each outer section and 
three for the middle section in each case in order to compute 
the current/time characteristic. Thus the analogue computer 
will have to be used to perform seven series of operations. 
However, if a mathematical solution for such a fuse shows that 
the seven series of operating solutions can be replaced by a 
single series, it is likely that the seven series of analogue-computer 
operations which follow the mathematical approach can be 
reduced to a single series also, thereby introducing economy. 

To prove the possibility of a single series of electrical analogue 
operations is to prove the possibility of a single series of Tables 
of data for a multiple-cross-section fuse in general; the dis- 
cussion here is restricted to three sections for simplicity. This 
method uses Laplace transformations to reduce the partial 
differential equation to the subsidiary differential equation. 
When the subsidiary equation has been solved with the appro- 
priate boundary conditions, the Laplace transform of the 
problem will be given by the subsidiary equation’s solution, 
and the procedure then involves methods of finding the final 
temperature by a contour integral. To illustrate this mathe- 
matical approach, a double-discontinuity fuse has been chosen, 


i.e. three sections. 
From Fig. 2(6), the general equations, as before, are 
06; 076, 
aK —A,6,+a (29) 
or Oxt it : 
06 076 
= = = — A265 AF az (30) 


Reduce the partial differential equations to subsidiary equations. 
Eqn. (29) gives 


= 076; ENA ay 
0= Kya - A +r +5 (31) 
Eqn. (30) gives: 
=? 076, CD 
0= ins —Q, + p)b, + Pp (32) 


Ait py 

gay ( K : 
: \ 1/2 

p(A,; + p) sinh (3-*) I 


O,(p) a 
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A, + py? 
— cosh ( K 


1 | a, (2 = z yh — cosh (2e7)"4| 
S -. — 


With boundary conditions 


db, db, 


@ Ag Faas at x, =O and x, =), 


(ii) 6, = 6, = 4, at x, = 0, x, = l, and at x, =, 
(iii) 6, = 0 at x, =0 
Subsidiary equation (31) with eqn. (34) gives 


Aes ay 


sinh (Di + sinh (2 z Piel — x4) 


q 
| 
ji 
a : Mate Pa | 
sinh ( K I; | | 
»Y 1/2 ; x 1/2 
; sinh ( 17?) x, + sinh (“2*) (l, — x) 
G, << —_, oe 


5 1/2 
sith (“?) 


Subsidiary equation (32) with eqns. (34) and (35) gives 


” Siow Bali. 
1/2 7 
sinh (aa? uP 2 + sinh ee us *) (L, — x) 
1/2 
sinh S diss l, j 
_ | Aa + p\!? 
is sinh ( - Z 2 
+ 6, Gy EAE (37) | 
sinh ( 2) oh 


Differentiate eqns. (36) and (37) and equate with the condition . 
in eqn. (33) giving 


(ag + D\P 
P(A, + p) sinh (2 * L 


a(™ a ‘al — cosh (2: aad ‘a l; (eee cosh Case 
ee —— L ee 


5 Ay +p i/2 : A, at 2 te 
sinh (“*) I sinh ( K l 
where q = zl 
2 
For this type of fuse, the fuse breaks at x, = /,/2, 
a, a2 a A, + p\'? ] 
ate: Me ee (ee h( 
PE ee), hea Qe +P) la; +7) Oi at ee CN om Pe: 
tx1(P) = 
PALS P) p cosh (“=P rape 1 — cosh (MFP), 
K Ay ia ve (2 mea ach A, + Pp sen 
Az an vu K 2 & cosh (25 * 


1/2 
sinh ners = yh 


This can be solved by the expansion method or by the inversion theorem on the contour integral, 
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Using the inversion theorem: 


(Prey = FL — exp(— vd 


Y+joo Y2h FE (EPR ABS Ve osh x2 ray. ge 
ae 1 es An +y A+y A+Y 
Qn At = oy, 1/2 2 A ae yy 1/2 
y cosh 12. 1 — cosh ( 
A +y MA aes @ abed Gyo JeWt Aad FOS hea “in ie vy 
ee A+ K ee \pee ys ie K 
2 sinh ( = hi 
I 
x S55 
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dy 


| The above solution can be calculated in one series of Tables. Therefore, for a multiple-cross-section fuse, it is likely that the 
| electrical analogue can compute also in one series of Tables instead of (3n — 2) series, where n is the number of cross-sections. 
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THE LAUNCHING OF SURFACE WAVES BY AN END-FIRE ARRAY OF SLOTS 
By Prof. A. L. CULLEN, O.B.E., Ph.D., Member, and J. A. STANIFORTH, Ph.D., Graduate. 


(The paper was first received 12th August, 1960, and in revised form 15th February, 1961. 
in June, 1961.) 


SUMMARY 


An end-fire array of slots suitable for launching a surface wave on a 
dielectric-coated metal sheet is described and analysed. The analysis 
is based on the representation of the slots as magnetic dipoles in the 
plane of the sheet, their axes being perpendicular to the line of the 
array. 

In a practical embodiment of the scheme the elements take the form 
of slots fed by quarter-wavelength branch guides series fed from a 
waveguide partially filled with dielectric mounted beneath the metal 
sheet. Experimental results are given which support the theoretical 
conclusion that a high launching efficiency is possible. A launching 
efficiency of 95 % is obtained theoretically for a 12-slot array launching 
a surface wave on a metal sheet coated with dielectric of relative 
permittivity 2-56 and of thickness 0-125 in at a frequency of 9-38 Ge/s. 


LIST OF SYMBOLS 


Xx, y, z = Cartesian co-ordinates. 
Cylindrical co-ordinates. 
Spherical co-ordinates. 
= Magnetic and electric vectors. 
= z-axis unit vector. 
= Magnetic and electric scalar potentials. 
8 = Phase-change coefficient used in the analysis. 
k = Phase-change coefficient of free space. 
u, m = Surface-wave constants. 
Kos €9 = Constants of free space. 
€, = Relative permittivity of dielectric sheet. 
2a = Dielectric thickness. 
h = Height of dipole from centre of dielectric sheet. 
Jo(x), J,@) = Bessel functions of order zero and one, respec- 
tively. 
K = Magnetic surface current density of single sheet. 
c = Radius of magnetic-current sheet. 
M = Magnetic-current moment of dipole. 
S, R = Suffixes for the surface wave and radiation field 
respectively. 
A, = Surface-wave wavelength. 
d, = Rectangular-guide wavelength. 
p = Phase-change coefficient used in the calculation 
of the radiation pattern of the array. 


I 


r, d, Z 
R, 0, ¢ 
ALE 

k 

GY 


| 


(1) INTRODUCTION 


The investigation described in the paper arose from an 
experimental study of the diffraction of plane surface waves by 
cylindrical obstacles. A narrow-beam launcher of surface waves 
was necessary in order to reduce reflections from the sides of the 
surface-wave-supporting surface. It was also desirable that the 
launcher should have as high a launching efficiency as possible. 
Moreover, in the earlier stages of the experimental investigations, 
the launcher was required to be flush with the metal surface on 
which the dielectric sheet required for surface-wave propagation 
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was placed. A linear end-fire array of waveguide-fed slots 
(Fig. 6) was expected to meet these requirements. It is reason-, 
able to suppose that a theoretical treatment in which the slo 
are idealized as infinitesimal dipoles parallel to, and in th 
plane of, the metal surface will be adequate for predicting t 
launching efficiency of the device. 

Formulae for the radiation and surface-wave fields produced 
by a magnetic dipole lying parallel to a plane capable of support, 
ing surface waves (we shall refer to such a dipole as a horizontal) 
dipole) do not appear to be given in the literature. Tai! and 
Whitmer? have considered the fields produced by a long hori- 
zontal wire carrying an electric current, and Cullen* has con~ 
sidered the corresponding dual problem for a long horizontai. 
magnetic-current filament. These are essentially 2-dimensionsl. 
problems. On the other hand, vertical electric dipoles have beea: 
studied by Fernando and Barlow,* and by Brick,° and vertical 
magnetic dipoles also by Brick.° The present analysis first! 
considers the fields produced by a single horizontal magnetic 
dipole situated within a dielectric sheet. 

From the solution of this problem we can deduce the solution 
of the less general case where the sheet has been replaced by a 
sheet of half the thickness backed by a perfectly conducting 
plane. It is this last case which is of interest so far as the 
experimental work referred to earlier is concerned. An end-fire 
array of magnetic-current dipoles can then be analysed in terms 
of the solution for a single magnetic-current dipole. It is found! 
that the surface-wave launching efficiency for the array is much 
higher than that for a single dipole. 


(2) SINGLE DIPOLE SOLUTION 


In solving the case of a long magnetic-current filament parallel 
to a surface-wave-supporting plane, Cullen employed Fourier 
analysis to synthesize a magnetic-line source, at a height 4 above } 
the supporting surface, from magnetic-current sheets parallel to) 
the surface and also at height A above the surface. A similar/ 
approach is used in the present paper, in which the magnetic- - 
current dipole is synthesized from magnetic-current sheets lying; 
in the plane containing the dipole. Referring to Fig. 1, the: 


Fo 6 
etd ee ad ce ee Co OME 
Be CURRENT SHEET 
Fo €0 & 
Fo» £0 


Fig. 1.—Dipole and current sheet. 


direction of current flow in each sheet is assumed to be parallel 
to the y-axis, and it is further shown that the current flow 
varies with radial distance from the origin as Jo(r). The total 
field associated with any one of these current sheets can be 
calculated quite easily, and from this the field of the dipole can 
be obtained by summing fields associated with the individual 


[492 ] 


P Tent sheets into which the dipole can be analysed. Fig. 1 
Ts a Gielectric sheet of thickness 2a with a dipole situated at 
‘| eight h above its mid-plane. The field set up by a single 
jlagnetic-current sheet can be represented as the sum of two 
jartial fields, one partial field having E, = 0 and the other 
| oem field having H,=0. These two partial fields can be 
i tained through scalar potentials V and U, respectively, from 
jae following equations: 


E, = curl KV 
. (1) 


A, = curl kU 


) a aca U and V must satisfy the scalar wave equation 
ja cylin rical co-ordinates, they must be finite at the origin, 


ind must also have an angular -dependence appropriate to a 
In the free-space region above the dielectric sheet 


plipole field. 
he appropriate forms are as follows: 


Of = JwegD e~¥2—J, (Br) COs ) a . . (2) 
V=Cye"@-J,(Br)sind. . . . . (3) 


| Within the dielectric the exponential factors in these formulae 
| re replaced by factor of the form A cos m(z—h) + B sin m(z—h), 
i vhere 

Be a at eK mt ge 3.» (4) 
elow the dielectric-sheet formulae of types (2) and (3) apply 
i ut with the sign of the exponent chosen so that the fields decay 
ivway from the surface if the exponent is real. 

| It is now necessary to express the arbitrary constants in terms 
>f a magnetic surface current density K(r). The dipole is 
analysed by summing the fields associated with this current, 
jwhich always flows parallel to the dipole. At z =A, the dis- 
(ontinuity of E, and Ey together determines the magnetic surface 
‘current density. For the current to flow parallel to the dipole, 
£, and E,, each of which has terms involving J,(Sr) and J;(8r), 
must have the same r-dependence. After simplification, this 
gives for the components of the magnetic surface current density 


K,(r) = KoBto(B0) me 
and K,{r) = 0 vsusinlt: dois 


where Ky is related to some of the foregoing arbitrary constants. 
It is a straightforward though somewhat laborious matter to 
determine the remaining arbitrary constants in terms of Kg by 
making use of the boundary condition that tangential electric 
and magnetic fields must match on both sides of the free- 
space/dielectric interfaces and that the tangential magnetic field 
and the y-component of the tangential electric field must be 
continuous in the plane of the current sheet, whilst the x-com- 
ponent of the electric field must have a discontinuity appropriate 
to the magnetic current density. The next stage in the calcula- 
tion is to represent the dipole in terms of magnetic-current 
sheets. 


(2.1) Representation of the Magnetic Current Dipole 


Referring to Fig. 2, the infinitesimal dipole can be regarded 
as the limit as c > 0 of a circular patch of constant magnetic 
current density K of radius c polarized parallel to the dipole. 
The magnetic-current moment of a strip of current of thickness 
dx and length 2y is K2ydx, and hence the moment of the 
whole patch is 7c”K, where c is the radius of the patch. It is 
assumed, of course, that c is small in comparison with the 
surface wavelength. As c—>0 we assume that K-—> 00, so that 
mc2K = M, say, remains finite. The amplitudes of the magnetic- 
current sheets into which we analyse the dipole can be obtained 
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y 


— 
dx 
Fig. 2.—Magnetic current patch. 


with the help of the Fourier—Bessel transform pair, when it is 
found that the sheets have the amplitude MB/27. 


(2.2) Image-Plane Solution with h = 0 


In the problem of immediate interest the dipole is situated 
at the origin so that h = 0. The region below the plane z = 0 
is assumed to be perfectly conducting. This, of course, limits 
the number of surface-wave modes which can be supported, but 
amongst these the dominant surface wave can still be supported. 
This wave has a component of electric field in the direction of 
propagation and a component of electric field perpendicular to 
the dielectric interface. Applying eqns. (2), (3) and similar 
equations, within the dielectric and outside, U and V can be 
found in terms of Kp. The potentials of the dipole can then 
be found by integrating over B from zero to infinity. The 
resulting integrals can be solved in the far field by contour 
integration in the complex B-plane; the contour being essentially 
that employed by Sommerfeld. The surface-wave field is 
obtained from the residues at the poles, and the radiation field is 
contributed by the branch cuts. 

The poles occurring in the integral for U are given by 


€,Uu 
(an Ng = Se ee 
= (6) 


If the thickness of the dielectric sheet is not too great there is 
only one solution of eqn. (6). The value of 8 corresponding to 
the particular value of m which satisfied eqn. (6) will be denoted 
by 8. The poles arising in the integral representation of V 
exist only if the dielectric thickness is great enough. In what 
follows we shall assume that there are no poles contributed by 
the integral for V. In this case the surface-wave potentials for 
large values of r are given by 


a M2, 8 =F 5 eos. be 4s Mer [ee 
6 ~~ @°0957 (2m) »/(Bir) F(B)) 
V,=0 
where F’(8)) = 


1 
es ere =a ee Ss 


| E t R i Bi 2 | cos a (¢,k? — eprel 
r 1 


The radiation field is found more conveniently by changing to 
spherical co-ordinates (G, 9, ¢), as shown in Fig. 3. The 
method of steepest descent or the method of stationary phase 
can then be used to evaluate the resulting integral for large 
values of R. The potentials representing the radiation field 
under these conditions are 


M cos¢ 


(7) 


a(B} — k?y1?2 
(<.k? — BaP 


| sin a(e,k? — B%)1/2 


cos 9 ¢—skr 


Ur =J@€077 FEsin®) sind R : 
_M ksin¢ cos 6, — sin? @)'? ek (8) 
RR 4a G(k sin 6) sin 0 R 
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Fig. 3.—Spherical co-ordinate system and linear array. 
where 
k 4 : ‘ 
F(k sin 8) = —(e, — sin? )'/? sin [ka(e, — sin? 0)'/7] 
€, 


— jk cos 8 cos [ka(e, — sin 6)!/7] (8a) 
and 
G(k sin 0) = jk cos 6 sin [ka(e, — sin? 6)!/?] 


+ k(e, — sin? 6)"/? cos [ka(e, — sin? )'/7] 


The surface-wave and radiation fields can be obtained from 
eqns. (7) and (8) using eqn. (1). 


(2.3) Extension to a Linear Array of Dipoles 


Knowing the field set up by a single magnetic dipole it is 
relatively simple to compute the surface-wave and radiation 
fields set up by a linear array of such dipoles, as shown in 
Fig. 3. The array consists of n dipoles, spaced a quarter surface- 
wavelength apart. There is a progressive phase delay along the 
line of dipoles corresponding to the phase velocity of the surface 


waves. Uniform excitation along the array is assumed. Under 
these conditions the array factor is given by 
_ sin n&/2 (9) 
sin €/2 


E = PM 00s ¢ sin 6 — 72 
and p is the phase-change coefficient of the field considered. 

Thus the fields produced by the array are as given by eqns. (7) 
and (8) through eqn. (1), but with a multiplication factor given 
by eqn. (9). 
The total surface-wave power can be expressed as 

M? Bi 

2 16? LF BYP 


x { cos? p 


where 


IP 


(; 2mya + sin =) 
uy 2m €; cos2 mya 
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sin ie (cos d — | 


db . (10) 
‘ LiL 

sin Ke d — »| 

Similarly the total radiation power is given by 
etd ie 
M2 Te 7/2 sin Fe 

Pas J akwvey | i cos? @ sin 6 
1677 0 40 ar 7 gs 
4 
cos? , sin? f(e, — sin? 6) 
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&’ = ),/Ag cos ¢ sin 8 — 1 


and F and G are given by eqn. (8a). ’ 
The integrals in eqns. (10) and (11) are quite complicated an 
are solved numerically for specific values of a and ¢,. 


where 


(2.4) Launching Efficiency 
The launching efficiency, 7, is defined by 
we ss) = 1 
) Se Ppeeae, 1 — Pr/P; 


(12)! 


The launching efficiency of an end-fire array of horizontal mag-: 


netic dipoles was calculated from eqns. (10) and (11) using 
eqn. (12), for a dielectric of relative permittivity 2°56 and 
thickness 0-125in; the frequency was taken as 9:38 Gc/s. 
Fig. 4 the launching efficiency for such a linear array is plotted 


100 


*Io 
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Fig. 4.—Launching efficiency plotted against number of dipoles. 


The points were calculated for 1, 2, 4, 6, 9 and 12 dipoles. 


A smooth curvejis 
drawn to aid interpolation, 


as a function of the number of dipoles. 
launching efficiency of 95% can be obtained. 


In comparing this figure with experimental results, however, — 


it must be borne in mind that the simplifications of the uniform 
aperture distribution, and of a phase difference between adjacent 
elements corresponding to the surface-wave velocity, may be 
quite inaccurate, if substantial coupling effects exist between the 
slots. 

(3) EXPERIMENTAL 


In the initial experiments of surface-wave diffraction referred 
to at the beginning of the paper, the surface-wave table was 
covered with a 0-125in-thick Distrene sheet of relative per- 
Mittivity 2:56. Subsequently this was replaced by the same 
thickness of Perspex of permittivity 2:61. In the experiments 
to be described the permittivity of 2:61 is appropriate, but it was 
felt that the 2% change did not justify recalculating the launch- 
ing efficiency curve of Fig. 4. The Perspex was backed by an 
aluminium sheet 6ft x 3ft. The slotted array was positioned 
at the centre of one of the short sides of this sheet and the main 
beam was directed parallel to the long sides. The 12 slots were 
each 0-900in x 0-050in in size and were fed by stub wave- 
guides, one-quarter guide-wavelength long, which in turn were 
excited by a travelling wave in waveguide No. 16 (of dimensions 
0:900in x 0-400in), the frequency being 9-38 Gc/s. The 
arrangement is shown in Figs. 5 and 6. The stub guides were 
placed one-quarter surface-wavelength apart and the travelling 
wave in the feeding waveguide was retarded by partially filling 


Inj 


With 12 dipoles a. 
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SOLID BLOCK 4BA BOLT 


pO — 


POLYSTYRENE 


NOT TO SCALE 


/3inomial step transformers at the ends of the polystyrene were 


Reflections from the edges of the surface-wave table 
)were reduced by tapered sections of carbon-loaded expanded 
/dolystyrene. 

The launching efficiency was estimated from measurements of 
‘the radiation and surface-wave field strengths. The field probe 


‘was used. Scattering from the probe was reduced by surround- 
ing it with graphite-coated cards. The radiation pattern of the 
‘radiation field was measured in the plane ¢ = 0 and on the cone 
‘9 = 70°, this latter angle being obtained from the previous 
‘measurement in the plane ¢ = 0 and corresponding to the main 


The power in the radiation field was estimated by taking the 
product of the two principal-plane patterns. Similarly the 
surface-wave pattern was measured in the plane @ = 90° and 
the surface-wave power was estimated. 

Correlation of the radiation and surface-wave pattern levels 
was achieved in the way described by Fernando and Barlow.* 
The launching efficiency was estimated from these measurements 
as 98°%. This compares with the theoretical value for 12 slots of 
95 °% The agreement is entirely satisfactory in view of the 
approximations employed in calculating the radiated power from 
the experimental observations and in view of the probable 
departure of the aperture distribution from the assumed simple 
form. A further small contribution to the discrepancy would 
arise from the permittivity of 2-61 employed in the experiments, 
compared with the theoretical value of 2:56. 


(4) CONCLUSIONS 


. ulae for the radiation and surface-wave fields produced 
OM esibsncal magnetic dipole embedded in a horizontal sheet 
of dielectric have been obtained. These formulae have been 
applied to the case of practical interest of a dielectric sheet 
backed by a metal plate, and have been used to represent the 
surface-wave and radiation fields set up by a linear end-fire 
array of slots. The theoretical dependence of launching 
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END VIEW 


X-BAND WAVEGUIDE 
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Fig. 5.—Arrangement of the launcher. 
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Fig. 6.—Launching area. 


efficiency on the number of slots has been calculated, and the 


high launching efficiency predicted for 12 slots has been verified 
experimentally. 
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SUMMARY 


A method is described for determining the conditions which ensure 
backward-wave propagation in dielectric-loaded inhomogeneous wave- 
guide structures. It is established that backward-wave propagation 
can be ensured for the hybrid Hj,;-mode in a circular waveguide 
containing an axial dielectric rod whose relative permittivity exceeds 
approximately 9-4. The possibility of other inhomogeneous-wave- 
guide modes exhibiting backward-wave properties is also examined. 


LIST OF SYMBOLS 
d = Dielectric slab thickness. 
F(x) = xJI,00)/S,(*). 
J,(x) = Bessel function of the first kind and order z. 
j mth root of J,(x) = 0. 
K, K, = Transverse wavenumbers in dielectric and air 
respectively. 
n = Azimuthal wavenumber. 
SAK) Y¥ (Kio) = IK ¥nKr1)- 
Sn(Kyr Yn Biro) — In(Kiro) Yn Kary) 
ry, 9 = Radius of rod and waveguide respectively. 
SKY (Kiro) — In(Kiro)¥ (Kiro) 
SAK pY (Kiro) — J(Kiro ¥ (Kary) 
JoKarp)Y¥1(Kiro) = JiCKiro) Yo(Kiry) 
Ji (Kr) ¥(Kyro) — Jaro) Yarn) 
Um = mth root of J;(x) = 0. 
V(ry, fo) = — 2/[(ro/r1)* — 1]. 


WK. rye re) < EELS)? loge (rofr d/l = Cralro)4] +3} 
ev + pv 
Y,(x) = Bessel function of the second kind and order n. 
{ = Phase-change coefficient. 
€, €9 = Permittivity of dielectric and free 
respectively. 
Ny = 27/w(€oLo)!/? = free-space wavelength. 
v= [(ry/ro)* — 1]/[(ri/ro)? + 1]. 
Kt, fo = Permeability of dielectric and free space 
respectively. 
w = Angular frequency. 


nS 
Se 
I 


RK, ry,'o) = (Kyr;) 


SAK, 1, fo) = (Kir) 


U(K,, 11, 'o) = Cary) 


space 


In the case of the symbols F,(Kr,), R,(K,, r1, ro) and 
S,(Ky, 71, ro) the suffix 7 is omitted when n = 1, 


(1) INTRODUCTION 


Although examples of periodic waveguide structures which 
support backward waves* are well known,! the existence of 
uniform isotropic waveguide structures which support backward 

* The term ‘backward wave’ describes an electromagnetic wave i 
and group velocities with opposing signs. Under ice conditions the drones 


flow of the total transmitted power and the direction of ro i 
Benet propagation of the field 
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waves has only recently been demonstrated.? A specific cas 
has been studied by Waldron and the present author, who hav 
found that a circular waveguide partially filled with an axial 
dielectric rod can support backward waves. In particular, the 
existence of a phase-coefficient/frequency characteristic of the 
kind shown in Fig. 1, curve (4), has been theoretically demor | 


@, We 2 


Fig. 1.—Phase-change coefficient as a function of frequency for a 
structure capable of supporting forward and backward waves. 


(a) Homogeneous waveguide. _ ; ‘ 
(b) Inhomogeneous waveguide with negative and positive group velocity. 


strated in the case of the H,,-limit mode.* It can be seen that, , 
in the frequency band w, — w,, the group velocity dw/df is; 
negative. Also, when w = w,, 0w/dB = 0. 

In the present paper, the general conditions are determined | 
which ensure the existence of backward waves in a circular’ 
waveguide containing an axial dielectric rod. It is found, for: 
the H,,-limit mode of propagation, that the group velocity can. 
be negative if the relative permittivity of the rod exceeds) 
approximately 9-4. The possibility of backward-wave propaga- : 
tion for other modes in a circular waveguide containing dielectric | 
and for the Hp;-mode in a rectangular waveguide containing | 
dielectric is also investigated. 


(2) METHODS OF ESTABLISHING CONDITIONS FOR 
NEGATIVE GROUP VELOCITY 

It can be readily shown? that uniform homogeneously-filled 
waveguides cannot support normal modes with negative group 
velocities. For such structures, the phase-change coefficient, B, 
is a monotonic increasing function of frequency, as illustrated 
in Fig. 1, curve (a). However, under appropriate conditions 
certain inhomogeneous waveguide structures can support normal 
modes with negative group velocities. A direct method for 
establishing these conditions will now be described. 

From the characteristic equation of the particular inhomo- 
geneous waveguide under consideration, 8 can be determined 
as a function of w for constant values of dielectric and wave- 
guide transverse dimensions and dielectric permittivity. Sets of 
curves of 6 as a function of w for different values of the three 
parameters can then, in principle, be prepared and the conditions 
for negative group velocity precisely established. Unfortu- 

* The term ‘H1-limit mode’ refers to that mode of an inhomogeneous circular 


waveguide which, in the homogeneous limit, corresponds to the Hj;-mode. A similar 
nomenclature applies to other modes. 
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jiately, for a number of waveguide structures of interest, the 
yharacteristic equation is quite formidable and much effort would 
ave to be expended in following the above method. An 
ilternative approach will now be considered. 

: With reference to Fig. 1 curve (4), it is apparent that a region 
)f negative group velocity is implied when, for a given value of 
», two different values of 8 can be found which satisfy the same 
sharacteristic equation. 

The principal advantage of the present method springs from 

the relative simplicity of two specialized forms of the charac- 
veristic equation for inhomogéneous waveguides which arise 
iwhen either 8 = 0 or B = w(€,11)"/?, where €; and ju; are the 
ermittivity and permeability of the medium which surrounds 
the dielectric; in the present study «, =€) and py = Mp. 
‘Because of the simplifying features mentioned, the above two 
values of 6 are selected in the following investigation. 
» In Section 3, the specialized forms of the characteristic 
equation for a circular waveguide containing an axial dielectric 
tod are solved graphically for the H,,-limit mode. From this 
hae the minimum rod permittivity is determined in order 
to ensure backward-wave propagation. In particular, curves 
are obtained which show how the frequency at which B = 0 
and B = w(€olo)'/2 depends on the dielectric-rod and waveguide 
parameters. It is found that, for sufficiently large values of 
tod permittivity, there exists a range of rod and waveguide 
parameters in which the frequency corresponding to B = 0 
exceeds that for B = w(eouo)!/*. Within this range of para- 
meters, a mode can propagate with negative group velocity. 
Although a region of negative group velocity may still exist even 
if We=aV(enuo) > WB=», Once the above range has been found 
the absolute limits should not be so difficult to determine. 
In Section 4, the above method is applied to investigate the 
possibility of backward-wave propagation for other modes of 
inhomogeneous circular waveguide and for the dominant mode 
of an inhomogeneous rectangular waveguide. 


(3) CONDITIONS FOR THE PROPAGATION OF AN 
H,;-LIMIT MODE WITH NEGATIVE GROUP VELOCITY 
The waveguide structure under consideration is shown in 

Fig. 2. The general form of the characteristic equation for the 


DIELECTRIC ROD 


(€ ofto) 


Fig. 2.—Circular waveguide containing an axial dielectric rod. 


phase-change coefficient has been derived previously* > and 
shown to be given by 
BF,(Kr}) — oR ,(K1s "1 7 Ee €99 (Ky, 11, =| 
| (Kr)? ‘a (Ky)? (Kr)? (Ky)? 
ate el Kar)? — (Kr1)?? 
w — [(Kyry)?(Kr)*P 

K2 re, wep pee ib? 
KZ = woo — & 

When f = 0, eqn. (1) reduced, in the case of H-modes, to 
the form 


(1) 


where 


F, (Kr) — ER, (Ky, 1, ro) 4 S . ; (2) 
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where é = e/€g 


while for E-modes, 
FYCKr,) = "pS, 18 0) > « & = = @) 
where 1 = L/L. 


When f = w(epuo)!/*, it has been shown> that eqn. (1) 
reduces, in the case of H-modes, to the form 


F (Kr) = W(K, V1, ro) . . 5 . . (4) 
while for E-modes, 
ECKY ) =O Die ane ee 


The behaviour of eqns. (2) and (4) in the case of the H,,-limit 
mode (” = 1) will now be considered, subject to the assump- 
tion = [p. 

A convenient method for investigating the possibility 
of backward-wave propagation is to obtain, in the range 
0<r,/ro <1, curves showing 2rp/Aj9 as a function of r,/ro 
under the conditions 8 =0 and B = w(eouy)'/*. If these 
curves intersect, a region of backward-wave propagation is 
ensured. Figs. 3(a) and (b) show the results of investigations 
with rods possessing relative permittivities € = 15 and € = 9. 
The production of such curves will now be discussed. 


et 
A cae 
GEES 


1 
p = (€ofto)2 


SN REGION OF ENSURED 
Ge criae 
0-4 NA 


—— i 
0-2 ‘ 
{e) 

10) 0-2 O- 


rylro 


(6) 


Fig. 3.—Graphs showing 2ro/Ao as a function of ry /ro under the 
; conditions 6 = 0 and B = c(<ouio)4/2. 
(ave@= 15, e€=9. 
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The range of 2r9/Ap will first be established. When r,/rpo = 0, 
the waveguide is empty, and if 8 = 0 


Kiro = 2mr9/Ao SUG . . . . (6) 
Dilly = l= 0-586. eA ee 


where uw; is the first root of J{(x) = 0, while if B = w(egug)!/, 
since K, = 0, 


Thus 


OPN CORN A ee a oe en tS) 

When r,/ro = 1, the waveguide is filled with a medium of relative 
permittivity €. If B =0, 

Tiong Aglare == ei ee fee ee) 

Thus 2ro/Ag = uy [71 (10) 

while if B = w(€pp)'/?, 
Kro = (2mro/Ag(é — 1)? = uy, (11) 
Thus 2ro/Ayp = uy /7(E — 1)! (12) 


It is apparent that when r,/ro is equal to either zero or unity, 
the value of 2r9/Ap for 8 = 0 is less than that for B = w(epup)!/2. 


(6) 
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Thus, consistent with earlier remarks, it follows that backward4 
wave propagation can only occur when 0 < r,/rp < 1. 

The curves shown in Fig. 3 were obtained from graphical 
solutions of eqns. (2) and (4). The procedure adopted can bet 
seen in Fig. 4. The functions F(Kr;)g—0, F(Kr))g=aVeouo), 
ER(Kj, r1, fo) and W(K, rj, ro) are shown plotted against 2r,/Ag 
for different values of 2r9/Ap. Intersections of the respective: 
pairs of curves provide the values required for Fig. 3. It can 
also be seen that, when respective curves of €R and W intersect 
to the right of the curve F(Kr))g=0v(eouo’s a region of backward- 
wave propagation is ensured. This observation provides a 
means of readily establishing the general conditions under: 
which backward waves can occur. In order to appreciate the } 
effect of changes in permittivity and dimensions, the essentia! 
properties of the above functions must be studied. 

The functions 


| 
| 

ECKE aor F(2ny'e!?) | 
Xo 


and FCKr1)8 =0-/Ceous) = F| ante = pie! 
0 a 


\ 
\ 
\ 


1 
B =@w(€ ofo 2 


(@) 


Fig. 4.—Various functions plotted against 2r)/Ap for different values 
of 2ro/Ao. 


5 pte: 3 { F(Kri)g 0 
PUG eV (couo) 
e €R — W intersections 
(a) € = 15; (6b) € = 9. 


ii F(Kri)g 9 
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Table 1 
rs PROPERTIES OF F(Kr,)g_o, F(Kri)g=ov(eouo)» ER(K1, 71,179) AND W(K, r1, ro) 


PUT) = os4/ (Eps) ER(Ki, 71, 70) W(K, r1, 70) 


0 Ve 1 
a i i 
mfae — 11/2 ; 

Ue ie@Ue poestive 
Ne positive 


1/2 4 


sare monotonic decreasing functions of 2r,/A9 for all values of 
iG and are clearly independent of 2r9/Ap. As € increases, the 
zeros of the functions occur for smaller values of 2r;/Xy. Two 
special points are listed in Table 1. 

The behaviour of the function R(K,, rj, ro), Which is inde- 
pendent of €, is best visualized by considering the numerator 
Ry and denominator Rp separately. Ry is zero when 
| 2r1/Ao = 0, and again when 
Ji(Kir1) _ Ji(Kiro) 

i Yi(Kyry) — Y{(Kyro) 


| One solution of eqn. (13) is evidently r,/ro = 1; a further solu- 
) tion exists in the range 0 < r;/r9 < 1 provided that 2r9/Ay > 1/7. 
| Rp is a positive function throughout the range 0 < 2r9/Ag < uy /7 
| with a zero at 2r,;/Ay = 0. The function R(K;, r;, ro) behaves as 
| Kur, Y{(qrp)/Y,(Kyr;) when 2r,/A) > 0, and has the value —1 
| in the limit. 

Similarly, the function W will be considered in terms of the 
/ numerator W, and the denominator Wp. Wy is a monotonic 
decreasing function of 2r,/A 9 for all values of € and 2r9/Ao. 
When 2r,/A9, Wy = (€ + 1). Wy is zero when 


mee+1 1 


e = bat, 


} 
i 
i 


(13) 


(2r1/Ao)*£(2 log. rolr iLL — Cilro)*] + 3} . 4) 


: When r,/ro = 1, eqn. (14) becomes 


(15) 


ered Th x a 
2 jl a Xo s 


It follows quite readily that a zero value of Wy will occur in 
the range 0 <1r,/rp <1 only if (2r9/Ao)? > (€ + D/7(E — 1). 
As €-> 0, this condition becomes 2rg/Ag > 1/7 which is just 
the same as the condition for R to be zero in the range 
0< ry/ro <1. The behaviour of the zero values of R and W, 
and in particular the above observation, has an important 
bearing on the conditions for backward-wave propagation. 

Wp is a negative quantity throughout the range Om ro L, 
with the value —(€-+1) when r;/r9 =0 and —co when 
r,/ro = 1. The maximum value of Wp, —2e€!/?, occurs when 


() ~ a2 + J 

Table 1 summarizes some of the special properties of the 

above functions. Table 2 lists particular values of some essential 
points for two values of permittivity, € = 15 and i= 9. ; 

The importance of the position of an intersection of ER and 

W for given 2r9/Ap has previously been mentioned. The essential 


part of the locus of such intersections is plotted in Fig. 5 together 
with the two F functions; results are given for two values of rod 


(16) 


1 —1 
positive 
0 


negative 
182) 
0 0 
negative negative 


negative 


* a.v. = all values. 


Table 2 
VALUES OF ESSENTIAL POINTS FOR € = 15 AND € = 9 


jlm(@@—1)2 [SS id 
0-342 
0-356 


uy|r(E)'2 Jug /e(E— 112} fa fre(@)'/2 


0-151 
O95 


0-156 
0-207 


0-314 
0-406 


0-324 
0-431 


permittivity,é = 1Sandé = 9. Itis apparent that the maximum 
value of 27,/Aj associated with a point on either locus occurs 
for a value of 279/Ay = 0:3185 = 1/7. This follows directly 
from the behaviour of the zeros of R and W. It will be recalled 
that, if 2r9/Ao > 1/7, R possesses a zero in the range 0 <rj/r9 <1, 
while if 279/Ay > 1/7[(E + 1)/(E — 1)]'/7, W possesses a zero in 
that range. Thus, as € increases, a condition for the existence 
of backward waves is first established for a value of 2r9/Ay = 
0-3185. From Fig. 5 it can be seen that, as € increases, the 
value of 2r,/Ag corresponding to a point on the locus for 
2ro/Ap = 0°3185 also increases. The F curves shift to smaller 
values of 2r,/Aj. Calculation shows that the critical relative 
permittivity is approximately 9-37. For a rod with this permit- 


F(Kry) 

SAGAS 3p eee 
Went B GS Thy 
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SZ 


Fig. 5.—Loci of the intersection of €R(K1, 71, ro) and W(Ki, 11, ro) 
curves for € = 15 ande =9 
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tivity, backward-wave propagation is ensured when 2rolo = 
0-3185 and 2r,/Ap = 0:244 (r;/ro = 0-766). As € increases 
above this value, the range of values of r,/r9 over which back- 
ward waves are ensured also increases until in the limit, as 
€—+ oo, the entire range 0+ 6<r,/r9<1—A would be 
covered, where 6 and A are vanishingly small quantities. 

In a previous publication,” curves of 8 as a function w were 
obtained directly from the characteristic equation using the 
electronic digital computer Deuce. The case of a rod when 
€ = 15 was investigated and curves were obtained corresponding 
to 2rp/Ay = 0:44, 0-42, 0-40 and 0-38. Comparison of values 
of r,/ro when B = 0 and B = w(eoug)'/?, between the above 
results and those given in Fig. 3, shows precise agreement. 

The above analysis has established that backward waves 
associated with the H,,-limit mode can occur when € > 9-37. 
To investigate the possibility of backward-wave propagation for 
lower values of €, a solution is required of the characteristic 
equation in its general form. However, this would not be 
quite such a formidable task as before, since permittivities in 
excess of 9-37 need not be chosen and the range of £, for 
which 08/dw might be negative, is restricted to O<B <w(€pf)!/. 
Although it might be thought that the slope of the propagation 
curve at cut-off might provide some indication of the existence 
of backward waves, this is in fact not so, since it has been shown 
elsewhere*® that |08/dw| = 0o when B =0. While it seems 
probable that the sign of this gradient might provide the neces- 
sary information, the labour involved in calculating it would 
be very considerable. 


(4) POSSIBILITY OF PROPAGATION WITH NEGATIVE 
GROUP VELOCITY FOR OTHER WAVEGUIDE MODES 


(4.1) Hoi-, Him- and Ey,,-Modes in a Circular Waveguide 
containing a Dielectric Rod 


In the case of the Hp;-mode of propagation in a circular 
waveguide containing a dielectric rod, as shown in Fig. 2, the 
characteristic equation reduces to the following forms.® 

When B = 0, 


F(Kr,) + 1 => U(K, Loe ro) z (17) 
When 8 = w(€oip)!/?, 
F(Kr}) + 1 os V(rq, ro) 8s 


There is an essential difference between these two equations 
and the corresponding equations, (2) and (4), for the H, ,-limit 
mode. In neither of the above does the permittivity enter the 
right-hand side of the equation. This considerably simplifies 
the study of a condition which ensures backward-wave propaga- 
tion. In a manner similar to that previously employed, the 
range of 2ro/Ap for 8 = 0 can be shown to lie between j,/7é!/2 
and j;/7. Fig. 6 shows curves corresponding to 2r9/Ay = 0-318 
and 2ro/Ay = 0-954, when € = 15. With this permittivity the 
limits of (2r9/Ap)g—o are respectively 0-315 and 1:22. 

The behaviour of U and V for other values of 2r9/Ap is easily 
visualized from Fig. 6. For backward-wave propagation to be 
ensured it would be necessary for the U and V curves to intersect 
to the left of the curve F(Kr;)g_9 + 1. However, it is readily 
shown that the curves, in fact, do not intersect for any value of 
2ro/Ao in the range 0 < 2r9/Ag <j;/7 or for any value of r4/ro 
in the range 0 < r,/r9 <1. Thus, in contrast with the H,,-limit 
mode, no condition can be found which ensures backward-wave 
propagation. 

An analysis has not yet been performed for H,,,-limit modes 
in general, although it is clear that a condition for negative 
group velocity could be established. In Fig. 4, a branch of 
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Fig. 6.—F(Kr1)e=0, F(Kr1)8 =o)”, U(Ki, r1, ro) and V(r1, ro) as 
functions of 2r;/Aq for two values of 2ro/Ao; € = 15. 


F(Kr1)¢=c(eouo)2 is Shown corresponding to part of the range 
jj < Kr; <j. Intersections between this branch and the € 
and W curves of Fig. 4 give solutions of eqns. (2) and (4} 
corresponding to the Hj -limit mode. If € = 15, all eR an 
W curves shown in Fig. 4 intersect to the left of the branch, an 
for these values of 2ro/Apg no region of backward-wave propaga- 
tion exists for the H,,-limit mode. However, it is evident that 
a sufficient increase in € will shift the branch to the left so that 
a region of backward-wave propagation might be ensured. [{¢ 
must be noted that in a detailed investigation the upper limit 
of 2r9/A9 must be increased to the value j,,,/77 when the conditions: 
for the H,,,-limit mode are being studied. 

In the case of E,,,-limit modes, it can be seen that no sucht 
condition exists. Eqn. (5) shows that, independent of 2r9/Ao, 
B=w(€oMo)'/? for the E;,,-limit mode when 27 /Ag=j,,/7(€ —1) 1/2. 
However, any solution of eqn. (3) corresponding to the E,,,,-limit 
mode must occur for a value of 27r;/Ay <j,,/7é!/?, ie. for a: 
value of 2r;/Ao less than that at which B = w(€419)!/?. 


(4.2) Ho1-Modes in a Rectangular Waveguide containing 
a Dielectric 


The possibility of backward-wave propagation with an Ho,- 
mode in a rectangular waveguide containing dielectric wil! 
now be considered. The two configurations studied are shown 
in Fig. 7(a) and (6). For that in Fig. 7(a), the specialized 
forms of the characteristic equation for the Ho;-mode’ are as 
follows: 


When f = 0 
cot Kd = é'/2 tan K,(L — d) (19) 
When B = w(€op49)!/2 
cot Kd = K(L — d) (20) 


For the above mode, L/Xg lies in the range $é/2 < L/dy < $ 
if 6B = 0, and HE —-1)!PF < Ll < wif B = a(€ouo)'/*. The 
lower and upper limits correspond to the conditions dj —- 
and d/L = 0 respectively. Suppose that, within the range for 
which B = 0, eqns. (19) and (20) were simultaneously satisfied 
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Fig. 7.—Rectangular waveguides. 


\ 
_ (a) Containing dielectric slab located on waveguide axis (L = waveguide width). 

;, (6) Containing dielectric slabs in contact with side walls (L = waveguide half-width). 
it 
for a given pair of values of L/Ay and d/L; the following equation 
i would then apply: 


s 


i cot as be pie | ae —1)'2(L — d) 
0 


Xo 
a oes aera Ra 0) 
cot are | é!/? tan Ee — a)| 


However, in the above range, the right-hand side of eqn. (21) 
fis always less than unity, while the left-hand side is always 
) 


greater than unity. Thus a condition cannot exist whereby 
B = 0and B = w(eop49)!/” are satisfied by an identical configura- 
‘tion, and therefore a condition of the kind previously described 
does not apply. -* 
For the configuration of Fig. 7(5) the specialized forms of 
7 the characteristic equation for the Hp;-mode’ are as follows: 
) 


| When 6 = 0 


é!2 cot Kd = tan K,(L — d) (22) 


| When B = (Eo f4o) 1? 


cot Kd = 0 (23) 


On substitution from eqn. (23) into eqn. (22), an inequality is 
obtained in the range for which 8 = 0 and, as before, it follows 
that a condition cannot exist whereby 8 = 0 and B = w(é<op19)"!? 

' are satisfied by an identical configuration of the type shown in 


- Fig. 7(6). 
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(5) CONCLUSIONS 


The conditions under which backward-wave propagation is 
ensured have been theoretically established for the H, ;-limit 
mode in a circular waveguide containing an axial dielectric rod. 
it has also been shown that backward-wave propagation is to 
be expected under appropriate conditions with all Hy, ,-limit 
modes. However, no conditions have been found which ensure 
backward-wave propagation with Ho,- or E,,,-limit modes in 
a dielectric-loaded circular waveguide, or with an Ho;-mode in 
a dielectric-loaded rectangular waveguide. Further study might 
be devoted to the possibility that backward-wave propagation 
in passive uniform isotropic waveguides can only occur with 
H,,-limit modes in dielectric-loaded circular waveguides. Cer- 
tainly the behaviour of such waveguides offers scope for further 
research and development. 

The simultaneous presence in an inhomogeneous waveguide 
of backward and forward propagating waves with different 
phase velocities appears to offer a basis for a microwave filter. 
With periodic coupling to a homogeneous waveguide, it is 
envisaged that, at two different frequencies, a forward wave and 
a backward wave, respectively, could be excited in the inhomo- 
geneous waveguide. The possible application of the low group- 
velocity properties of the structure of Fig. 2 have been previously 
mentioned in relation to travelling-wave devices.2 An experi- 
mental programme in support of the above theoretical studies 
has been initiated. 
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THE RELATION BETWEEN DISCRETE PERIODIC INPUTS, 
THE TRANSFER FUNCTION AND THE TRANSIENT RESPONSE 
OF A SYSTEM 


By T. GLUCHAROFF, M.E. 


(The paper was first received 4th October, 1960, and in revised form 4th March, 1961. 
June 1961.) 


SUMMARY 


Sampled-data systems are characterized by the presence of discrete 
signals at some point of the system, but the overall output is usually 
a continuous function of time. It is shown that the pulse sequence of 
discrete periodic signals, which result in a finite-settling-time response 
when applied to the input of a system, can be determined directly from 
the system transient response. Such a pulse sequence can be used to 
design a discrete controller to compensate the system, when its transfer 
function is not known. Further, it is shown that the transfer function 
of a system can be found once an input pulse sequence has been 
determined, with an accuracy limited only by the accuracy of the given 
transient response. 


LIST OF SYMBOLS 


b,, b>... = Real or complex poles in a system transfer function. 
k,n, q, r = Integers. 
p = Laplace complex variable. 
z = ePl, 
c(t) = Output time function. 
h(t) = Unit pulse response of a system. 
h(z) = Pulse sequence of h(t). 
r(t) = Input time function. 
w(t) = Unit step response of a system. 
w(z) = Pulse sequence of w(t). 
K = Steady-state or low-frequency gain of a system. 
K,, Ky... = Constants. 
R, = Magnitude of a step input applied at t = KT. 
R(k) = Magnitude of a pulse input applied at t = kT. 
T = Time period. 
G(p) = Transfer function of the plant or of a system. 
C(z) = Pulse sequence of the output of a system. 
D(z) = Pulse transfer function of the discrete controller. 
E(z) = Pulse sequence of the error function. 
F(z) = Pulse sequence of the forcing function. 
R(z) = Pulse sequence of the input to a system. 


(1) INTRODUCTION 


The determination of a pulse sequence of discrete periodic 
signals, which yield finite-settling-time responses when applied 
to the input of a system, has been investigated in conjunction 
with the discrete compensation of saturating sampled-data 
control systems.'»? If the transfer function G(p) of the plant 
to be controlled in the feedback system shown in Fig. 1 is known, 
the pulse sequence of the forcing function F(z) can be determined 
from simultaneous equations which meet the steady-state and 
the transient requirements of the output for a given input to the 
overal] feedback system. Once this pulse sequence has been 
found, the pulse transfer function of the discrete controller D(z) 
can be obtained in a straightforward manner. 


Correspondence on Monographs is invited for consideration with a view to 
publication. 

Mr. Glucharoff is at Newcastle University College, University of New South 
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Fig. 1.—Sampled-data feedback control system with discrete controller. 


input pulse sequence and the output of the plant. 
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= D(z) —— 


i] 
: | 
r(ty~elt)-, 1 _| piscreTe | ~ 
E(z) CONTROLLER 


Thus, the only point of interest is the relation between the 
In the paper| 
this relation is examined in greater detail and some general! 
conclusions are deduced. This has led to the development of 2 
method which permits the determination of an input pulse 
sequence for finite-settling-time responses directly from the 
transient response of the plant to be controlled. Finally, the 
combination of the above two methods allows the determination 
of the transfer function of a system from its transient response. 


(2) INPUT PULSE SEQUENCE FROM THE 
TRANSFER FUNCTION OF A SYSTEM 


(2.1) Input-Output Specifications 


The discrete signals to be considered are constant between! 
two consecutive time instants, as shown in Fig. 2, and can change? 


Fig. 2.—Discrete periodic signals. 


r(t) c(t) 


G(p) 


Fig. 3.—Linear continuous system. 


only at the periodic instants of time t = kT. When such dis- 
crete signals are applied to the input of a system (Fig. 3), finite- 
settling-time responses may result, i.e. the output c(t) of the 
system may remain constant or may continue to change at a 
fixed rate for all time after a finite number of time periods T. 
Such responses are frequently used as design criteria for control 
systems, and are the only type of responses considered in the 
paper. 
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settling-time responses can be obtained only if the input to the 
system is zero or constant in the steady state. 


Owing to the discrete nature of the input signals, finite- 


in Generally, the 
highest order of the output time function in the steady state is 
equal to the number of integrations in the system. 

The discrete Periodic signals shown in Fig. 2 can be made 
‘up of a series of step functions or a series of pulse functions. 
Each approach has advantages in certain cases, and both are 


'considered in some detail in the following Sections. 


(2.2) Periodic Step Inputs 


: If the system Gp) in Fig. 3 is subjected to discrete periodic 
| inputs and a finite-settling-time response is required, the output 
( c(1) can be written as a sum of delayed step response functions as 


| > RES a ots 1 wenden) 
I} k=0 


| where (q + 1) is the number of step inputs for a finite-settling- 
| time of t = qT seconds. 


i (2.2.1) System without Integration. 

i _ The unit step response of a system with a finite number of 
4 poles but no integration is given by 

Jk 


w(t) = K+ Kye! + Kyebt+...4+ Kye" =. (2) 


of the system. 


t where b,, b,... 6, are the poles and K is the low-frequency gain 
| 
_ Thus, from eqn. (1) the output of the system becomes 


q q q 
Pe(t) = > KR, + 3 Ky Reh OD 4. + K,Ryern kD) 
I} k=0 k=0 k=0 
(3) 


If the output is required to remain constant at c(t) = C for 


| 
il! 
| 
M 
i 


| all time after ¢ = gT, the sum of the time-independent terms 
| should be made equal to C and the sum of the time-dependent 
| 


terms should be equated to zero. 
The application of these conditions yields the simultaneous 
| equations 


| (4a) 
| 


q 
KY R =C 
k—0 


x Ree ik == 0 
23 (46) 
| ' S Rene k = ( 
k=0 
_which may be solved to obtain the magnitudes of the input steps 


_R,. The magnitudes of the input pulses R(k) are then deter- 
' mined from the foll owing equations: 


R(0) = Ro d 
R() = Ryo + Ri 
RQ) = Ro a Ria Ro ( il 5 
f RO RGD) = RG = 
| PRoceRue-® Ra ducdet Baie 


7 
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(2.2.2) System with One Integration. 


The unit step response of a system with one integration and 
a finite number of poles is given by 


w(t) = Kt + Ky + Kye! + Kye! +... 4+ Kye! (6) 


and the system output becomes 
q q q 
k=0 k=0 k=0 
q q 
+ DD Ky RehO*D) + ...4 0 K,R,eoe-kD) (7) 
k=0 k=0 


For a constant output c(t) = C after t = qT, the steady state 
and the transient conditions yield the equations 


q 
k=0 
q q i 
Ku SiR KIS UR kaa (86) 
k=0 k=0 
q 
DY Re Ok = 0 | 
k=0 
(8c) 


See 


q 
3. Re — bak = 0 J 
k=0 


If the output is required to be linearly increasing with time 
in the steady state, i.e. for c(t) = St after t = qT, the equations 
become 


K > Re = S (9a) 
k=9 
q q 
k=0 k=0 
q 
» Rye Dkr = 0 
k=0 
(9c) 


q 
»} Rye bak? == () 
k=0 


Systems with more than one integration can also be con- 
sidered, but the above results are sufficient to conclude that: 


(a) The number of simultaneous equations to be solved, 
and hence the minimum number of input steps, is one more 
than the number of poles in the system transfer function. 

(b) All poles, except those at the origin, yield transient 
equations of the same form. 


(2.3) Periodic Pulse Inputs 
When discrete periodic signals are applied to the input of a 
system, its output can also be written as a sum of delayed pulse 
response functions as 


c(t) aye RA) — kT) +> R()At — kT) . C0) 
k=0 —d 


where A(t) is the unit pulse response of the system, ie: the 
response of the system to an input pulse of unit height and width 
equal to one time period T, and q is the number of input pulses 
required for a finite-settling-time of t = qT seconds. 


(2.3.1) System without Integration. 
Consider a system having a single pole at p = 5, and low- 
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frequency gain K. The unit step response of this system is 
w(t) = K + K,e*t, and the unit pulse response is given by 


h(t) = w(t) — w(t — T) = K, [ert — eot—-1)] (11) 


Thus, from eqn. (10), the output of the system becomes 
q-1 
c(t) = K, > Reb -k7) — ebrt-T-k1)] 
k=0 
ap Le y Rib[eht-kD weg gbrlt-T—kT)] (12) 
k=q 


Since there is no integration in the system, the input and 
output must be constant in the steady state, and for a finite- 
settling-time response one has R(k > gq) = R(q) = C/K. Thus, 
the second term can be replaced by the step response of the 
system due to a step input of magnitude R(qg) applied at time 
t = qT, and the output for all time after tf = gT becomes 


q—1 
c(t) = K, >) Reb) — gbet-T-47)] 
i + RQ@Q|[K + K,e%'-aT)] (13) 
The time-independent term determines the value of the out- 


put in the steady state, giving KR(q) = C, as it should be, and 
application of the transient condition yields 


q-1 
K, > Rk) [eb kT) — ghet-T-KT] + KR(gyeht-aT) = 0 
k=0 


q-1 
or (Geet i) eR) pre man ges ae (14) 
k=0 
When a larger number of poles are present, each pole must 
satisfy this transient equation, and it is clearly seen that the 
number of simultaneous equations to be solved is equal to the 


number of poles contained in the system transfer function. 


(2.3.2) System with One Integration. 


Consider now a system with one integration and a pole at 
=, The unit step response of such a system is w(t) = Kt + 
Ky + K,e°r', and the unit pulse response is given by 


A(t) = w(t) — wit — T) = KT + K, [ert — eb(t-1)] (15) 
Substitution in eqn. (10) yields the output as 


q-1 g—1 
o(t) = D KTR) + K, Y RU febt- kD) — gbt-T-KT)] 
k=0 k—O 


+ ¥ KTR) + K, Reh -*T) — gbrlt-T-KT)] (16) 
k=q k=q 


If a constant output is required after g time periods, the inte- 
gration in the system requires that R(k > qg) =0, and appli- 
cation of the steady-state and transient conditions yields 


=i 
K isp RK) — aC (17a) 


q—1 

> Re okT = 0 (17d) 
k=0 

If the output is required to be linearly increasing at the rate 

of S units per second in the steady state, the integration requires 
that R(A> q) = R(q) = S/K. Thus, the infinite terms in 
eqn. (16) can be replaced by the step response of the system due 
to a step input of magnitude R(q) applied at time ¢ = qT, and 
the output for all time after t = gT becomes 


ga ll 
c(t) = ¥ KTR(K) + K, DRO [eoIHkT) — eb —T-KT)] 
k=0 k=0 


+ R@)[K(t — qT) + Ky + K,e*At-aT)] (18) 
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The steady-state and transient conditions require that the. 
sums of all time-independent terms and of all transient terms be 


zero, respectively, giving 


KTS: Rk) — aKTR(Q) + KoR(q) = 0 (19a) 
k=0 


q-1 

(e-&T — 1) Y R(kjew ork? = Rge~ Pa? (19d) 
k=0 

where R(q) = S/K. ; 

The remaining term R(g)Kt = St gives the output for all 
time after q time periods, and again it is noted that, if more 
poles are present, the transient equation must be satisfied by all 
poles except that at the origin. 

It is now evident that when the equations are written in terms 
of the magnitudes of the input pulses R(A), the following applies: 


(a) The number of simultaneous equations to be solved, 
and hence the minimum number of input pulses, is equal te 
the number of poles in the system transfer function. 


(b) All poles, except that at the origin, yield transient 


equations of the same form. 


It is of interest to note that the link between the step methoe 
and the pulse method is given by eqns. (5). This can be readily 
verified by substituting in a set of step equations, from which 
the corresponding set of pulse equations can be obtained, or 
vice versa. 

Example 1.—The transfer function of a system is G(p) = 
1/(p + 1) + 2), and it is required to determine the input 
pulse sequence which results in a constant output of 10 units 
in the minimum number of time periods. 
is 1 sec. 


There are two poles in the transfer function, b} = — 1 and 


b, = — 2, and the low-frequency gain is 0:5. Hence the 
minimum number of input steps is three, and from eqn. (4) the 
simultaneous equations to be solved become 


Roe® + Rye! + Roe* =0 
Roe? + Rye? + Ryé* ==() 

Solving these equations yields Ry= 36°56, R; = — 18-38 
and R, = 1-82. The magnitudes of the input pulses are then 
found from eqns. (5) to be R(O) = 36°56, R(1) = 18-18 and 
RQ) = RG) =... = 20. 

The same result can be obtained if eqn. (14) is used, which 


gives the simultaneous equations directly in terms of the input 
pulses as 


(el — 1)[RO)e° + RWDe!] = Re? 
(e? — 1)[RO)e° + R()e?] = RQ)e* 
R(q) = C/K = 10/0-5 = 20. 


The resulting input time function is shown in Fig. 4(a) and 
the output of the system is shown in Fig. 4(b). It is seen that 


where 


after two time periods the output remains constant at the speci- 


fied value of 10 units. 
The minimum number of time periods for a finite-settling- 


time response is fixed by the number of poles in the system, but 


a larger number of time periods can be used if desired. In such 
cases the magnitudes of the excess pulses may be chosen 
arbitrarily, or they may be used to meet additional constraints 
on the magnitudes of the input pulses,!:2 or to minimize the 
error in a feedback system, as will be shown in the next Section. 


(2.3.3) z-Transform Analysis. 
When the transfer function of a system is known, the corre- 


sponding pulse transfer function (z transfer function) can be 
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Fig. 4.—Finite-settling-time response of the system in example 1. 
(a) Input. 
(6) Output. 
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| Fig. 5.—A linear system with zero-order data hold and periodic 
samplers. 


‘obtained from Tables or calculated by well-known mathe- 
‘matical methods.? If a zero-order data hold is employed, as 
shown in Fig. 5, the input to the system, G(p), consists of discrete 
‘periodic signals (Fig. 2), and the total transfer function becomes 


Considering the system in example 1, for which G,(p) = 
(1—«e-°T)/p(p + 1)(p + 2), the pulse transfer function is given by 
0-200z~—! + 0:07z~? (21) 
( — 0-368z~!)(1 — 0-135z~!) 
‘and the sequence of input pulses to this system for a finite- 
Settling-time response is found to be 
R(z) = 36°56 + 18°18z-1 + 20-00z~? + 20:00z-3 +... 

5 A205 DO 18-38z—! + 1-82z—? 

in Pz! 

. = = ty 1 a ()e a4 
Seng izes Teeny nee se 0:135z~’*) (22) 
sae 


1 —¢-PT 
CAB) Fae gr 12) Se OE 4) 


G,(z) = 


‘Examination of G,(z) and R(z) reveals that the poles of the 
pulse transfer function are contained as zeros in the z-transform 
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of the input signal, and after cancellation of poles and zeros the 
output becomes 


C(z) = R(z)G,(z) = 36-56(0-200z—! + 0-07z~2) 


1—2z7} 


= 7:30z—! + 10:00z~2 + 10:00z-3 +... (23) 


It is evident that the z-transform of the input signal R(z) 
which results in a finite-settling-time response can be easily 
determined if the pulse transfer function of a system is known. 
However, this method can be applied directly only if the mini- 
mum number of pulses is used and if a constant output is required. 
When a larger number of input pulses or a ramp output is 
required, additional zeros appear in the z-transform of the 
input signal and the method becomes difficult or impossible to 
use. A more general approach for determining the input pulse 
sequence from the z-transform of a system has been indicated 
recently in a discussion by Brown. 


(3) INPUT PULSE SEQUENCE FROM THE 
TRANSIENT RESPONSE OF A SYSTEM 


(3.1) Periodic Step Inputs 


When a series of periodic steps are applied to the input of a 
system, the output as a function of time is given by eqn. (1). 
However, if the output is considered only at the time instants 
t = kT, the z-transform technique can be used to express the 
output of the system as a function of the variable z = e?7. The 
inverse of this variable, z~!, represents a time delay of one time 
period T, and the pulse sequence of the output can be written as 


EG) —=@) s Rez = 5 CR)\z ee ee) 
k=0 k=0 


where w(z) = w(0) + w(1)z~! + w(2)z-2 +... is the pulse 
sequence of the unit step response function w(Z). 

The output of the system at the time instants t = kT is 
simply given by the coefficients C(k), which are the sum of all 
terms containing z—! to the kth power in the above infinite 
summation. Thus, if the output is required to remain constant 
after g time periods, the sum of all terms with equal powers in 
z—* should be made equal to this output for k > gq. Appli- 
cation of this condition results in simultaneous equations which 
contain the step inputs satisfying the equations derived in 
Section 2, and can now be used to determine the magnitudes of 
the input steps. 

It was shown that the number of simultaneous equations for 
finite-settling-time responses is one more than the number of 
poles in the system transfer function. Thus, the number of 
independent equations that can be obtained from the coefficients 
of the output C(z) is also one more than the number of poles 
in the system transfer function. However, the number of 
equations required from the coefficients of C(z) can be reduced 
if some of the equations from Section 2 are employed; for 
example, eqns. (4a), (8a) and (9a) can be used if desired. In 
cases where the number of poles in the system is not known, the 
number of equations should be increased until an input pulse 
sequence is obtained which results in a finite-settling-time 
response. The number of poles in the system is then one less 
than the number of equations used. 

Example 2.—The unit step response of a system is shown in 
Fig. 6, and it is required to determine the input pulse sequence 
which results in a constant output of 10 units in the minimum 
number of time periods. The time period T is 1 sec. 


It is evident from the given transient response that there is no 
integration in the system, and it is seen that the steady-state 
gain is 0-5. The number of poles is not immediately apparent, 

18 
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Fig. 6.—Unit step response of a system. 


but assuming that two poles are present, the minimum finite- 
settling-time is 27 and three equations are required. 

The pulse sequence of the unit step response is obtained by 
noting its values at the time instants t = kT, giving 


w(z) = 0 + 0:200z—! + 0-374z~2 + 0-451z—3 
+ 0:481z—4 + 0-493z-5 +... 
Thus, the pulse sequence of the output of the system due to 
an input step sequence R, is given by 
CY) = > R,w(z)z—* = Ro(0:200z—! + 0:374z-2 +...) 
as + R,-2002-2 + 0-3742-3 +...) 
+ R,(0-200z—3 + 0-3742-4. . .) 
and combining terms of equal powers in z~! yields 
C(z) = 0:200Ryz~! + (0:374Ry + 0:200R;)z~? 
+ (0-451Ry + 0°374R, + 0-200R,)z~3 
+ (0-481Ry + 0:451R,; + 0:°374R,)z-4 +... 


For a finite-settling-time of two time periods the equations to 
be solved are 


0:374R,y + 0-200R; = 10-00 
0-451Ry + 0-374R; +0-200R, = 10-00 
0-481Ry + 0-451R, +0-374R, = 10-00 


(coefficient of z~?) 


(coefficient of z~) 


(coefficient of z~4) 


but any one of these equations can be replaced by the equation 
D 
K > R, = 0°5(Ry + Ry + R2) = 10, derived in Section 2. 
k=0 


Solving the simultaneous equations yields Ry) = 36:56, 
R,; = — 18-38 and R, = 1-82, and comparison with the results 
in example 1 reveals that the input steps are identical. A plot 
of the output c(t) shows that this input pulse sequence results 
in a finite-settling-time response which is also identical with the 
response in Fig. 4(6) of example 1. This indicates that the unit 
step response in Fig. 6 is that of the system in example 1. 

The practical significance of the method should now be 
evident. This procedure is not only computationally simpler, 
but also it permits the determination of the input pulse sequence 
without a knowledge of the system transfer function. 


(3.2) Periodic Pulse Inputs 


When periodic pulses are applied to the input of a system, 
the pulse sequence of the output is given by 


C(z) = Wz) 3 R(K)2-* = ¥ C(z-F (25) 
k=0 k=0 
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where h(z) = w(z) — w(z)z~! = A(O) + A()z—! + h(2)z~* +. 
is the pulse sequence of the unit pulse response function h(t). ~ | 

The coefficients C(k) of the output pulse sequence may be» 
restricted in exactly the same manner as before, and the magni- 
tudes of the input pulses can be found by solving the simul- - 
taneous equations. The number of independent equations 1s} 
equal to the number of poles in the system, and again, some; 
equations from Section 2 may be used if desired. It should be b 
noted that when the input pulse sequence in the steady state is} 
not zero, it is constant, and its value can be found from the: 
steady-state gain of the system and the desired output. 

The periodic-pulse-input approach can frequently be employed | 
to advantage, particularly when restrictions are to be imposed 
on the magnitudes of the input pulses. Another interesting 
application is the minimization of the error in a feedback system, 
and the following example serves to illustrate the design pro- 
cedure. | 

Example 3.—The unit step response of the plant to be con. 
trolled in a feedback system, as shown in Fig. 1, is given in} 
Fig. 7. The plant transfer function is not known and it is 
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Fig. 7.—Unit step response of the plant in a feedback system. 


required to determine the pulse transfer function of the discrete 
controller D(z) which will minimize the error E(z) when step: 
inputs are applied to the input of the overall system. In addition, 
the output is required to equal the input for all time 3 sec after 
the application of a step input. The time period of the discrete: 
periodic signals is 1 sec. 


It is seen from the given unit step response that the plant 
contains one integration, and a test revealed that the total!) 
number of poles is two. Thus, a minimum of two pulses andi 
two simultaneous equations are required for a finite-settling-: 
time response. 

The pulse sequence of the unit step response is w(z) =3 
0-368z—! + 1-135z—-2 + 2:050z—3 + 3-018z—4 + 4-007z—-5 +... 
and the pulse sequence of the unit pulse response becomes 

h(z) = w(z) — w(z)z7! 
= 0-368z—! + 0-767z-2 + 0:915z-3 
+ 0:968z-4 + 0:989z-5 +... 


Hence the output of the system is given by 
CZ) =h) >. F&)z* 
k=0 
= 0-368F(0)z~! + [0-767F(0) + 0-368F(1)]z—? 
+ [0:915F(0) + 0:767F(1) + 0-368F(2)|z—? 
+ [0-968F(0) +0-915F(1) +0:767F(2)+0-368F(3)|z—*+... 


Assuming that the input to the overall system is R = 2 units, 
and noting that F(3) is zero, since the system contains the 
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0:915F(O) + 0-767F(1) + 0:368F(2) = 2-00 
0-968F(0) + 0-915F(1) + 0-767F(2) = 2-00 


One pulse can be chosen arbitrarily or can be used to minimize 


‘the error in the system. The integral squared error, based upon 


‘the values of the error at the sampling instants only, is given by 


BFW = [R—cCOP+[R— C(I)? + [R — c(aP 
= [2-00 — 0}? + [2-00 — 0-368F(0)|* 
+ [2-00 — 0-767F(0) — 0-368F(1)]? 
= 12 — 4-545F(0) + 0-726F(0) 
+ 0:°566F(0)F(1) — 1-472F(1) + 0-135F2(1) 
Differentiation with respect to F(0) yields 
—4-545 + 1-452F(0) + 9:566F(1) = 0 


The solution of this equation, together with the equations 
obtained from the coefficients of the system output, gives the 
magnitudes of the periodic pulses as F(0) = 4:06, F(1) = — 2-38 
and F(2) = 0:32. The pulse sequence of the forcing function is 


thus F(z) = 4:06 — 2-38z—! + 0-32z~2, and the pulse sequence 


of the error function is given by E(z) = R(z) — C(z) = 2:00 + 
0-50z—! — 0-24z-2. 

Finally, the pulse transfer function of the discrete controller 
is obtained as 


i4 aoe 327-2 
D2) FG), 4°06 2° 3827 a0 13.22 


E(z) 2:00 + 0:50z—! — 0:24z-2 


The step responses of the compensated system with the 


-controller designed for minimum error, and with the con- 


troller designed when F(0) is chosen arbitrarily at 1 unit, are 
shown in Fig. 8. It is seen that in both cares the output remains 


t,SEC 


Fig. 8.—Step responses of the compensated system in example 3. 


(a) Controller designed for minimum error. 
(6) Controller designed with one arbitrary pulse. 


constant after 3 sec, but during the transient periods the output 


is designed for minimum error. 


is much closer to the desired value of 2 units when the system 
Obviously, not only does the 
design method result in finite-settling-time responses, but it is 
also possible to control the behaviour of the output function 
during the transient periods. If more than one free pulse is 


available and a minimum error is desired, the squared-error 


function should be differentiated with respect to each free pulse 
to obtain as many equations as required. 


(4) TRANSFER FUNCTION FROM 
TRANSIENT RESPONSE OF A SYSTEM 


The transfer function of a system contains all the information 
required to determine its response for all possible inputs if the 
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system is initially quiescent. In the design of control systems, 
the transfer function is usually the starting-point and should be 
known with sufficient accuracy. 

The frequency-response method of determining the transfer 
function of a system is well known and its accuracy is acceptable 
for many applications. Sinusoidal measurements, however, 
involve lengthy tests, and some systems are quite unsuitable for 
sinusoidal excitations. 

These disadvantages can be overcome by the application of a 
step or pulse input and measurement of the corresponding 
transient response, which can yield all the information contained 
in an extensive frequency analysis. Unfortunately, direct 
evaluation of the transfer function from the transient response 
of a system is possible only in very simple cases, and usually 
approximation methods are used, the response being approxi- 
mated by triangular pulses or a broken line. Another approach 
is to apply sampling techniques and, by the use of a recurring 
relation, to approximate the numerator and the denominator of 
the transfer function.> In the following, however, a method of 
determining the transfer function of a system from its transient 
response is presented which makes use of no approximations. 

It was shown in Section 3 that the required input pulse sequence 
for finite-settling-time response can be determined from the 
step response or from the pulse response of a system. It was 
also shown in Section 2 that the same pulse sequence can be 
obtained from the system transfer function, the magnitudes of 
the discrete inputs and the poles of the transfer function being 
related by equations of known form. Thus, if an input pulse 
sequence has been found from the transient response of a system, 
these equations can now be used to determine the poles of the 
system transfer function. Alternatively, the poles of the transfer 
function can be obtained from those of the pulse transfer 
function, which, as pointed out in Section 2.3, appear as zeros 
in the z-transform of the input pulse sequence. 

Generally, when determining a sequence of discrete inputs, in 
order to obtain the transfer function from a given transient 
response, the minimum number of discrete inputs for a constant 
output should be used. This results in the simplest possible 
procedure, and the appearance of zeros in the z-transform of the 
input signal, which are not contained as poles in the pulse 
transfer function of the system, is also avoided. 

Example 4.—For the purpose of this example the step response 
of the system in example 2 is used (Fig. 6), for which the input 
steps for a constant output of 10 units in two time periods were 
found to be Ry = 36°56, Ry = — 18-38 and R, = 1°82. . Next, 
in determining the transfer function from the transient response, 
it is necessary to find the poles of the system. 


The system has two poles and both must satisfy the transient 
equation (4b), which is of the form > R,e—OkT =, Sub- 
stituting numerical values yields the weston 

36:56 — 18-38e-% + 1-82e—26r = 0 


or 36-56 — 18-38x + 1-82x2=0 where x =e—™, 


This quadratic equation has roots at x, = 2:72 and x, = 7°38, 
and the corresponding poles are b} = — 1 and b, = — 2. 

To obtain the complete transfer function it is noted that the 
unit step response of a system with two poles is given by 
w(t) = K + Kjet + Kye", where K is the steady-state gain 
of the system. In this case K = 0:5, and the constants K, and K, 
are determined by considering the step response at two instants 
of time, giving 

w(t) =0:5+ K, + Kk, =0 
w(t) = 0:5 + Kye + Ke = (Non 


ataa—10 
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Solving the equations yields K, = — 1 and K, = 0°5, and 
the Laplace transform of the unit step response becomes 
wii Pern —|] Be eae 1 
>?  @+D) OF) wKet+het?D 
Thus, since the Laplace transform of the unit step input is 
1/p, the transfer function of the system is given by 
1 
(p + I)(p + 2) 
Example 5.—The response of a system due to an input pulse 
of 1sec duration and unit magnitude is given in Fig. 9. No 


G(p) = 
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Fig. 9.—Unit pulse response of a system. 


other information is available and it is desired to determine 
the transfer function of the system. 


From the given unit pulse response it is seen that 


(a) The system has one integration. 

(b) The steady-state gain is 0:2. 

(c) The system is oscillatory, indicating that complex poles 
are present, and care should be taken to ensure that the time 
period T is not equal to or a multiple of the natural period of 
oscillation of the system. 

(d) The pulse sequence for a time period of 1 sec is 


h(z) = 0:75z—! + 0:09z-? + 0-16z—3 
+ 0:23z-4 + 0:20z-5 4+... 


Since one integration and a pair of complex-conjugate poles 
are definitely present in the system, the minimum number of 
poles is three, and as a first attempt three equations will be used. 
The integration in the system requires the pulses R(3), R(4)... 
to be zero if the output is to remain constant in the steady state, 
and the output pulse sequence becomes 


C(z) ao R(A)A(z)z—-* 
= = 0:75R(0)z~! + [0-09RO) + 0:75R(1)]z~? 
+ [0-16R) + 0-09R(1) + 0-75R(2)]z-3 
+ [0-23R@) + 0-16R(1) + 0-09R(2)]z~-4 
+ [0-20R(0) + 0-23R(1) + 0-16R(2)]z-> 
ce 
Thus the equations for a constant output of one unit are 
0-16R(0) + 0-09R(1) + 0:75R(2) = 1-00 
0:23R(0) + 0-16R(1) + 0-09R(2) = 1-00 
0-20R(0) + 0-23R(1) + 0:16R2) = 1-00 


and the solution yields R(0) = 3-45, R(1) = 1-06 and R(2) 
= 0°47, If the output C(z) is computed at any other time 
in the steady state, it will be seen that this pulse sequence results 
in a finite-settling-time response, indicating that the system has 


only three poles. To find these poles the transient equation ae 
is used, which becomes 


Ss RkjeokT = RO)e® + R(e~&T + R(2)¢~2°T | 
= 3:45 + 1:06e—5 + 0-47e—2% = Of 
Of 3-45 + 1:06x + 0:47x? =0 | 


The roots of this equation are x; = — 1-13 +j2-47 an 
xX, = — 1:13 —j2-47, and the corresponding poles are foun 
to be very nearly b} = — 1 —j2 and b, = — 1 + j2. 

Alternatively, the z-transform technique may be used to 
determine the poles of the transfer function from the input 
pulse sequence. In this case the z-transform of the input has 
only zeros, which are defined by the equation R(z) = 3- “45 
+1: -06z-! + 0:47z-2 =0. The roots of this equation are 
the same as before, i. (z~')y = —1:13+/2:47 an 
(2~")o = — 1:13 — j2-47, and noting that z-! =e? =o 
it is seen that the same values for the poles of the transfer functic 
are obtained as above. | 

The determination of the complete transfer function is more 
easily conducted if the pulse sequence of the unit step response 
is obtained as follows: 


h 
wa) = 
= h(0) + [A(0) + AC)]z~! + [hO)+ ACL) + AQ]Jz-? +. 
= 0°75z—-!+0-84z—-2+-1-00z—3+1-23z—44+1-43z-5 4. 


and using the same approach as in example 4, the transfe» 
function is found to be 


G(p) = 


pet+2:5p+1 
P(p* + 2p + 5) 


(5) CONCLUSIONS 


The relation between certain discrete periodic inputs, tha 
transfer function and the transient response of a system has beer 
investigated. It has been shown that the step response or tha 
pulse response of a system can be used to determine the inpu7 
pulse sequence which results in a finite-settling-time response 
The method is computationally very simple, and should be o 
considerable practical interest in the design of discrete con 
trollers for compensation of feedback systems, particulariy 
when the plant transfer function is not known. Further, b9j 
making use of some general relations between the poles of <¢ 
transfer function and the discrete periodic inputs, a nove: 
procedure for determining the transfer function of a system 
from its transient response has been developed. The proceduré« 
involves no approximations and can be applied to systems wit 
any number of poles. 
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] those in the perpendicular direction. 
§ derived as a function of the resistivity ratio between the two directions, 
| The network analogy leads to the subsequent estimation of the effect 
| on core loss of any short-circuiting paths in the section. 
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SUMMARY 


A method of obtaining the interlaminar eddy-current loss in 
laminated magnetic cores is devised by using a resistance-network 
It is assumed that in a laminated-core section the flux 


The stray eddy-current loss is 


An experimental technique was developed to investigate the eddy- 


| current distribution in any conductive network through which a 
) uniform alternating magnetic flux passes. 
' tribution for an isotropic section was first obtained. An analogy to 
| the laminated-core section from the point of view of conductivity 
was effected using a differential wire network whose resistivity in one 
) direction was of the order of 104 times that in the perpendicular direc- 
) tion. The eddy-current distribution in such a network under an 
| alternating magnetic field was found to confirm the theoretical calcula- 
tions for core sections with and without interlaminar short-circuits. 


The eddy-current dis- 


LIST OF SYMBOLS 


P = Sum of eddy-current loss in individual laminations per 
unit length of core. 
P>, = Interlaminar eddy-current loss per unit length of core. 
Bo = Maximum flux density assumed uniform in the section. 
@, = Flux corresponding to Bp. 
w = Angular frequency. 
J = Interlaminar eddy-current density. 
p = Resistivity of magnetic material. 
y = Interlaminar resistivity. 
ylp = Resistivity ratio. 
t = Thickness of lamination. 
b = Width of lamination. 
h = Depth of core section. 
1 = Length of core. 
nm = Number of laminations in core. 
(The above are in M.K.S. units unless otherwise stated.) 


(1) INTRODUCTION 


When a rotating (or alternating) magnetic field is applied to a 
laminated core, core losses are set up consisting of hysteresis loss 
and the sum of eddy-current losses in individual laminations. 


‘On the assumption that the insulation resistance between 


adjacent laminations is infinite, it is generally considered that 
there is no interlaminar eddy current present in the core. In 
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practice, it is often found that this is not the case and the inter- 
laminar resistance mainly depends on the type of insulation on 
the laminations. The interlaminar resistance for any particular 
type of insulation was successively investigated by Franklin,! 
Beiler and Schmidt? and Taylor. Using different methods of 
measuring interlaminar resistance, all these investigators came 
to the conclusion that it was essentially a statistical problem. 
Taylor also discovered that, for the same laminated core, the 
interlaminar resistance varied with a change of either pressure 
or temperature. It is reasonable to assume, however, that with 
a uniform coating of insulation and uniform distribution of 
pressure of considerable magnitude, the interlaminar resistivity 
can be taken as reasonably constant for any particular core which 
is free from burrs. It was on this assumption that Bewley and 
Poritsky* in 1937 presented their rigorous solution for the stray 
eddy-current loss derived from Maxwell equations. Barton? in 
1944, on the other hand, derived an approximate expression for 
the interlaminar resistance in ohms per square centimetre per 
lamination for a given ratio of stray eddy-current loss to core 
loss. His main consideration was the effect of the size of core 
section on the stray eddy-current loss. In the case of f.h.p. 
motor cores whose lamination insulation often depends on a 
coat of oxide, the comparatively low interlaminar resistivity 
becomes the dominating factor. A preliminary investigation on 
the interlaminar resistance of various cores led the authors to 
make a more thorough study of the nature of stray eddy currents 
in a laminated motor core which may also be subjected to inter- 
laminar short-circuiting paths. 


(2) THEORETICAL CONSIDERATIONS 
(2.1) Eddy-Current Loss in Individual Laminations 


To compare the magnitude of the stray eddy-current loss with 
the eddy-current loss in individual laminations, it is necessary to 
state the latter in M.K.S. units, as derived by Carter:® 


_ nbP Biw? 


ee (1) 


IL watts 


on the following assumptions: 


(a) The flux varies sinusoidally. 

(b) The width of the plate is very great compared with its 
thickness. 

(c) The effect of the eddy currents in modifying the distribution 
of magnetic flux may be neglected. 


(2.2) Network Analogy of Core Section 


The cross-section of practically all parts of any magnetic 
circuit of an electrical machine can be represented by a rectangle 
as in Fig. 1. Taking the axis YY at the mid-point and per- 
pendicular to each lamination, and assuming that y > p, we see 
that the ZR drops in the x-direction can be neglected compared 
with those in the y-direction. Also, as a result of symmetry, 
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Fig. 1.—Laminated core section. 


there is no current along the axis YY. To investigate the 
variation of current density along a column parallel to, and at 
a distance x from, YY, let us consider the induced e.m.f. and 
IR drops in two chosen identical rectangular loops A and B. 
With equal areas and uniform flux distribution, the induced 
e.m.f. of loop A must be equal to that of loop B. Since the 
IR drops of three sides in each loop are negligible, the 7R drops 
in PQ (loop A) and in RS (loop B) must each be equal to the 
induced e.m.f. of either loop. 

It follows that the current density along any column parallel 
to the YY axis is constant. Hence, it can be deduced that no 
current is accumulated at (or taken away from) the column, and 
therefore only the top and the bottom wires will carry any 
horizontal current. 


(2.3) Interlaminar Eddy-Current Density 


Consider a single vertical column at x; and another at x», 
connected at their ends by two wires as shown in Fig. 2. The 


Fig. 2.—Resistance network. 


r.m.s. value of the e.m.f. induced in the circuit is given by 

[(x2 — x,)/b][w®o//2], but the ZR drops in high-resistance 

columns at x; and x, are respectively yhJ, and yhJ,, where 

J, and J, are the current densities at column x, and column x5. 
Hence we have 


Xp — x; wDo 


owe 2/7, = yh(J, — Ji) ; 6 ; . (2) 
J, — J D) 1 

or 2 ee Sieben crge apr 
Xz — xX; 4/2 bhy 


Eqn. (3) shows that the variation of current density is linear 
across the width of the section. It follows that, at any instant 
of time, the interlaminar eddy-current density varies linearly 
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’ Fig. 3.—Variation of interlaminar current density. 


(a) Stray eddy-current density across width of section. 
(b) Stray IR drop across width of section. 


with x so that its magnitude increases from zero at x = 0 to uj 
positive maximum at x = b/2 and a negative maximum «tf 
x = —b/2. The linear variation of interlaminar current density) 
across the width of the core section is illustrated in Fig. 3. 


(2.4) Interlaminar Eddy-Current Loss 


Referring to Fig. 1, the ZR drop of an interlaminar column at 
a distance x from the centre-line is (wOy/24/2)(x/b/2). 


é: wDox\? dx 
Loss in column = 
/2b/ yh 
2 42D 
Total loss in core of unit length = 5 x?dx 
0 2b*yh 
w?O2 
wy" Dob (4y 
24yh 


(2.5) Additional Eddy-Current Loss in End Laminations 


The current distribution in the top (or bottom) lamination: 
is shown in Fig. 4. At any instant, consider that current is: 
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Fig. 4.—Stray current in end lamination. 


collected by the lamination along the left-hand half and emitted: 
from it along the right-hand half. The distribution of inter-: 
laminar current density shows that the rate of collection (or! 
emission) of current by the lamination is proportional to the: 
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|listance from the centre of the lamination, i.e. current in an 
ind lamination is given by 


di 


Fae rss 3 


(5) 


When x = 0, di/dx = 0 and i = w®ob/8\/ 2yh (i.e. the sum- 


‘mation of all interlaminar currents on either side of the centre- 
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| the independent variable. 


line of section). When x = b/2,i =0. 
Solving eqn. (5) we get, 


eek wo b x 
Fe/ Sey b (6) 
pee DEO ax” x4 
Shane -s tp) 
8hy2\16 2 | BP 
The /*R loss in the top lamination is thus 
5/2 wo b2 _ x2 i ay ad w?O2ob3 
0 8 yt\i6 2 * Be) ~ 240y2H2t 
22 pf3 
and the total loss in both end laminations = ae BP) 


. Comparing the eddy-current losses in each lamination with 
the stray eddy-current loss obtained above: 


w?O2b 
24yh 


pb? 
Total stray loss, P, = ol 
From eqn. (1), legitimate eddy-current loss 
_ nbP Bow? wit 

24p 24pbn 


Therefore, the ratio of stray eddy-current loss to legitimate eddy- 
current loss is given by 


PreK PA aD p\? 
3 FE + EO) vam Ie) 


It can be seen that the ratio of stray eddy-current loss to the 


Je 


legitimate eddy-current loss in a laminated core is in the form of 
a quadratic equation with the inverse resistivity ratio, p/y, as 


In the simplified form we can write 


Bom(l) +060) 


_ where m and n are constants whose values depend on the dimen- 


sions of the core section. The term containing the square of 
the inverse resistivity ratio is relatively small since the ratio is 
usually not less than 10~*. 

It can be seen from the derived expressions that the stray 
eddy-current loss is critically affected by both the width of the 
core section and the resistivity ratio. In general, the resistivity 
ratio for fractional-horsepower-motor cores is much less than 


that encountered in Jarge electrical machinery or transformer 


cores. Hence an appreciable amount of stray eddy-current loss 
could well be present in small motor cores despite the fact that 


the width of sections of magnetic paths in such cores is generally 


small. 
_ Unlike the lamination eddy-current loss (and the hysteresis 


loss), which is evenly distributed over the entire core, the inter- 


“maximum at the two sides. 


laminar eddy-current loss varies directly as the square of the 
distance from the centre plane of a magnetic path, reaching a 
It is therefore less undesirable from 
the point of view of heat dissipation. Under adverse conditions 
with either low interlaminar resistance or large width of core 


511 


section, the stray loss on the two end laminations may become 
several times that on each of the intermediate laminations. 


(2.6) Limitation of Analogy 


The expressions and equations so far obtained are valid on 
the basis of negligible 7R drop in the direction along the planes 
of the laminations. In fact, we have found that a current flows 
in each of the two end laminations, thus producing an JR drop. 
The validity of the derived formulae on stray eddy current and 
its loss will hold good as long as the JR drops in the direction 
along the planes of the laminations do not exceed a small 
percentage of the maximum JR drop in the perpendicular 
direction. 

From eqn. (6), the current in each end lamination is 


and the JR drop across a small length, dx, at any position along 
the lamination is 
wDo b x? Pp 
OX, 
2/2yh\4 b/t 
The total JR drop along half a lamination is 
—_ wOopb? 
— 244/2yht 
The JR drop in one end Jamination is 
wpb? 
12\/2yht 


The percentage of end-lamination JR drop to maximum inter- 
laminar JR drop at one edge is 


2 
Seep 
6ht y 
Taking the worst case encountered in f.h.p. motors to be 
b?/6ht = 10, the resistivity ratio can have a value as low as 
1000 for the JR drop in an end lamination to be equal to 1% 
of the interlaminar JR drop at the edge of the core section. 


(2.7) Consideration of Interlaminar Short-Circuits 


The short-circuits now considered are those formed by con- 
ductors such as rivets, welds, frames, shafts, etc., which are in 
contact with the laminated cores. Another type of interlaminar 
short-circuit is caused by a layer of burrs on the edges of the 
laminations caused by machining or punching. The core section 
which is short-circuited by the former type of interlaminar con- 
ductive path may be represented by a network of resistances 
[Fig. 5(a)]. Here the contact resistance between the conductor 
and the laminations is assumed to be negligible.!° Similarly, 
it can be shown that the interlaminar /R drop and interlaminar 
current density, J, are as shown in Fig. 5(6) and (c). The 
distribution of interlaminar current density is such that the total 
current on the left of the short-circuit is equal to the sum of the 
current on the right of the short-circuit and that in the 
short-circuit. 


(2.8) Stray Eddy-Current Loss in a Short-Circuited Section 

It is assumed that the resistance of the short-circuit is negligible 
compared with that of the rest of the circuits in the interlaminar 
direction. Hence the loss in the short-circuit is not taken into 


account. j 
Let x, be the distance of the short-circuit from the centre- 


line of the core section as shown in Fig. 5(a). 
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Fig. 5.—Network resistances, interlaminar JR drop and current 
density. 


(a) Short-circuited core section. : 
(b) Stray JR drop across width of section. : 
(c) Stray current density across width of section. 


By reasoning similar to that in Section 2.4, it can be shown 
that the eddy-current loss 


(w®,)*| 7b y b | 
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The stray eddy-current loss is here at its maximum value, 
being four times what it was when there was no short-circuit in 
the section. 


(3) EXPERIMENTAL INVESTIGATIONS 


The object of the following experiments was to obtain the 
eddy-current distribution (both in magnitude and in direction) 
in a conductive section which was traversed by uniform alter- 
nating magnetic flux. The magnetic field was provided by an 
electromagnet constructed with an air-gap sufficiently large and 
regular for the purpose. The conductive section, which was in 
the form of a sheet, was placed in the air-gap and the uniformity 
of the magnetic field checked. Since any measured voltage 
from the conductive sheet was the difference between the 
induced e.m.f. and the eddy JR drop between the two points, 
it is necessary to interpret the voltage readings in terms of the 
eddy JR drops from which eddy-current densities may be deduced. 
This is explained in Section 7. 


(3.1) Eddy Current in an Isotropic Section 


The first investigation of the distribution of eddy-current 
density was carried out on an isotropic section, which was in 
the form of a thin sheet of aluminium. Since this was the first 
experiment on the measurement of JR drops using the new 
technique, it was felt that some means of checking the results 


was desirable. The authors have shown elsewhere? that the 
eddy-current densities in the two perpendicular directions of ami 
isotropic section are given by 
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(3.1.1) Apparatus and Measurement Technique. 

Briefly, the apparatus consisted of an electromagnet with 
square cross-section (4 x 4in) and a 3in air-gap. The alu- 
minium sheet was secured against one side of the air-gap in 4 
central position. The ZR drops of the aluminium sheet wer 
measured by a special voltage-measurement probe (Fig. 6 


2 spring-loaded 
pins 


Co-axial Ebonite 
rectangular 
block 
To valve 
olt meter 


Fig. 6.—Probe. 


which was connected to a precision valve voltmeter throught 
coaxial wires. The magnitude and direction of the eddy-current 
density at any given point could be deduced from the measure-: 
ment of JR drops at two points (represented by the pins) placed: 
equidistant on either side of the particular point, and in twoc 
perpendicular directions in turn. 

A graphical representation of the results is given in Fig. 7(a)./ 
From the relation V = Jhp, and taking the resistivity of alu-: 
minium at the prevailing temperature as 3 x 10~§Q-m, the: 
eddy-current density distribution of the isotropic conductives 
section is deduced and given in Fig. 7(b). It can readily be 
seen from eqn. (12) that the experimental eddy-current density; 
distribution confirms the theory. 


(3.2) Eddy Current in an Anisotropic Section 


To investigate the stray eddy current in a laminated core: 
section, it was proposed to perform an experiment using the 
apparatus and method of the preceding investigation. In order 
to show that the theoretical assumptions were justified for the: 
worst case, ic. oxide-coated cores, a conductive sheet with a: 
resistivity ratio of the order of 10* was required. 


(3.2.1) Differential Network. 


Preliminary attempts were made to construct a rectangular 
wire-mesh network with two types of wire, of different resis- 
tivities, in two perpendicular directions. The first difficulty; 


was to weave metal wires by hand with uniformity since no such 
wire meshes could be obtained commercially. The second 
difficulty lay in the choice of the two conductive materials whose 
resistivity ratio had to be as high as 10%. The problem was 
eventually solved by using a manufactured wire cloth woven 
with cotton threads in one direction and steel wires in the 
_ perpendicular direction. 
_ The resistivity ratio of such a sheet of cloth would be infinity 
| since the cotton threads were perfect insulators. The resistivities 
of various coating materials and paints were investigated in the 

hope of finding a suitable coating to apply on the wire cloth, 
and a suitable lead paint was selected. — 

To have a reasonably even layer of paint on the wire cloth, it 
was necessary to put a number of coatings of diluted paint on 
both sides of the sheet. Care was taken not to bend the painted 
sheet to prevent any cracking of the coating. The actual resis- 
tivity ratio of the painted wire cloth could be varied to some 
extent by the thickness of the paint applied. The specimen on 

test was found to have a resistivity ratio of 1-7 x 10+, which 
was sufficiently near the required value. 


(3.2.2) Technique and Results. 
For the purpose of comparison of JR drops, the differential 
“network was made with the same dimensions as the aluminium 
specimen in the previous test. Also, the flux density was kept 
constant at the same value as that in the last test. Care was 
taken not to damage the paintwork of the specimen by the two 
pins of the probe as a result of excessive pressure. As might be 
expected, only the JR drops along the direction of the cotton 
threads were measurable, since the 7R drops in the direction of 
the steel wires were of negligible magnitude owing to the low 
resistivity in this direction. The eddy-current densities are 
given graphically in Fig. 8. The /R drops of a single turn with 
the dimensions of the periphery of the section were calculated 
for comparison. It is of interest to note that the magnitude 
of the JR drop along the outer edge in the direction of high 
resistance was approximately twice that of the JR drops in the 
turn. This can readily be deduced from the theoretical con- 
sideration of the stray eddy current given earlier. Apart from 


TO STRAY EDDY-CURRENT LOSS IN LAMINATED MAGNETIC CORES 


513 
22 : : i 
—+---- =. Nok Sa ai eke ize Cae SE & ees Coe ee at ; 
! 2 : 
\ \ 
t i | | 
' 1 { ' 
1:31 1:26 1:03 0848 | 4:32 415 3-4 2:78 
8 eet fn 43 a 
\ 
' | 
i} 
| fo te | 
( 
0:7 0°666 0°706 1:03 23 2: 2:32 4 
~ ~ ~ \ {rss { =~ % . Joos 
i] ' | 
aaa vor Yel 
| 1 | H 
| 1 | | 
0:23 0:283 0-666 1:26 0-76 0-93 22 415 
> \ \ | {20 < ) \ | Jos 
i] 1 
\ I ' 
| | 
l I 
! ! | | 
j---- Tn +0-23—— - -40:7-——-- {rsi----f22 o ------- 0-76 - ---423 ----- | 4-32 ----lr25 
——$}> _—_ 
ac fo @ 


Fig. 7.—Isotropic section. 


(a) Distribution of JR drop/cm in first quadrant (mV). 
(6) Distribution of eddy-current density in first quadrant (A/mmz2). 
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Fig. 8.—Anisotropic section. 
Distribution of average eddy-current density in first quadrant (A/m2). 


the dropping-off of the ZR drops towards the two edges of the 
network (to be explained later), the variation of JR drops along 
any particular line in the direction of high resistance is up to 
4%. Considering that the surface of the woven wire cloth was 
not perfectly smooth and flat, the accuracy obtained in the test 
was quite satisfactory. 


_ (3.3) Short-Circuited Differential Network 


Many electrical-machine cores are subjected to one of the 
following manufacturing processes: welding, riveting, bolting, 
grinding, machining, etc. It may be considered that each of 
these operations forms an interlaminar short-circuiting path 
in the core section. In the theoretical considerations it is 


514 


deduced that the distribution of ZR drops will be modified 
according to the position of this short-circuiting path. The 
same apparatus was again used to investigate experimentally the 
eddy-current distribution in a differential network with one 
short-circuit present. The short-circuit in the wire cloth was 
effected by carefully pulling out one of the cotton threads and 
replacing it with a tinned copper wire of the same diameter. 
To ensure good electrical contact, the inserted wire was woven 
in position with its ends spot-soldered to the two end steel 
wires before the paint was applied. Three short-circuited dif- 
ferential networks were made such that the short-circuits in the 
networks were respectively (a) at the centre, (b) at one edge, 
and (c) half-way between the centre and the edge. The eddy- 
current distribution of the network short-circuited at the centre 
was found to be practically the same as that of an unshort- 
circuited network; the measured JR drops of the other two 
networks are given in Fig. 9, (a) and (b). The above results 
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Fig. 9.—Short-circuited section. 


Distribution of JR drop/cm in half-section (mV). 
a) Short-circuit at A-B. 
(6) Short-circuit at C-D. 


generally agree with the theoretical deductions [Fig. 5(6)], thus 
confirming the belief that any short-circuit at the centre of 
a core section will have the minimum effect on the stray core 
loss. Further investigations on current distributions in differ- 
ential networks which had more than one short-circuit were also 
made. The results were found to be quite arbitrary according 
to the relative magnitudes of resistances between the steel wires 
and the short-circuiting wires and therefore of no value. 


(4) CONCLUSIONS 


(a) The network analogy for the laminated core section 
enables us to obtain a clear picture of the distribution of stray 
eddy currents in a core. 

(b) The validity of the theoretical considerations is based on 
the assumptions that there is a constant resistivity in the inter- 
laminar direction and that this resistivity is much greater than 
that of the core material. The first assumption has been justi- 
fied by the results of a number of preliminary tests on inter- 
laminar resistance.!° The second assumption is justified by the 
fact that there is always an inherent natural oxide film on steel 
surfaces and thus a contact resistance always exists between any 
two adjacent laminations. 

(c) The ratio of stray eddy-current loss to legitimate eddy- 
current loss is seen to be a function of the resistivity ratio. 
For large values of this ratio, the eddy-current loss ratio is 
inversely proportional to the resistivity ratio. 

(d) For a machine with an appreciable amount of stray eddy- 
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current loss, the distribution of stray eddy current should bt 
taken into account for any assessment of temperature rise ee 
the core, as there is a concentration of current in the oul 
laminations. 

(e) The effect of a short-circuit across a laminated core i 
seen to alter the distribution of eddy-current densities and th 
to increase the stray eddy-current loss. The most favourabl|| 
position for such a short-circuit is at the centre of the cori 
section, where its effect on stray eddy-current loss is minimunt 
The formulae given for stray eddy-current loss in a short! 
circuited core are valid only for core sections with one inter! 
laminar short-circuited path. With more than one short-circui) 
the interlaminar resistance plays little part in the resultant loss: 

(f) The experimental technique of measuring the JR drops a: 
various positions of a conductive section serves as an excelle 
check for the theoretical results of eddy-current distributions is 
both isotropic and anisotropic sections. The technique will , 
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particularly useful for irregular core sections whose stray eddyy 
current density and loss are difficult to assess theoretically. 

(g) The use of painted wire cloths as differential network 
was very satisfactory for this purpose. The uniformity of the 
thickness of paint was an important factor. The result in 
Fig. 9(a) shows that a decrease of JR drop occurred along tha 
top edge of the section. It was subsequently found that this 
was due to the thickness of paint being appreciably greatez 
along the edge. 
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(7) APPENDIX 
(7.1) Voltage Measurements in Flux-Enclosing Sections 


Consider a conductive section traversed by a sinusoidal 
magnetic field. An e.m.f. is induced in the section, in which 
eddy current will flow. When the voltage between any two 


- points in a flux-enclosing network is measured, the voltmeter 


and its leads inevitably present themselves as an addition to the 
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Fig. 10.—Voltage measurement. 


network. Referring to Fig. 10, let P and Q be any two points 
in such a section ABCD. In order to obtain the eddy current 
along PQ, we connect P and Q to the voltmeter V. The loop 
PVQ is known as the voltage-measurement loop. It is evident 
that the reading on the voltmeter is the potential difference 
between the induced e.m.f. in the loop PVQ and the JR drop in 
the loop. Since there is no JR drop between P and V- and 
between V and Q in this loop, the voltage reading is thus the 
potential difference between the induced e.m.f. of the loop and 
the JR drop in PQ as a result of the eddy current in the network. 

In order to measure the JR drop directly between any two 
points in the network, there must be no induced e.m.f. in the 
voltage-measurement loop for the two points. For instance, if 
the IR drop between PQ is to be measured, the loop PVQ 
should be situated in such a way that it encloses no magnetic 
flux. Under these circumstances, the reading of the voltmeter 
will simply be the JR drop in PQ. The above deductions have 
been confirmed by the measurement of JR drops in chosen 
portions of a number of simple networks (in place of the con- 
ductive section) whose /R drops can readily be calculated for the 
purpose of comparison. 
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SUMMARY 


Little has hitherto been written about the transient analysis of inter- 
connected salient-pole synchronous machines of comparable size, 
where infinite busbars cannot be assumed to exist. 

The paper describes theoretical and practical work carried out on a 
simple power system of this type, in which a 60 kW permanent-magnet 
alternator supplies power to a synchronous motor. For analytical 
purposes the permanent-magnet alternator is shown to be equivalent 
to a conventional alternator with a constant field voltage. The 
measurement of the parameters of the machines is described and the 
steady-state performance of the interconnected system is predicted by 
Kron’s method of analysis. 

The hunting equations of the system are examined, and a frequency- 
response method involving Nyquist’s stability criterion is used to 
predetermine the effects of armature resistance on the hunting stability 
of the system under various conditions of load and saturation. A 
digital computer is used to perform the calculations and the predicted 
results are found to agree well with those obtained experimentally 
from the actual system. 


LIST OF SYMBOLS 


v, V = Instantaneous voltages, V. 
i = Instantaneous current, A. 
R = Resistance, Q. 
X = Reactance, 2. 
L = Self-inductance, H. 
L(p) = Operational inductance, a function of p, H. 
M = Mutual inductance, H. 
7 = Time-constant, sec. 
N = Equivalent turns of direct-axis armature winding. 
B = Magnetic flux density, Wb/m2. 
H = Magnetizing force, AT/m. 
@® = Magnetic flux, Wb. 
vs = Magnetic flux-linkages, Wb-T. 
A. = Permeance, Wb/AT. 
[to = Permeability of free space = 47 x 1077 H/m. 
by = Recoil permeability. 
1 = Length of magnetic circuit, m. 
a = Cross-sectional area of magnets, m2. 
G = Torque constant of fluxmeter, weber-turns per division. 
@ = Angle defining rotor position, electrical radians. 
5 = Angle between the rotors of two interconnected syn- 
chronous machines, electrical radians. 
pO = Electrical rotor speed, rad/sec. 
P,, = Mechanical power, W. 
T = Torque, N-m. 
I = Moment of inertia, kg-m2. 
n = Number of pairs of poles. 
t = Time, sec. 
p = Differential operator, d/dt. 
w = Synchronous angular frequency, rad/sec. 


Correspondence on Monographs is invited for consideration with a view to 
publication. 

Mr. Walshaw is at the Royal Aircraft Establishment, Farnborough, and was 
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h = Per-unit hunting frequency. 
p = Generalized force matrix (voltage and torque). 
v = Voltage matrix. 
i = Current matrix. 
R = Resistance matrix. | 
L = Inductance matrix. 
G = Torque matrix. 
Z = Transient-impedance matrix. 
Z = Transient-motional-impedance matrix. 
C = Connection matrix. 


Superscripts and Subscripts. 
1 = Leakage magnetic circuit. 
g = Gap or useful magnetic circuit. 
ds = Direct-axis stator axis. 
de = Direct-axis eddy-current axis. 
kd = Permanent-magnet alternator damper axis. 
f = Field axis. 
dr, d = Direct-axis armature axis. 
qr, q = Quadrature-axis armature axis. 
ge = Quadrature-axis eddy-current axis. 
s = Mechanical reference axis. 
1 = Synchronous motor ; 
DD = Deane alternator } when interconnected. 


(1) INTRODUCTION 


The steady-state and dynamic analyses of salient-pole syn- 
chronous machines connected to infinite busbars have been 
adequately dealt with in the literature.!»2»3 Less has been 
written, however, about the analysis of such machines when 
interconnected, and it has been usual to consider steady-state 
conditions* or to represent the machines by a constant voltage 
behind transient reactance with zero saliency.>»>® In some power 
systems, such as those in aircraft where the resistances and 
reactances are relatively higher and the inertias lower, a fresh 
analysis may be required to take account of resistance and of 
the saliency and inertia of the several machines. The subject 
of the paper is an analysis of this type. 

The paper describes theoretical and practical work carried 
out on an experimental aircraft power system consisting of a 
60kW 3-phase permanent-magnet alternator supplying a syn- 
chronous motor. The descriptive parameters of the two machines 
are measured, and these enable the steady-state and hunting 
performances of the system to be predicted from the analysis. 
Experiments on the actual machines are then made to confirm 
the predicted results. 

The increasingly exact analysis required of electrical machinery 
nowadays generally leads to the use of fictitious quantities to 
simplify the equations. Direct and quadrature components are 
used in this paper, but there still remains the problem of inter- 
connecting the machines. To do this use is made of the methods 
of tensor analysis developed by Kron.?)®»9 Tensor analysis 
deals with transformations between the sets of variables that 
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imay be used to describe a system,!° and gives rules for trans- 
forming functions of the variables such as voltages and impe- 
dances. Transformations may either change the reference axes 
of a system from one set to another or alter the configuration of 
the system by interconnections. 

Kron has devised a generalized ‘primitive electrical machine’, 
in which the armature quantities are expressed along direct and 
quadrature axes, and whose voltage and torque equations are 
known.” 8»? The equations of two interconnected salient-pole 
synchronous machines have then been obtained by Kron’ from 
those of the primitive machine by means of a suitable trans- 
formation. His equations are used here to predict the steady- 
State load characteristics of the experimental system, and the 
armature resistance necessary to cause hunting. 

Frequency-response methods have recently come into pro- 
minence for synchronous-machine problems.!!:!2:24 These 
‘prove to be a valuable means of. expressing the operational 
inductances of machines with solid field systems and of pre- 
determining system stability by means of Nyquist’s criterion. 

The permanent-magnet (p.m.) alternator used in the experi- 
mental work was designed and built at the Royal Aircraft 
Establishment to investigate the use of such machines for power 
generation in aircraft. P.M. alternators may offer advantages 
“over conventional wound-field machines, but their design, 
Operation and control present many difficulties. Most of the 
information published so far on p.m. alternators has been con- 
cerned with these problems,!3:!4-15 and a general transient 
analysis is therefore first derived to relate the machine to the 
conventional wound-field alternator, and thence to Kron’s 
primitive machine. 


(2) DESCRIPTION OF THE TWO SYNCHRONOUS 

“ MACHINES 
The p.m. alternator was designed to generate a 3-phase output 
of 60kW at 208V, 160A/phase, 400c/s and 24000r.p.m., but 
for mechanical reasons tests were carried out only at speeds up 
to 9000r.p.m. The rotor has two poles and contains two per- 
manent magnets made of Columax!® arranged side by side along 
the axis. Its cross-section is shown in Fig. 1. Solid-steel pole- 
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Fig. 1.—Cross-section through the rotor of the permanent-magnet 
; alternator. 


pieces are fitted, and the structure is held together by shrinking 
round it a steel sleeve. It is desirable to protect the magnets 
from the severely demagnetizing effects of transient armature 
currents, such as occur on sudden short-circuit. For this purpose 
a damper winding, in the form of a copper slug, is fitted round 
each magnet. The copper segments shown in Fig. 1 form part 
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of this damper, and it is completed by copper discs fitted at the 
outer ends of the magnets and between them. The stator carries 
a conventional 3-phase star-connected winding. 

The synchronous motor used in the interconnection tests was 
an aircraft alternator having a rated output of 12kVA at 208 V, 
400c/s and 8000r.p.m. It had a conventional laminated 
rotating field-system, with six salient poles and three small 
damper bars set in each pole-face. 


(3) ANALYSIS OF THE PERMANENT-MAGNET 
ALTERNATOR 


(3.1) Permanent-Magnet Operation 


The magnets of the p.m. alternator operate on the section of 
the B/H curve known as the demagnetization characteristic, 
shown in Fig. 2. On removal from the magnetizer, the magnets 


Fig. 2.—Permaneni-magnet operating diagram. 


operate at point C, and after stabilization to ensure consistent 
performance they work on a recoil loop such as DE, assumed 
to be a straight line. The working point on DE then depends 
upon the direct-axis currents, i# and i*4, both of which are taken 
as positive when opposing the magnet. 

Fig. 3 shows how the magnet flux, ©, divides into leakage 


Nit" 


USEFUL PATH 
(RMATURE WINDING) [= 
< Hg lg = 

LEAKAGE PATH | 


MAGNET. 


<—\_—-— 1 ———__> 


Fig. 3.—Magnetic circuit of the permanent-magnet alternator, 


showing m.m.f.s, magnetic potential drops and fluxes. 
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flux, ®;, and gap flux, @,, which links the direct-axis armature 
winding, all leakage fluxes having been referred to the magnet 
terminals. Ni#" and ik¢ are the demagnetizing m.m.f.s set up 
in the useful and magnet paths respectively when currents flow. 


(3.1.1) Operating Condition on No-Load. 


Summing the magnetic potential drops in Fig. 3 when the 
currents are zero 


All = 0 
Hl + Al; -= 0 
Also 
cower 
Therefore 
il ‘ 
B= — 5A, + ADH OE ey ae eto) 
and 
ies FN =— ee Maat C2) 
a a a 


Egn. (1) gives the straight line OC (Fig. 2), called the total 
unit permeance line. The magnet must operate on this line and 
also on the recoil loop, DE, so that F must be the no-load 
working point. Eqn. (2) gives the component of magnet flux 
density which contributes the leakage flux, and is the equation 
of the straight line OG, called the leakage unit permeance line. 
Hence the portion JK of the total magnet flux density, FK, 
contributes the leakage flux, while FJ contributes the useful flux. 


(3.1.2) Operating Condition with Direct-Axis Armature Current. 
From Fig. 3, equating magnetic potential drops to m.m.f.s, 


Hl + H,l, = — Nit 
Hl + Hl; =0 
whence 
© = ~— (Ni* + HI)A, — HIA, 
or 
i Nit Ae 
i 
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The current, i#, has caused the total unit permeance line to 
shift to the left by an amount Ni#A,/I(A, + A) to a new 
position O’C’. The leakage unit permeance line remains 
unchanged, so that the leakage flux density in the magnet is 
J’K’ and the useful flux density F’J’. 


(3.1.3) Operating Condition with Damper Current. 
Again from Fig. 3, 
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1 jkd 
B= —<(A, + Ap(z+ >) ee 
and 


21d: —<A,(# 


a 


as a er) 


Eqns. (5) and (6) give the lines O”C” and O”’G”, both of 
which have been shifted to the left by an amount i*4//, The 


leakage flux density in the magnet is now J’K” and the bee ty 
flux density F’’J”. 


(3.2) Flux-Linkage and Voltage Equations 
On no-load, the useful flux density in the magnet is Bo, equal 
to FJ, but it is reduced by an amount 
KNi*A (poe, + LAi/a/i(A, + Ad | 


when i” flows, and by an amount kik4ugu,A,/I(A, + A) when 
ik4 flows, where k is the ratio F’M/F’A. The resultant usefull 
flux density in the magnet is therefore 


kN Mg 1 eNily 
Bo TOG rE A) (Hor, sh -A,) i — 


Hence the flux linkages with the direct-axis armature winding 
are 


Kooper Ag jkd 


B ICSE AYE 


& 


— B,aN + (armature leakage flux linkages) 


Dap [= 
or 2A, / 
kaN 
IAN ;dr 
A, + Ap Motte + i) 
kaNpot\g 
(A, + Ap 


tar = — BoaN + 


Sjkd + 7 it 


(7) 


Similarly the flux linkages with the damper circuit are 


kaNpopNg jdr 4 Kapoor ska 


(A, + A) i F 


tg = —Ba= — Ba + 


where B, is the no-load magnet flux density, FK. 

The coefficient of i<¢ in eqn. (7) is the same as that of i# in) 
eqn. (8), and is the mutual inductance, M,, between dr and ka. . 
The sum of the coefficients of i” in eqn. (7) is the total self . 
inductance Ly,, and the coefficient of i*4 in eqn. (8) is the self-- 
inductance L,. If L,, is the self-inductance of the quadrature- - 
axis armature winding, three flux-linkage equations can be: 
written: 

ida =) By aici lege: tr agie 


tan = a BoeNat Mite Lae ve eG 
to, = Lei? 


If sinusoidal flux distribution is assumed, the following; 
direct- and quadrature-axis voltage equations can be derived®: 


I 


Ua = (Rea + Lyapik? + Mypit = 0 
Var = M,pik@ aa (R, on Lapjit te Lg poi?” 
Vg, = BoaNpO — Mypoi*4 — Ly,p0i# + (R, + Lgp)it 


(10) | 


The term BoyaNp@ is the open-circuit generated e.m.f., V. 
Comparison of eqns. (10) with the field and armature equations | 
of the conventional synchronous machine!» 2>8 shows that if ik@' 
is replaced by the field current the equations are of the same 
form, except that there is now zero applied voltage in the field 
equation, while an additional generated e.m.f., V, appears in 
the equation for v,,. The permanent-magnet field system is 
therefore equivalent to a conventional field winding, of resistance 
R,q and inductance L;4, to which is connected a constant-voltage 
battery of zero internal impedance. The battery circulates a 
constant current if, which generates V, given by | 


| 
V = M,,poif (11) 


The voltage, V;, of the battery must therefore be Ry ail. During | 
transients an additional current will be induced in the circuit, 


_ windings de and ge. 
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| exactly equal to i*4, Let i# be the instantaneous current in this 


equivalent, but fictitious, field winding. Then 


ids — jkd _ if and pits = pik4, 


- Egns. (10) can then be written in terms of ie aif — Ve = — Rygi 


is added to the first equation: 
Ve = (Rea + Lyapi® + Mypi® 
Var = Mypi® + (R, + Ly pit + Ly poit 
Vgr = — Mapi® — L,pbie + (R, + Li pi?” 


The solid parts of the field system provide abundant paths for 
eddy currents and can be represented formally by short-circuited 
The voltage equations can then be put 


into a matrix form similar to that for the conventional 
machine? 7> 8.9: 


(12) 


de ds dr 
de{ 0 Rae + Lap = Myep MaeP 
ds | —V; MyeP Rea + Lyap = Map 
dr} Va, = MgeP Map KR, = La P 
gt ze We aeDO —M,pé —Lp@ 
ge 0 0 0 0 


(3.3) Elimination of Unwanted Currents 


The currents in the equivalent eddy-current windings and in 
the damper circuit cannot in practice be measured, but can 
however be eliminated from eqn. (13) by partitioning® to give 
the following result: 

d q 


al gq |- Re see L(p)p8 | ie (14) 
mete VN —Ly)p) R+LAp)p i2 


The rotor (armature) suffix, r, has now been discarded as the 
stator (field) quantities have been eliminated. 

The operational inductances L(p) in eqn. (14) can be expressed 
approximately, for conventional synchronous machines at least, 
in terms of the time-constants* as 


_ 7 Gt rap) + 7p) 
JESS GaP SRT a ce 
and 
annem 6 are) 
ED) = Deg - (16) 


Under balanced steady-state conditions, p = 0, and L,(p) 
and L,(p) reduce to the synchronous values Lz and L,. Under 
conditions of sinusoidal variation in the direct and quadrature 


axes, p =jhw. Lz (jhw) and L,(jhw) are then complex and can 


be plotted as frequency-response loci in the complex plane.!! 
As the frequency tends to infinity, the inductances reduce to 
the real subtransient values L7 and Lj. Eqns. (15) and (16) 
give a semicircular form of frequency-response locus. In 
practice, however, the loci for the p.m. alternator may be dis- 
torted from this form because the distributed eddy-current paths 
cannot be accurately represented by an equivalent winding in 
each axis. As a result it is better to express the operational 
inductances of the p.m. alternator by measured frequency- 
response curves, rather than by analytical expressions with 
constant coefficients. 


(3.4) Performance Equations 


The voltage equations, (13), apply to all conditions and show 
that the p.m. alternator can be treated as a conventional machine 


with a constant and fixed field-excitation voltage. With this 
proviso, therefore, its electrical and mechanical performance 
equations are similar to those of the conventional machine. 


(4) MEASUREMENT OF MACHINE PARAMETERS 
(4.1) Parameters of the Permanent-Magnet Alternator 
Although most of the parameters of p.m. machines can be 
calculated with reasonable accuracy,!> it was decided to make 
actual measurements of L,(p), L,(p), R and I. The most 
important components of the operational inductances are the 
synchronous values and their variation with saturation. 


(4.1.1) Synchronous Inductances, Lg and Lg. 
Most of the tests?? normally used for the measurement of 
synchronous inductance were inapplicable to the p.m. alternator 


qr ge 
0 0 ie 
0 0 as 
Lgrpo M,p8 ie (13) 
Ryaalpep Mp ig” 
Mp Reale er ive 


because its field could not be switched off or varied, so the 
following alternative methods were used: 


(a) Steady-State 3-Phase Load Tests——A balanced 3-phase 
load of known magnitude was connected to the p.m. alternator, 
and the load angle was measured by means of a stroboscope 
triggered by the terminal voltage of the alternator. To ensure 
that the stroboscope fired at the same point in each cycle, as the 
magnitude of the terminal voltage varied, it was fed at a constant 
voltage by a voltage divider. The direct and quadrature com- 
ponents of voltage and current could then be calculated, enabling 
the synchronous inductances to be derived from the steady-state 
voltage equations. In order to reduce cross-saturation effects the 
load phase angle was adjusted so that the major part of the 
current was in the required axis. Measurements were made at 
frequencies of 75, 100 and 150c/s, but the results, plotted in 
Fig. 4, show no significant differences between these frequencies. 
The direct- and quadrature-axis currents shown in Fig. 4 were 
calculated from the 3-phase currents by the transformations of 
Lewis. !8 ; 

(b) Fluxmetric-Bridge Tests—The fluxmetric bridge is a 
method of measuring inductance under d.c. conditions by 
recording the change in flux linkages in an inductor when a 
direct current passing through it is changed. It can be used to 
measure the self-inductance of electrical machines and is carried 
out with the rotor stationary. The method has previously been 
described by several authors,?!>22»23 but their analyses do not 
take account of stray inductance in the ratio arms of the bridge, 
which can be troublesome when measuring low inductances. 

The basic circuit is shown in Fig. 5. F is the fluxmeter, L, is 
the inductance to be measured, Ly, L3, L4 and Ly are the stray 
inductances, and J, and Jp are the initial currents. It is shown 
in Section 10 that when the d.c. supply switch is opened, the 
deflection A@ of the fluxmeter is given by 


(R; + Rs) 


i 
Eilisngettet) “a(igchhiR3) 


(Lalo — Lol) 
a4 fs 8 eae GA@ (17) 


The stray error terms can be reduced by making Jg and 
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Fig. 4.—Synchronous inductances, Lg and Lg, of the permanent-magnet alternator. 


+ Fluxmetric bridge test. 
© Load test at 75c/s. 


(R, + R3)/(R2 + Ry) small. As the bridge is initially balanced 
like a Wheatstone bridge, this is equivalent to making the ratios 
R,/R3 (= R,/Ra) and R,/R, (ce R3/Ra,) both small. 

The resistors R, and R, in effect shunt the fluxmeter, but if 
they are designed to reduce the stray errors they will have little 
shunting effect. Additional shunting is obtained by connecting 
a resistor across the fluxmeter arm of the bridge, where it will 
introduce no stray inductance error. 

The connections to the armature windings can be made in 
either of the two ways shown in Fig. 4 of Reference 23, and the 
rotor is locked so that the armature m.m.f. is in either the 
direct or the quadrature axis. The experimental circuit was 
designed to give a maximum stray error of about 0:5 %, and the 
results obtained by it are given in Fig. 4. 

(c) Steady-State Short-Circuit Test.—The steady-state short- 
circuit test gave a direct-axis synchronous inductance of 
0:131mH. The direct-axis current was very large at 355A, 
which is well outside the range plotted on Fig. 4. If the flux- 
metric bridge results are extrapolated, however, they agree to 
within 1 or 2% with this value for Ly. 

Comments on the Methods of Measuring Synchronous Induc- 
tance.—The values for L, obtained by the three methods agree 
well, although the short-circuit test is limited to a single high- 
current value. When i@ is negative, the inductance is increased 
considerably for the following reason. The steel sleeve of the 
rotor is normally saturated, but when i4 becomes negative, 
Fig. 2 shows that the magnetic potential across the leakage path 
(proportional to the magnet field, H) becomes zero and then 
reverses. Hence the leakage path becomes unsaturated and then 
saturates again in the reverse direction, so that the leakage unit 
permeance line OG should be drawn with an S-curve at the 
origin. The increased change of flux linkages per direct-axis 
unit current in this region accounts for the increased value of 
Lz. The divergence between the two sets of measured results is 
attributed to hysteresis in the sleeve. 

The fiuxmetric and load tests give appreciably different results 
for L, although they are basically similar tests. These differences 
may be due to hysteresis or to eddy currents in the solid parts of 
the field structure during the load tests. It is not obvious, how- 
ever, why eddy currents should affect only the quadrature axis. 

It will be noted that L, is about 3-5 L, (when /4 is positive). 


x Load test. at 100c/s. 
@ Load test at 150c/s. 


Fig. 5.—Basic circuit of the fluxmetric bridge. 


This is because the permeability of the quadrature axis of the 
magnet is like that of a normal steel, while paths for the quad- 
rature-axis flux are also provided by the pole-pieces and sleeve. 
In the direct axis, however, the recoil permeability, w,, of the 


magnets is very low (2:5-3:5 for modern materials) and the- 


incremental permeability of the saturated steel sleeve approaches 
unity. 
(4.1.2) Operational Inductances, Lg (p) and Lq(p). 

(a) Sudden 3-Phase Short-Circuit Test.—A number of sudden 
short-circuit tests were carried out on the p.m. alternator using 
a high-speed pneumatic short-circuiting switch. The oscillo- 
grams of phase current were analysed in the usual way,? and 
the following are the average values of the parameters obtained 
from four tests at 150c/s: 


Synchronous inductance, Lg .. 0-131 mH. 
Transient inductance, Lj  ... 0-064 mH. 
Subtransient inductance, Lz .. a . 0-021 mH. 
Transient short-circuit time-constant, tJ ase Serine: 
Subtransient short-circuit time-constant, t7 3-3 ms. 
Transient open-circuit time-constant, tJo . 27ms. 
Subtransient open-circuit time-constant, to .. 10ms. 


The expression normally used* for the sudden short-circuit 
current is based on the following assumptions: 


(i) The armature resistance is small compared with the reactances. 


(ii) The subtransient time-constants are small compared with the 


transient time-constants. 
(iii) All the time-constants are large compared with 1/a. 


| 


/ 
i 


: 


q 
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The first and third assumptions were justified by running the 
p.m. alternator at the highest possible speed, but the results 
show that the second assumption was not completely justified. 
In spite of this the sudden short-circuit test will give L’; moderately 
accurately, and will give some indication of the time-constants. 

It seems likely that the eddy-current paths in the solid iron of 


‘the field structure will have a shorter time-constant than the 


copper damper. They are therefore responsible for the sub- 


transient component of current, and the copper damper provides 
the transient component. 


(b) Static A.C. Impedance Tests.—A single-phase a.c. supply 


is connected to two armature phases in series and the rotor is 


locked with the armature m.m.f. in either the direct or the quad- 
fature axis. The measured line-to-line impedance is then 
Z=2R+Lq pp]. If the angular frequency is hw, the 
complex operational inductances Lg, q(jhw) can be determined 
and should compare with the idealized loci of Reference 11. 
Static a.c. impedance measurements were carried out at fre- 
quencies of 50, 500 and 1600c/s. The results, for a peak direct- 
or quadrature-axis current of 30A, are shown in Fig. 6, together 
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Fig. 6.—Frequency-response loci of the operational inductances of the 
permanent-magnet alternator. 


(a) Direct axis, La(jho); (6) Quadrature axis, L¢(jhw). 
+ Measured points. 
© Calculated points. 
x Estimated points. 


Frequencies in cycles per second. 


with the synchronous values from Fig. 4. L, from the sudden 
short-circuit test is also plotted on the real axis as the point 
p = joo, and the three measured-frequency points line up well 
with it on the direct axis, and very nearly on the quadrature. 


Therefore Lj is approximately equal to L7; this seems reasonable 


since, at high frequencies, little alternating flux will penetrate the 
steel sleeve, and the armature inductance in both axes will tend 
towards the leakage inductance. 

One of the standard methods of measuring subtransient 
inductance is the static a.c. impedance test carried out at rated 
frequency.2° Fig. 6 shows that this frequency (400 c/s) is cer- 
tainly not high enough for the p.m. alternator and for similar 
machines with solid rotors and short time-constants. 

To predict the hunting characteristics of the interconnected 
system, the operational inductances at frequencies in the range 
1-10c/s must be known. On account of supply and measure- 


ment difficulties, actual tests in this range were not undertaken, 
and instead the frequency-response loci were derived from the 
known data. Their shapes were estimated from experimental 
curves given by Adkins and Sen,!! while the distribution of the 
frequency points was estimated from calculated loci, derived as 
follows. 

It was assumed that, at low frequencies, L,(jhw) was controlled 
by the copper damper, so that it is given by 


Lgl + jhwr {1 + jhwr jo). 


This is the semicircular locus plotted in Fig. 6(a), from which the 
frequency points on the estimated locus are derived. L,(jha) is 
controlled by eddy currents, and the approximation was made 
that their open-circuit time-constant, 7, was equal to Tjo. 
The short-circuit time-constant, 77’, is then obtained from the 
relation 77/Tg9 = Lj/L,, after which L,(jhw) can be cal- 
culated as L,(1 + jhwrz)/(1 + jhwtgo). This is the semi- 
circular locus of Fig. 6(b), and from it the frequency points are 
again fitted to the estimated locus. These estimated loci -are 
probably not very accurate, but should be sufficient for the 
accuracy of the hunting experiments. 

A difficulty with direct measurement is that at low frequencies 
the operational impedances, jhwL,, ,(jhw), become small com- 
pared with the armature resistance, R, from which they must be 
separated. For example at 3c/s, jhwL4(jhw) would be approxi- 
mately (0:00045 + 70-0025) Q, and must be separated from R, 
which measurement showed to be about 0:004 Q. 


(4.1.3) Moment of Inertia, J. 


The total moment of inertia of the rotor and its associated 
belt-drive pulley was measured to be 0:0283 kg-m?. 


(4.2) Parameters of the Synchronous Motor 


(4.2.1) Field Self-Inductance, L¢, and Mutual-Inductance, Mg. 

The unsaturated field self-inductance was measured by means. 
of the fluxmetric bridge to be 65 mH, while the mutual inductance, 
M,, calculated from the air-gap line of the open-circuit charac- 
teristic, had an unsaturated value of 10:7mH. 


(4.2.2) Synchronous Inductances, Lg and Lg. 

The unsaturated value of L, from a steady-state 3-phase short- 
circuit test was 1:93mH. The variation of Ly and L, with field 
and armature excitation was then measured by means of the 
fluxmetric bridge, with the field continuously excited during. 
each test. Both the inductances were considerably decreased by 
field excitation; their values are given in Reference 17 together 
with all the other motor parameters. 


(4.2.3) Field Resistance, Ry, 

The field resistance between terminals includes the brush 
contact resistance; the terminal voltage and current, measured. 
at a speed corresponding to 150c/s, followed the relation 


Vp = 1-35 + 0-95if 


The incremental field resistance between terminals, to be used 
in calculating the direct-axis operational inductance, is therefore 
0:95Q. 


(4.2.4) Estimation of the Operational Inductances. 

(a) Direct-Axis Operational Inductance, Lq(p).—Static a.c. 
impedance measurements gave the following results. At 50c/s 
the inductance was reduced from the synchronous value of 
1:93mH to 1:40mH with the field winding open-circuited 
(owing to the action of the damper alone), and to 0:29mH 
with the field short-circuited. At 500c/s the inductance was. 
0-31 mH when the field winding was open-circuited, and 0-29 mH. 
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when it was short-circuited. At the hunting frequencies of 
1-10c/s the effect of the damper can therefore be ignored in 
comparison with that of the field winding. The operational 
inductance is then given by! 8 

Mip 
L4(p) = La — x — 


As p tends to infinity, L,(p) becomes the transient value 
(0:29 mH) given by 


(18) 


Mi 


i 


L; (19) 
from which M, can be calculated as 10:2mH (unsaturated). 
This value is slightly less than that previously obtained, and it 
will be regarded as the more accurate value for the calculation 
of the operational inductance. 

To allow for saturation, the saturated value of L, must be 
substituted into eqn. (18), but the values of M, and L; to be 
used must be incremental values at the particular working con- 
dition, rather than total inductances. Since L, is itself a form 
of incremental inductance, a suitable incremental saturation 
factor, s, is the ratio of the saturated value of L, to the un- 
saturated value. This factor will take account approximately of 
the saturating effect of both field and armature excitation. The 
operational inductance is then given by 


s*M 2p 
Lg (P) sap ='sL f (20) 
d sat d Ry + sL¢p 
ds1 dr1 
ds\ al | Rey 0) 
Rye 
ae : : + (Xq2 — Xq2) sind cos 6 
2 
qri| 0 EaX pd meh wale aa : 
q 
ds2 | —Vjs 0 0 


(6) Quadrature-Axis Operational Inductance, L,(p).—In the 
quadrature axis, there will be losses in the high-resistance paths 
between the damper bars of adjacent poles, and there will also 
be some eddy-current and hysteresis losses in the field iron. At 
hunting frequencies these will be small, and the operational 
inductance will be little different from the synchronous value of 


R Xq1 + Xq2 cos? 6 
dl V, sin 6 ode (Xi v7 Xs) sin 5 cos 8 Se 6a sin2 § jah | 
- (22) 
qi | V,cosd—V, — Xa, — Xq2 cos’ 6 R oil 


—X jy sin’ 6 


1-:09mH (unsaturated). An estimate of the operational induc- 
tance at hunting frequencies had therefore to be made from 
static a.c. impedance tests at 50 and 500c/s. By plotting the 
measured values in the complex plane the unsaturated opera- 
tional inductance at hunting frequencies can be estimated, as 
shown in Fig. 7. Under saturated conditions it is assumed that 
both components are reduced by the same saturation factor, 
proportional to the reduction in L,. 


(4.2.5) Moment of Inertia, J. 


The total moment of inertia of the rotor and the brake drum 
fitted for the interconnection tests was 0:0106 kg-m2. 


| voltage equation for the connected system is 


| 
| 
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| 
Fig. 7.—Frequency-response locus of the quadrature-axis operation 
inductance, L,(jhw), of the synchronous motor. | 


+ Measured points. 
x Estimated points. 


Frequencies in cycles per second. 


(5) STEADY-STATE ANALYSIS OF THE INTERCONNECTED) 
MACHINES | 
The impedance matrices of the p.m. alternator and the syn 
chronous motor are known and their parameters have beer 
measured. It is now possible to predict their performance wher 
the armature windings are interconnected and a mechanica: 
load is placed on the motor. The analysis of the interconnectec 
system is first undertaken for steady-state conditions, in whick 
the speed and currents of each machine are constant. 


(5.1) Performance Equations 


Kron’:8 has derived the direct- and quadrature-axis connes: 
tion matrix by which the impedance matrices of the individua 
machines may be multiplied to interconnect them, and his fina 


an ds2 
o . at 
x X, cos” § 
si ey 5 Xmaz Sin 6 jdl 
(21 
R, + Ry a _ 
(Xp ca XQ?) sin 6 cos 6 md2 COS 3) i 
Ria — jf2 


It will be noted that the armature reference axes dr1 and qr} 
of the connected system are those of machine 1, the synchronous 
motor, and that balanced steady-state working has been assumeci 
so that p = 0 and p# = w. 

Eliminating the constant field currents, if! and if2, by parti+ 
tioning gives the reduced voltage equation 


—(Xq2 = Xa?) sin ) COs ) 


where R is the total armature resistance (R; + R)), and V, anc 
V2 are the open-circuit generated e.m.f.s of the machines. 
Eqn. (22) can be solved for the currents by matrix inversior! 


to give 
; 1 
i#h = FAVi[Xen + H(Xa2 + Xqa) — H(Xa2 — Xq2) 008 28] 


; + Vo[R sin 8 — (Xq, + X qo) cos 8] (23) 
an 


ja = Avie — X,») sin 28 — R] 
+ Va[R eos 6 + (X41 + X49) sin s}} (24) 


~ chronous machines connected to infinite busb 
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_ where D, the determinant of the matrix, is given by 


D=R+ XqXq1 + XX t+ Xa + XwW(Xa2 + Xq2) 


— Xai — Xqi)(Xa2 — Xq2) cos 26 (25) 


The steady-state mechanical power developed by the motor, 


| in watts, is then’: § 


a = Via ae (Xat iF aha (26) 


(5.2) Solution of the Equations 


It is desired to predict the 3-phase r.m.s. armature current for 
any given power loading and excitation of the motor. It is not 


j possible to eliminate 6 from the equations, and therefore the 


method of solution is to assume a series of values for 6 and cal- 


| culate for each the currents i4! and i?! from the above equations 
) using the measured parameters, whence the phase current. and 
| power may be found. These calculations are laborious and 
| repetitive and they were therefore carried out on a digital 
|, computer. 


To confirm the predictions, experiments were made on the 
actual connected system, and for this purpose the synchronous 
motor was fitted with a smal! rope brake. Tests were carried 


| out at a frequency of 100c/s, and the experimental and predicted 
\ results are shown in Fig. 8. The agreement between these 
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Fig. 8.—V-curves for the interconnected machines running in the 
steady state at 100c/s. 


Predicted curves. 
----- Experimental curves. 


_ results is generally very good, although for field currents above 


6A the predicted results tend to be high. This may be due to 
cross-saturation or to inaccuracies In measuring the parameters 
under saturated conditions, although allowance was made in 
the predictions for the saturating effect of both field and armature 


_ excitation. 


HUNT TED 
ING ANALYSIS OF THE INTERCONNEC 
% MACHINES 


written about the hunting of salient-pole syn- 
Much has been Bie bar tte 


authors can find no reference, except by Kron, to the hunting 


of two interconnected salient-pole synchronous machines with 
armature resistance included. 

Kron’: ® shows how the hunting equations for a single machine, 
or a group of unconnected machines, analysed along direct and 
quadrature axes, may be obtained by taking small increments 
in the transient voltage and torque matrix equations 


v =(R + Lp + GpO)i and T = Ip*6[n — niGi. 


As the reference axes are fixed to the field structure or structures, 
R, L and G are constant, and the following equation of small 
oscillations is obtained: 


Ap = Z(Ai + Aé) 


Av Z Gip Ai 
[arn|~ {ya ee. piel Lael 
where Z = R + Lp + Gp. 


The transient motional impedance, Z, in this equation consists 
of the transient-impedance matrix, Z, together with additional 
rows and columns for the mechanical quantities. 

Kron then shows that the transient motional impedance, 2’, 
of a connected system may be derived from that of the uncon- 
nected system, Z, by the following transformation equation: 


or 


(27) 


IC, IC). 
Z’ = CEC + CLpC) + C2 5ei + CLs )i 
OO Paes OG ov’ 
aie C,L ag PP) T viet 00’ (28) 


The small-oscillation equation of the connected system is then 
Apo = C,Ap =Z ‘GI == 6) (29) 


These equations have been applied by Kron’ to a system of 
two interconnected salient-pole synchronous machines running 
at the same electrical speed. In this system 


dl 0 di [ Ai@! 

ql qi | Aig! 
a. Rath and (Ai + AG) = o (30) 

s2 | AT,/n, 52, "A653 


where sl and s2 refer to the torque equations, AT, and AT, 
are the applied oscillating torques, Ai?! and Aj?! are the oscil- 
lating currents of machine 1, and A@, and A@, are the small 
increments in rotor angle from the synchronous positions. The 
transient motional impedance matrix, Z’, of the system is given 
by eqn. (31). 

As in Section 5, the armature reference axes of the connected 
system are those of machine 1. The unwanted oscillating currents 
in the eddy-current paths and damper and field windings have 
been eliminated by partitioning to give operational inductances. 
The currents and voltages appearing in Z’ are steady-state 
quantities existing before the oscillation and, for direct and 
quadrature axes, are unidirectional. 


(6.1) Torque Equations 


Eqns. (30) and (31) form the electrical and mechanical small- 
oscillation equations of the system. To investigate hunting 
stability the torque equation of each machine must be examined. 
If the machines oscillate at different frequencies they must be 
treated separately, but if the oscillations are of the same fre- 
quency the torque equations are simultaneous. As an approxi- 
mation, however, it will be assumed that the p.m. alternator 
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| does not oscillate, because of its relatively high inertia and the 
| stiffness of its drive. Therefore A@, = 0 and the s2 row and 
column can be omitted from the matrix equation, leaving the 
torque of the motor expressed in terms of Ai’ and A@,. The 
| oscillating currents Ai’ are not known and are therefore eli- 
| minated by partitioning to express the torque as a function of 
| A6; only. 
| For sinusoidal oscillations p = jhw, while p@ = w. It is then 
‘convenient to multiply the torque equation throughout by w, 
so that the inductances become reactances and the equation 
_ becomes one of power: 


Sy 4 
=| h?) + jhRF 


I 
= K— feo | Aé, (32) 


(6.2) Stability Criterion 

_ It has been shown by Aldred and Shackshaft!? that the 
_ stability of a synchronous machine may be investigated by a 
| frequency-response method using Nyquist’s criterion. In opera- 
tional form the oscillating torque equation of a machine may be 
_ written as 
F AT = [f(p) + 1p7]A8 

_ where f(p)AQ is the electrically developed torque. The equation 
' may be rewritten as 


AO = 1/Ip? 
AT 1+f(p)/Ip? 


and can be represented by a simple closed-loop system, the 
‘stability of which can be investigated by applying Nyquist’s 
criterion to its open-loop transfer function, A(p) = /( p)[Ip?. 

The conventional approach to hunting analysis? is to express 
the electrically developed torque for sinusoidal oscillations as 
the sum of a real ‘synchronizing’ component and an imaginary 
‘damping’ component, thus 


AT = (T, + jhwTz — hw? DAO (33) 
The condition for self-excited oscillations is Tz, =0 and 
_T, =h?w*I. This is the same as the condition that the open- 
loop frequency response, A(jhw), which is now equal to 
(T, + jhwT,)| —h?w7I, should pass through the point (— 1, 0). 
The advantage of plotting the open-loop frequency response 
is that it enables the degree of stability, in terms of phase and 
gain margins, to be determined. It also gives a better visual 
picture of the effects of changes in the parameters,** and enables 
their critical values and the hunting frequency to be obtained 


_ more easily. 


(6.3) Prediction and Measurement of the Hunting Stability of the 
System 
A means has now been found of predicting the hunting 


stability of the system under any given conditions. — It is known 
that resistance in the armature circuit can cause instability by 
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cancelling out the positive damping of the field and damper 
windings. It was therefore decided to predict and measure the 
critical armature circuit resistance, R, necessary to cause hunting 
under various conditions of excitation and load. To do this the 
open-loop frequency response, A(jhw), of the motor must be 
plotted for a range of values of R. The critical value, which 
would make the locus pass through the point (—1, 0), can then 
be determined by inspection. 
A(jhw) is obtained from eqn. (32): 
[CQ — h*) + jhRF]/D — K 
— h?w I, [nt ; 
This expression involves the steady-state currents and angle 6, 
which must first be predicted as described in Section 5.2 for the 
conditions being considered. The evaluation of A(jhw) for 


AGhw) = (34) 


C= G8)[XaGha) — XqP[Xq1Cjho) + Xq2jhw) cos? § + X47(jhw) sin? 8] + {V, — i [Xq, — X41(jhoo) |}? 
[XaiCGjhw) + X qo(jho) cos? 3) + X gljho) sin” é] ap sin 26 i2[X4,(jhw) — Xi l[Xq2(jho) <—s X q2(jhw)] 


{" Se be X,1(jho)]} 


F = 6@)[Xg,(jhw) — Xa? + {VY — (Xa, — Xho)? 

K = (i')?[Xq,(jhw) — Xi] + DV, lod rare X,1Ghw)]} 

D = R? + jhR[Xq (jh) + Xqi(jho) + Xq2(jhw) + Xqy(jheo)] + (L — W){Xq (jhe) X q (shew) + X g2(jhw)X j(jhow) 

i + [Xq1(jho)X 42 jhw) + Xq(jhw)Xq(jhw)] cos? § + [XqGhw)Xqo(jhw) + X4,(jhw)X o(jheo)] sin? 5} 


ranges of R and h# is very laborious, and a digital computer was 
used to do this. Computations were carried out for a syn- 
chronous frequency of 100c/s, and two values of field resistance, 
Ry, were considered: (a) 10Q, to allow for a fairly high field- 
control resistance, and (6), 1:15Q to allow for the field to be 
connected directly to the supply (with a wiring resistance of 
0:2Q)). 

Fig. 9 shows a typical frequency-response plot of A(jhw) in 
the complex plane, from which the critical resistance and 
hunting frequency can be determined. Figs. 10 and 11 show 
some of the predicted and experimental results obtained. 

Confirmatory experiments on the interconnected system were 
carried out under the same conditions as those for which the 
predictions were made. Variable resistances were inserted in 
each phase and were gradually increased until the motor would 
just maintain a small oscillation, which was detected by a strobo- 
scope. The hunting frequency, h, was measured by recording 
the voltage across one of the phase resistors on a Duddell 
oscillograph to show the hunting-frequency component of 
current. 

In spite of the complexity of the calculation and the possible 
inaccuracies in some of the parameters, the agreement between 
the predicted and experimental results is generally good. It was 
found, however, that the predicted critical resistance was parti- 
cularly sensitive to changes in certain parameters, notably the 
quadrature-axis operational inductances. For example, if the 
eddy-current damping in the quadrature axis of the motor were 
ignored by equating the imaginary component of L,,(jhw) to 
zero (it is only about 4% of the real component at hunting fre- 
quencies), the predicted critical resistance for operation at low 
saturation would fall by as much as 50%. 

The predictions described above were made on the assumption 
that the p.m. alternator would not hunt, its inertia term, J/n’, 
being 24 times that of the motor. The oscillating currents set 
up by the motor may, however, force the alternator to hunt, 
even if with only a very small amplitude. This was observed in 
the experimental system, but the motor oscillations had to be 
large to enable those of the alternator to be detected. 

Kron’s hunting equations, which have been used in this 
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Fig. 10.—Variation of critical resistance, R, and hunting frequency, 
h, with motor excitation, when running on no-load. 

Predicted curve. 

----- Experimental curve. 


(a) High field resistance, Ry = 10. 
(b) Direct field supply, Ry = =1:15Q. 


CRITICAL ARMATURE RESISTANCE, R, OHMS 


° 100 200 300 400 500 


MOTOR MECHANICAL POWER, P 


™1? 


WATTS 


Fig. 11.—Variation of critical resistance with load for high field 
resistance, Ry = 10 


Predicted curve. 
----- Experimental curve. 


Section, are more exact than those generally used to determine 
synchronizing and damping torques. It is common to ignor 
the voltages generated by the rate of change of armature flux 
linkage, and frequently resistance can be neglected too. All 
these terms have been retained in this analysis, but it is recognizec 
that under certain conditions the equations could be ee 
a little by making suitable approximations. | 


(7) CONCLUSION 

The p.m. alternator is quite amenable to analysis and ig 
shown to behave in a basically similar way to a conventiona! 
wound-field machine with a constant field voltage. The direct+ 
axis armature inductance of the experimental machine was: 
found to be low, only about one-third of the quadrature-axis; 
inductance, and the time-constants were also very low. The 
operational inductances are best represented by frequency 
response loci, as they are controlled by eddy currents in th 
solid parts of the field and by the damper current, none of whic! 
can be measured. 
The paper has shown that the steady-state performance a: 
hunting stability of a pair of interconnected salient-pole syn- 
chronous machines can be closely predetermined if their para- 
meters are known with sufficient accuracy. No practical con- 
clusions have been drawn concerning the performance of th 
system, but in any specific case the analysis could be used ta 
find ways of improving the performance by systematical! 
varying the parameters. The labour of substituting numerical 
data into the equations can be greatly eased by the use of : 
digital computer, and indeed the availability of computers hes 
now made practical the solution of many difficult problems cf 
interconnected machines. 
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(10) APPENDIX 
(10.1) Theory of the Fluxmetric Bridge 
The circuit is shown in Fig. 5. Initially the supply switch is 
closed and the bridge is balanced so that the fluxmeter pointer 
is stationary. On opening the switch, the magnetic energy 
stored by the unknown inductor, Ly, is discharged, and at the 


end of the transient has deflected the fluxmeter by an angle A@. 
Let i, and i, be the instantaneous currents round the two loops, 
and i, be the instantaneous fluxmeter current. 


Then 
? ip = ty — i, (35) 
Applying Ohm’s law to each loop 
: di : 
GO = (R, + Ri, + (Ly + Li) aR Eo (36) 
; : di; ; diy 
=Gb = (R; + R;)i, + (Ly + Leary = Rig is Lee (37) 


Whence, by eliminating 7, and i,, 


Rit Rah eee (R; + R3) ; 

[ (Ry + 7 a E Bd i gry +e ly 
(R; + R3) dip _ (R, + R3) di, 
é ty|1 iG rer 2 | deine 2) te 9 (Rp gnae 


di; 
+ (LZ, +L3)5! (38) 


Integrating with respect to time over the transient, 


e Hee =| ‘saath (Ry + Rs) | 
baaeas se mi aaah re say 


R, +R 4 : : 

ty] lage >| (i%-— it) a 3 [L.02, — ih) 
2+ RY + Lag — 0] 
+ L,(?, — ik.) + L3G}; — #3) (39) 
The superscripts 1 and 2 denote initial and final values respec- 
tively. The integrals of the type fLdi have been split up into 
separate terms for each circuit element. The initial currents are 
i= 0, i}, = iL, = 1, and i}, = i}, = — Ip. The final currents, 
i*, are all zero. The charge gy passing through the fluxmeter is 


proportional to the viscous damping of the meter, and if this is 
small, together with the expression 


[Ry + R3 + Rp + Rp(Ry + R3)/(R, + Ryd] 


the term in gp in eqn. (39) can be neglected. The final equation 
is then 


Lyk, — L3lo + 


(Ry + Rs) 


-—-____ (fl, — Lol. 
(Ry Ry 4 af) 
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DISCUSSION ON 
‘ORTHOGONAL CODES’* 


Dr. D. A. Bell (communicated): The idea of two independent 
elements per unit of time-bandwidth is fundamental to communi- 
cation theory,“ and the possibility of choosing these in the form 
of sine and cosine functions having an integral number of periods 
in a standard interval follows naturally, but Dr. Harmuth’s 
paper is probably the first detailed description of a proposed 
complete system. As the author recognizes, synchronization is 
the major practical problem. Is it intended that periods of 
synchronizing signal should be interpolated in the message from 
time to time? Or is it intended that the synchronizing signal 
should be transmitted continuously on a separate channel? 
The bandwidth needed for the transmission of the synchronizing 
signal would be governed by the steepness of transition between 
+1 and —1, which in the author’s diagrams is portrayed as 
being infinite. If the tolerable error of just under +3 millisec is 
equated to a quarter-cycle of the maximum frequency trans- 
mitted, the necessary bandwidth is about 85c/s, which is 1-77 
times the highest of the character fundamental frequencies. 

The author refers to the difficulty of assessing the redundancy 
of a trigonometric code such as that of his Fig. 2, but it is easy 
to evaluate the related concept of ‘packing factor’. A closely 
packed binary code capable of detecting 3 errors and having 
characters of length digits would contain M distinct characters, 


where© 
sd ae n = nA nh 
1+(1)+G)+G) 


It is true that there is no such close-packed code for n = 16, 
the first known case being Golay’s codeP for n = 23. But as 
an indication of the quality of packing, one can say that for 
n = 16 the formula gives M ~ 94. This means that in fact one 
could only include 6 bits of information (M = 64) in a 3-error- 
correcting code of total length 16 digits, and the value of 5 bits 
obtained in the orthogonal code does not seem too unreasonable. 

Another packing consideration is that an e-error-correcting 
code requires only a minimum distance of 2e + 1 digits between 
characters. A 7-element orthogonal code satisfies this require- 
ment for 3 errors but has only 14 characters. It is now apparent 
that the packing factor of orthogonal codes decreases rapidly 
as the length is increased. As an example, Golay’s 23-digit code 
contains 12 information digits and therefore 4096 characters; 
and it can correct 3 errors. A 23-digit orthogonal code would 
contain only 46 characters and be capable of correcting 5 errors, 
since the minimum distance between characters would be at 
least 11 digits. According to the formula given above, a 23-digit 
code capable of correcting 5 errors should include 190 characters 
compared with the 46 of a 23-digit orthogonal code. 
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Mr. D. S. Blacklock (communicated): Fig. 4 of this monograph 
shows that for acceptable levels of error probability there would 
be a 3dB saving in signal power if a 5-bit ‘ortho-trig’ code were 
used instead of normal 5-digit binary. Thus, only 6-7 dB signals 
would be needed for 99% freedom from error, 8-0 dB for 99:9% 
and 9-0dB for 99-99% reliability. / 

Dr. Harmuth, commenting on this comparison, says that the | 
gain is obtained at the cost of increased bandwidth. In order | 
to meet the U.S. teleprinter standard transmission rate (six | 

| 
| 


characters per second) the bandwidth would need to be widened 
from 24c/s to 60c/s. 

Since Gabor and others have shown that signal strength can 
always be exchanged for extra bandwidth, irrespective of coding, © 
it would be interesting to compare this extra 36c/s of band-— 
width with what would be needed for a 3dB saving when 
5-digit binary is retained. I should then be able to assess the 
value of an ortho-trig code when all other factors were kept 
constant. 

Dr. Harmuth distinguishes the more practical ortho-trig 
coding from the simpler ortho-step coding where the steps or 
bits can be classified as informational and redundant, 5 and 
11 respectively for the 32 combinations of normal ABC coding. 
He asserts that this classification does not hold for the ortho-trig 
coding, but in commenting on Fig. 4 he does in fact refer to the 
5 bits of information in the ortho-trig code. Does this reference 
not imply that the remaining 11 crests and troughs of 1/2 sin 16770 
or 1/2 cos 167 are in fact redundant? 

With ortho-trig coding there are two square-wave characters 
that may be transmitted as an alternating series for the correct 
phasing of the receiver. Am I right in thinking that with 
normal 5-digit binary coding an extra digital load of 50% has 
to be transmitted for the correct phasing of the receiver ? 

Iam puzzled by the absence of any claim of superiority for the 
orthogonal coding, other than the claim of practicality for the 
trig variant in comparison with the step variant. Are these 
codes with 5 or more bits of information better than the 5-digit 
binary code of everyday business? 

I can, however, make a comparison within Dr. Harmuth’s 
ortho-trig field, as illustrated in the communication-system block 
diagram of Fig. 5, between our outmoded ABC coding and a 
“‘Tunish’ coding of an English language so modified as to make 
more intensive use of the ‘th’, ‘sh’ and other phonetic charac- 
teristics which already distinguish English from other languages. 
Tunish would provide the 3dB saving along with a bandwidth 
saving (using fundamental frequencies of 6c/s and 12c/s only) 
and a terminal-equipment saving of 75°% in the count of oscil- 
lators, multipliers, integrators and sampling switches; these 
gains would be accompanied by a 10° gain in transmission rate 
(counting words, not characters) and by many educational and 
other benefits. The Simpler Spelling Association of Lake 
Placid, N.Y., claim a 16-6% saving in writing and printing 
costs for their 40-symbol alphabet. Tunish makes a 50% claim 
and enlarges its view by including telegraphy. Thus, the 
7000 bits needed to transmit Lincoln’s 266 words at Gettysburg 
would be reduced to 3630 for Tunish language and writing. 
Every new age requires a revolution in human thinking and the 
advent of electronics in communication merits a new set of 
symbols along with greater semantic consistency in the phonetics. 
of our English language. 
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Messrs. M. Darveniza and R. Kelly (Queensland: communi- 
cated): The study of the non-linear circuit described in this paper 
E has not considered the more general case which includes a linear 
| Tesistance R. In surge-current-generator circuits it is found that 
_ current waveshapes and magnitudes are more easily controlled 
| by introducing the additional resistive (linear) element. This 
J circuit has been studied on an electronic analogue computer 

at the University of Queensland, Department of Electrical 
_ Engineering. 
| Preliminary work has shown that the values of the circuit 
| elements (R, L and C) required to test the non-linear element of 
a surge diverter may be accurately determined from the computer 
| study. Fig. A shows the values of charging voltage and of R, L 
| and C required for the surge testing of an 11 kV surge diverter 
. with 8/20 microsec currents between 1 and 5kA. In this case, 
| the characteristics of the non-linear element were approximately 
_ known and the results obtained during actual test conditions 
agreed to within 3% of the values from the analogue study. 

It is clear that Mr. Monahan’s circuit analysis and study of the 
more general circuit greatly simplifies the procedure in testing 
the non-linear elements of surge diverters. This Department is 
carrying out further work to provide generalized data for the 
_ circuit containing a linear resistive element. A function genera- 
_ tor representing the non-linear element in the form V = KI® is 
being developed to simplify the use of the analogue computer. 

Mr. T. F. Monahan (in reply): The inclusion of linear resis- 
tance in the non-linear circuit greatly increases the amount of 
calculation required to produce a general solution covering a 
range of values of the parameters. As was mentioned in the 


*MONAHAN, T. F., Proceedings I.E.E., Monograph No. 3768, April, 1960 (see 
107C, p. 288). 


DISCUSSION ON 
‘CALCULATION OF THE CURRENT IN NON-LINEAR 
SURGE-CURRENT-GENERATOR CIRCUITS’ * 
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Fig. A.—Tests on surge diverter. 
Surge-current generator parameters: 

Test waveform, 8/20 microsec 

Plant capacitance, 1 uF 
paper, the solutions ignoring linear resistance have been found to 
give a useful guide, in many cases, to the performance of a circuit 
in which linear resistance is present. However, it is better to 
calculate the effect of the linear resistance, and Messrs. Darveniza 
and Kelly are fortunate in having an analogue computer on which 
this can be done. It is to be hoped that they will be able to 
publish generalized data in due course and also give information 
on the use of the analogue computer. 


DISCUSSION ON 
‘EDDY-CURRENT EFFECTS IN RECTANGULAR FERROMAGNETIC RODS’* 


_ Mr. P. Graneau (communicated): As a result of the growing 
belief that eddy currents influence the performance of electro- 
magnetic devices to a larger extent than has hitherto been 
expected, any advance in our understanding of the mechanism 

by which they are generated is a very welcome development. 
What may delay acceptance of a new theoretical outlook is 
as much the disappointing experience with older eddy-current 
theories as the lack of simple and convincing experiments that 
can be carried out in industrial laboratories. In view of this, 
it seems essential to demonstrate, beyond reasonable doubt, that 
_a rigorous analysis based on uniform scalar permeability could 
not account for all the observed losses. Dr. Lee conveys the 
impression that this has been done. Reading the papers quoted 

by him left me unconvinced, for three reasons: 

All attempts to derive loss formulae start with Maxwell’s field 
equations. Now, almost a century after their formulation, they 
* Lrg, E. W.: Monograph No. 371 M, April, 1960 (see 107 C, p. 257). 


have still not been solved for the geometrical arrangements of 
conductors which represent electromagnetic devices. Approxi- 
mations have been obtained from the three known exact solu- 
tions, which all refer to geometrical systems that cannot be 
realized in practice, but we are unable to estimate how far they 
may depart from the correct solutions. 

Every method of arriving at an approximation terminates in 
a different loss formula, and hence the loss ratio depends partly 
on the choice of formula. Moreover, even the losses measured 
in non-magnetic metals differ widely from those predicted by the 
various approximations. 

With regard to the frequency dependence of the observed 
loss (Section 2.2.1), it should be stressed that agreement between 
classical theory and measurement requires constant magnetizing 
current, with frequency the only variable. Instead, most pro- 
ducers and users of magnetic materials determine the loss/fre- 
quency characteristic under constant flux-density conditions. 
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This is a useful test of the performance of transformers, 
but it should not yield losses which agree with classical 
formulae. 

Mr. E. W. Lee (in reply): I agree with Mr. Graneau that the 
classical eddy-current equations can be rigorously derived from 
Maxwell’s equations only for a few simple configurations, which 
invariably are such that the sample is assumed to be infinite in 
One or more dimensions so that the number of independent 
variables in the equations is reduced from three to two or even 
one. Obviously care must be exercised in applying the formulae 
derived from such treatments to real physical systems. One 
would not expect the theory for a thin lamination of infinite 
extent to apply to a cylinder of square cross-section, for example. 
However, one would expect it to apply to a strip in which the 
ratio of breadth to thickness was 100. When this sort of care 
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make the strip a better approximation to an infinite lamina. 
The discrepancies between theory and experiment become more 
pronounced as the strip thickness is reduced, although the other 
magnetic properties are not significantly affected. In addition, 
by suitable heat treatment one can vary the grain size of a single 
polycrystalline strip. One then observes a definite correlation 


between the anomaly factor and the grain size whilst the thick- | 


ness of the strip remains unaltered. 


It is the contention of my paper that the most probable 


explanation of these phenomena lies in the over-simplification 
of the eddy-current calculations which results if the domain 
structure of the material is ignored and the permeability of a 
ferromagnetic sheet is treated as a uniform scalar quantity. 
Since the war, theoretical and experimental studies of domains 


in ferromagnetic media have contributed immensely to our 


| 


| 
| 


has been exercised it seems to me that there are at least three 
instances where the agreement between the calculated effects and 
those experimentally observed is very good. These are: (a) the 


understanding of magnetization processes. On the basis of | 
domain theory one can account, at least in principle, for initial — 
permeability, remanence and coercive force, and the variation 


non-magnetic strip at low frequencies; (b) the ferromagnetic 
strip which is appreciably thicker than the average domain 
width, also at low frequencies and measured in a field sufficiently 
small to ensure that the relation between B and H is linear; 
and (c) the skin effect in non-magnetic circular cylinders. It 
seems too much to expect that the good agreement between 
theory and experiment is in all cases due to a fortuitous can- 
cellation of errors. 

However, in example (6) definite discrepancies between theory 
and experiment become apparent when the thickness of the 
strip is reduced, in spite of the fact that such a reduction should 


of these quantities with internal stresses, temperature and the 


composition of homogeneous alloys. In view of the undoubted . 


success of domain theory in accounting for almost every aspect 
of the magnetization curve, it seems rather illogical to ignore it 
when calculating eddy currents. 

With Mr. Graneau’s final remark I am in complete agree- 


ment. However, Section 2.2.1 is intended to apply only in the © 


low-frequency limit in which the skin depth is very much greater 
than the thickness d. In these conditions the flux density and 
the field are both uniform, and if the applied field is sinusoidal 
so is the flux density. 


DISCUSSION ON 
‘ELECTRIC AND MAGNETIC IMAGES’* 


Dr. K. C. Mukherji (India: communicated): While I fully agree 
with the author’s conclusion in Section 3.2 regarding the 
criterion for uniqueness of the image distribution in a magneto- 
static field, I find it difficult to follow the latter part of the 
formal derivation following eqn. (9). It is not clear there if the 
expressions 


Gx olf (Oa nd andinx c| ff x Vx C)dv 


are meant to represent vectors or scalars, while the expression 
[[@ x C).(V x ©ds 
S 


to which each of these has in turn been equated, definitely 
represents a scalar; neither do the former two expressions appear 
to be equal to each other. 


The following steps lead to the same conclusion as the 
author’s: 


J[@ x ©. x as =[[-c.@x © x vas 


us sos oa x (n x CdS 
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which vanishes if the tangential component of C is constant 
everywhere on the surface S. 

Mr. P. Hammond (in reply): I am grateful to Dr. Mukherji 
for drawing attention to an obscrurity in my treatment of the 
magnetostatic field. All the quantities which he mentions are 
scalars, but the dot indicating a scalar product was inadvertently 
omitted. 

A clearer way of writing the expressions would be as follows: 


Je Vv x C).nds =|] x C) xn. CdS 


Hence, if the tangential components of V x C are zero on S, 
uniqueness is assured. 


Alco JJ %_-Cy Xeni, CdS = c.JJw x C) x ndS if the 


tangential components of C are constant on S. 


But Je x ©) x nds = —| || Vx V x Cd =0 


Thus constant tangential components of C also assure unique- 
ness. 

Dr. Mukherji’s alternative proof relies on a rather free 
manipulation of the vector operator V, and I am not convinced 
about the validity of the method. However, the important 
thing is that we both reach the same conclusions. 


Dr. D. A. Bell (communicated): The author has made an 


| topic, but his work is likely to be put to practical use more 
{ readily if it can be shown to have a non-mathematical inter- 
|) pretation. The author appears to imply that the transmission 
f function T(w) of the medium is independent of the noise spectrum 
/ o(w), but such an assumption is disallowed by the fluctuation- 
| dissipation theorem.4°B This theorem is to the effect that in 
| all equilibrium systems a mechanism of dissipation must be a 
source of noise, and vice versa. Therefore independence of 
| T(@) and o(w) can apply only if the noise is due to active 
| elements, e.g. if it is interference from other man-made devices, 
| rather than noise inherent in the attenuating part of the com- 
i munication channel. In what practical] situations does one find 
| the effective noise decreasing rapidly with frequency as suggested 
) in eqn. (26)? 

In eqn. (19) the factor 1/T(w) appears to say that the filter 
should equalize the system, by compensating for the distortion 
' in the medium, before one constructs a\matched filter for the 
| transmitted waveform V;(t). The usual interpretation of the 
| matched filter is that it provides a combination of time delays 
such that all ‘samples’ add together at the chosen instant of 
discrimination. By means of the inverse Fourier transform this 
time specification may be translated into the required H(w), but 
it is also possible to design the filter in the time domain. tf 
: The statement towards the end of Section 4, that a linear filter 

cannot recombine two identical signals separated by a time delay, 

is true of 2-port lumped-parameter networks, but is not true of a 

distributed system combined with a detector which does not 
- absorb power. For example, the use of a delay line for 

‘integrating’ successive pulse returns in a radar system is a 

simple method of combining identical signals which are separated 

by a prescribed time interval. Will the optimum pulse for a 

system in which delay lines are permitted differ from that 

‘specified for a system using only a single channel through a 

linear filter ? 

The statement in Section 6, that, for fixed d, Ap increases very 
rapidly as n increases, prompts two questions. First, is not the 
required minimum bandwidth simply proportional to n, and is 
it not then unrealistic to regard T(w) as a separately and inde- 
pendently specified function? In radio signalling it does not 
‘appear reasonable to have transducers, etc., of so great a band- 
width that the transfer characteristic of the system is defined 
by the propagation characteristics of the medium; and it is not 

~ obvious that this would be useful in other applications such 
as under-water signalling. Secondly, at the end of Section 3 
the author states the entirely reasonable result that, if the 
medium is non-distorting, Aj =n. If, then, in Section 6 we 
find that n = 10 can lead to Ay = 250 for a particular pulse 

"duration and form of |o(w)|/|T(w)|?, does not this mean simply 
that a substantial part of the signal energy has been put in a 
part of the spectrum where the noise is negligible? 


| 


| 
} 


= . S.: Monograph No. 407 E, October, 1960 (see 108 C, p. 153). 
T oo of cenaaet of designing in the time domain has been carried out by 
A. M. Rosie (publication pending), but the most useful technique appears to be that 


described by Pucel.C 


DISCUSSION ON 


‘OPTIMUM COMBINATION OF PULSE SHAPE AND FILTER TO PRODUCE 
A SIGNAL PEAK UPON A NOISE BACKGROUND’* 
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Prof. H. S. Heaps (in reply): I appreciate Dr. Bell’s comments 
and agree with him as to the desirability of further, and if 
possible non-mathematical, interpretation of the results. 

The method described and the validity of eqns. (15) and (16) 
do not depend upon the assumption that the transmission 
function T(w) is independent of the noise spectrum o(w). It is 
assumed, however, that both T(w) and o(w) are independent of 
the transmitted signal. 

With reference to under-water sound propagation, the noise 
spectrum o(w) may include noise caused by wave motion at the 
surface of the bottom and also noise caused by man-made, or 
other, disturbances within the water. The propagation function 
T(w) may include the effect of a sound channel and also the 
frequency response of any transducers that are placed between 
the signal generator and signal processing equipment. There is 
no reason why 7(w) and o(w) should not contain common 
factors. For example, the filtering effect of the transducers 
affects both T(w) and o(w) by a common factor. 

The statement that a linear filter cannot recombine two 
identical signals so as to eliminate the time delay between them 
may be explained by the following example, which is illustrated 


FACTOR 1/2 
TIME DELAY 4d, 


(ii) | | 


le) d t 
(iii) | | = 

lo) dims t 
(iv) 

0 deed) 2dy t 
(v) 
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Fig. A 
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by Fig. A. The linear filter (i) is equivalent to the transmission 
function 


T(w) = 1 + 4exp (—jwd)) 


which transforms the single pulse at (ii) into the two pulses 
at (iii). A further filter of transfer function 1/T(w) would 
transform these two pulses into the single pulse at (ii). 

The transfer function 


1 + exp (—jwdy) (A) 


would add together the two pulses at (iii) to form the pulse at (iv) 
beginning at time d,, but it would not form a single pulse and 
some of the output energy would be contained in the subsidiary 
pulses that begin at times t = 0 and t = 2d,. The required 
transfer function 1/T(w) may be written in the form 


1/T(w) = [1 + dexp (—jwd,)]“! 
= 1 — $exp (—jwd,) + 4 exp (—2jwd,) —... (B) 


The first two terms in the above series for 1/T(w) correspond 
to a filter that transforms the pulses at (iii) into those at (v). 
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The first three terms in the series correspond to a filter that 
transforms the pulses at (iii) into those at (vi). Inclusion of 
further terms in the series produces further delay in the subsidiary 
pulse and reduces its amplitude. Although to synthesize 1/T(w)| 
exactly would require an infinite number of time delays, a 
synthesis to within any required accuracy may be achieved by 
the use of a sufficiently large number of time delays. The non- 
realizability of 1/7(w) is thus true in the exact mathematical | 
sense but not in the practical sense in which a sufficiently close} 
approximation to 1/T (w) is sufficient. ; ; 

The particular form of eqn. (26) was chosen to provide a} 
simple illustration of the theory and to verify that the theory ’ 
then leads to reasonable conclusions. As noted by Dr. Bell, as; 
n is increased the optimization process places the signal energy | 
in the higher frequencies where the noise is of small amplitude. 

In the general case, for sufficiently large values of n, n a 1 is ; 
the maximum’ number of sign changes that may occur in the; 
transmitted signal V,(‘). Thus, for a given noise spectrum o(w), , 
a given transfer function T(w) of the medium, and a given valus } 
of n, eqns. (15) determine the envelope of the optimum signal oF / 
frequency 2n/d. 


DISCUSSION ON 
‘AN ANALYTICAL REVIEW OF POWER-SYSTEM FREQUENCY, 
TIME AND TIE-LINE CONTROL’* 


Dr. H. K. Messerle (New South Wales: communicated): It is 
interesting to see the integral square error criterion applied to 
system control studies, and the results indicate that optimum 
control conditions can be determined quite readily. I wonder, 
however, whether this criterion leads to a practical optimum. 

The integral square error becomes a minimum under con- 
ditions for which system response is oscillatory. Consequently 
we have a system which is not very far from instability when 
this error is minimized. This feature does not matter in a 
conventional controller with ‘fixed’ components which do not 
vary with time. On a power system which undergoes a con- 
siderable change every day the controlling and controlled ele- 
ments are not fixed and change continuously. Consequently 
integral square error minimization can lead to difficulties on a 
practical system. 

A solution might be found by searching for system conditions 
for which the application of the integral square error criterion 
leads to the smallest controller gain. To do this it would be 
necessary to know how system components modify the criterion. 
Have the authors investigated this point, and are there any 
general trends apparent from their work? It is possible that the 
integral square error criterion becomes very insensitive for low 
controller gains, since system transients might contain oscillating 
components which were independent of controller action. This 
feature has shown up in a number of similar control problems 
and might be significant in the work discussed in this paper. 

Messrs. D. Broadbent and K. N. Stanton (in reply): Dr. 
Messerle stresses the important point that minimization of the 
integral square error leads to an oscillatory system and, as we 
pointed out, this feature must be watched carefully; however, 
when dealing with errors in electrical systems an integral square 
error of power does seem to be relevant, as its minimization 
reduces the time over which large errors occur. 


* BROADBENT, D., and STANTON, K. N.: Monograph No. 395 S, Septemb 
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Fig. 7 shows that a minimum integral square error for tie: 
power can be obtained for a particular value of tie-line controller 
gain, K,, and that this minimum depends to some extent on 
the type of governor used. The reason for this is that tie-line 
oscillations, which are affected only to a minor degree by the 
tie-line controls, depend on conditions prevailing in the indi- 
vidual areas before interconnection. The tie-line controls affect 
the time required to correct any deviation in the average (over 
2-3 sec, say) scheduled tie power. At low values of K, this 
correction is slow and the integral square error large; as K, is 
increased the integral square errors are reduced until finally the 
tie-line controller tends to become oscillatory causing the 
integral square error to increase once more as is shown in 
Fig. 7. The minor effect which K, has on tie-line oscillations is 
not a problem, since increasing K, actually improves the stability 
of these oscillations. 

For values of K, below about 0-015 the tie-line controller is 
quite stable, and it is not expected that the variation in system 
parameters will be sufficient to disturb seriously this control 
loop, provided that K, remains roughly proportional to system 
capacity. Another fact in our favour is that the optimum value 
of K, is not sharply defined. For example, from curve 1(a) of | 
Fig. 7, K, in the range 0-01-0-018 would be suitable for all 
practical purposes. 

A more serious problem is the effect that variation of system 
parameters will have on tie-line oscillations, and this seems to 
be a good reason for conservative design of governors. Some 
results have been obtained to show the effect of tie-line synchro- 
mizing-torque coefficient on tie-line oscillations, but it does seem 
that the most critical parameter is the effective damping, and 
the way in which it varies with changes of the system is 
most relevant; for this reason a conservative value of damp- 
ing has been used in the study, and work is now in pro- 
gress on the investigation of this parameter in an actual power 
system. 


t 


| Dr. H. McKibbin (communicated): It is almost ten years since 
I first made use of Southwell’s relaxation methods to obtain 
) flux plots for current-carrying conductors housed in slots in 
} iron. My object was to determine the ‘slot constant’ of any 
) slot shape. I was successful, in that I developed special residual 
| equations for nodes on curved boundaries along which only the 
- hormal gradient of the sought function is specified, and obtained 
| flux plots and slot constants for rectangular, tapered and circular 
| semi-closed slots. Unfortunately I had not access to a computer 
| and had to obtain all the solutions manually—a very tedious 
| task since the convergence was very slow. I was therefore very 
| impressed by the computer times quoted in the monograph. 

__ Turning now to the finite-difference approximations used in 
the monograph I wish to raise two points: (a) the numbering of 
_the nodes; and (4) the order of the neglected terms. 


Fig. A 
(a) Was there any special reason for not using the commonly 


accepted node numbering system (see Fig. A)? 


3 - Ro: 
Writing A, = €"3<49, A3 = €-"x49; Az = E*3yAo, and 


3 . 
A, — é—*"yyAo (Fig. B), 


Fig. B 


we find that 
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DISCUSSION ON 
‘NUMERICAL EVALUATION OF INDUCTANCE AND A.C. RESISTANCE’* 


so that the use of 


| 2), + (G4) |= At dat Ast Ay Ado 


Ox? oy? 
as in the monograph, neglects terms in h+, etc. 


Fig. C 


If, however, the line of nodes 4, 0, 2, coincides with an iron 
boundary (Fig. C) the use of 


“la, * 


as in the monograph, neglects 


- LG), + G),| + +3Gs), +e 


Thus at nodes not on the iron boundaries the error is of order 
h* at most, but at those on the boundaries the error is of order 
ifsc 

It is possible, however, to obtain finite-difference approxi- 
mations for boundary nodes which also have an error of order 
h* at most, as follows. 


54) | = 4a bods + dy A 


d 
Writing Az = E—"y Ap 
2 : 
and Ai, = €~2h3;Aq (Fig. D) 
wine ),~GE),~* 
we obtain, since SR : Ly 
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So we may write 
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with an error of order of h* at most. 
Similarly, we obtain for a corner node (Fig. E) 


027A 027A 
2| (U4 oe 7 af 7 
“ |), a (54) | ~ 4(A, + A3) — 0°5(Aq, + Ayn) — TAp 


also with an error of order h* at most. 
In conclusion I would point out that the above equations 
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Fig. E 


result from the coincidence of the domain boundaries with lines 


of nodes; curved boundaries, with their fractional meshes, do | 


not allow the /3-terms to be eliminated easily. 

Dr. R. S. Mamak and Dr. E. R. Laithwaite (in reply): There 
was no particular reason for numbering the nodal points as 
we did, and as Mr. McKibbin points out, most British text- 
books use the system which he illustrates. 


Regarding his second point, in general the accuracy of the 


system may be improved by means of a more complex finite- 


difference equation. Mr. McKibbin obtains greater accuracy at 
the boundary at the cost of greater complexity inasmuch as it 


requires a knowledge of a;,. , . 
It should also be pointed out that the finite-difference equations 


for the boundaries between media having different permeabilities, | 


and between current-carrying and non-current regions, are 
accurate only to the order of A, and thus the extra complexity 


may not be justified. 


DISCUSSION ON 


“FREQUENCY SPECTRUM DISTORTION OF RANDOM SIGNALS IN NON-LINEAR 
FEEDBACK SYSTEMS’* 


Mr. P. I. Boulton (Canada: communicated): In this paper a 
condition is derived such that the signal and distortion terms in 
the output of a zero memory non-linearity are non-correlated. 
The output of the non-linearity is written in the form 


Xo = f(x) = Kx) + Di) (A) 


kK =A constant dependent on the characteristics 
of the input x;. 
Kx;(t) = Signal term. 
D(t) = Distortion term. 


where 


The result obtained is 


1 ice) 
K =| xf(x)peadax, (B) 
OF 4_w 
where p(x;) = First probability density of the input. 
o? = Power of the input. 


It is stated that for this value of K the cross-correlation between 
the signal and the distortion, g,p(7), is zero. 

This conclusion is not justified for two reasons. The first is 
that the method of obtaining eqn. (B), i.e. assuming g,p(T) = 0 
and then determining the value of K from this assumption, 
leads only to the conclusion that this equation is a necessary 
condition for g,p(r) = 0. It must be independently shown that 


* WEsT, J. C., Douce, J. L., and Leary, B. G.: Monograph No. 419 M N 
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this is also a sufficient condition. The second is that the deriva- 
tion given in the paper is carried out for 7 = 0 and hence if 
eqn. (B) is to be taken to be the condition for g,p(7) = 0 for all 
T, it must also be shown that (a) g,p(7) <g,p(0), all 7; 
(b) gsp(t) > 0, all 7. In general the further proofs mentioned 
above cannot be carried out; hence eqn. (B) is not a sufficient 
condition for non-correlation of the signal and distortion. 

As mentioned in the paper, eqn. (B) was also obtained by 
Booton,“ from a consideration of the non-correlation between 
input and distortion. However, he obtained this result only 
after assuming that the input, x;, was Gaussian, a restriction 
not given by West et al. 

A sufficient condition for non-correlation of signal and dis- 
tortion for an arbitrary input can be obtained as follows: Let 
the output of the non-linearity be 


Xo(t) = f[x,()] = Kx, + DO 
DQ) = f [x;(t)] — Kx;(t) (C) 


The cross-correlation between the signal and distortion terms 
is thus given by 


8sp(7) = Kx,;QDE +7) 


Hence 


= Kx t)f [x(t + 7)| = K?x;(t)x,(t a T) 


where the bar denotes time average. 


fl Writing x(t) as x, and x,(t +7) as X, and expressing the 
tases in terms of the second probability density of the input, 
| gives 


ice) oo 
en =K[ | x fl)palo, x2, Dedede, 


ive) fo.0) 
aa Ke | [ axpae, x7) dx 1, dx 
—0%—oa 


i The second integral can be recognized as the autocorrelation of 
the input, &xx(T). Making this substitution and equating g,p(7) 
) to zero gives 


is J x feadpa(m, Xz, T)dx, dx, — Kg,,(7) = 0 (D) 


1 This is a necessary and obviously also a sufficient condition for 
} non-correlation of the signal and distortion, and also defines 
_ the value of K. As pointed out earlier, Booton has shown that 
for x; Gaussian this can be reduced to eqn. (B). 
{t should be noted that, since K must be a constant for any 
given x; [in order that we may logically speak of the terms in 
eqn. (C) as signal and distortion], it is often impossible to satisfy 
_ eqn. (D) for an arbitrary p»(x;, x2, 7) and f(x;). In such cases 
' the output cannot be split into non-correlated signal and 
distortion terms. 

In conclusion it should be mentioned that the comments 


|, DISCUSSION ON ‘FREQUENCY SPECTRUM DISTORTION OF RANDOM SIGNALS IN NON-LINEAR FEEDBACK SYSTEMS’ 535 


made here have no effect on the applications and other con- 
clusions presented in the paper as they were all Gaussian cases. 
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Prof. J. C. West, Dr. J. L. Douce and Mr. B. G. Leary (in 
reply): We should like to thank Mr. Boulton for his comments 
on the validity of the derivation of eqn. (B). This equation was 
first derived by Booton, who showed that the value of K thus 
defined is that producing minimum mean squared error. This 
applies for all probability distributions p(x). 

The more rigorous method presented by Mr. Boulton leads 
to his eqn. (D), which is in general insoluble. However, it 
reduces to Booton’s equation for all probability distributions 
for7 =0. For instantaneous non-linearities this is the case of 
importance. 

We suggest, on experimental evidence, that there is always a 
satisfactory solution to eqn. (D) for the simple non-linearities 
and probability distributions arising in practice. Analytical 
justification of this statement would form a useful subject for 
further research. 


DISCUSSION ON 
‘THE STABILITY OF PERMANENT MAGNETS’* 


Dr. A. G. Clegg (communicated): It-is interesting to compare 
the results given in this paper with those of other workers. 
The magnetization changes with time, before one day has elapsed, 

are not given, but we should expect them to be linear with log t 
as has been published previously.4°8 The slope of the mag- 
netization log t curve compares well with values found before for 

_ Alnico and for Alcomax III with working point above (BH) ngx- 
Alcomax III working around and below (BA),,q, is, however, 
shown to be more stable in this paper than has been observed 
elsewhere. 

A comparison is also possible of the losses of magnetization 
due to heating with those found by other investigators. The 
losses obtained for both Alcomax III and Alnico are considerably 
less than those previously reported.~P It is stated in Sec- 
tion 5(h) that there are differences in the conditions of the 
tests. Are these merely the difference between assemblies and 
straight bars, or was there a time interval between magnetizing 
and the start of the heating test, and if so what was this time 
interval ? 
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(B) Goutp, J. E.: ‘Permanent Magnet Stability’, Instrument 
Practice, 1958, 12, p. 1083. ay 

(C) Tenzer, R. K.: ‘Effects of Temperature Variations on the 
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Remanence of Permanent Magnets’, Conference on 
Magnets and Magnetic Materials (held in Boston, 
Mass.), p. 203 (New York. American Institute of 
Electrical Engineers, 1957). 
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Mr. C. E. Webb (in reply): The differences in results to which 
Dr. Clegg draws attention are of interest though they do not 
affect the general significance of the observations recorded in 
the paper. While there is, as far as I know, no direct experi- 
mental evidence on the point, it seems probable that the main 
reason for the differences lies in the different forms of specimen 
used. My Alnico and Alcomax samples all consisted of short 
blocks assembled with soft-iron limbs and pole-pieces, so that 
the magnetization was approximately uniform throughout the 
permanent-magnet material. In all the other investigations to 
which Dr. Clegg refers the samples were short bars on open 
magnetic circuit in which large variations in magnetization 
between the middle and ends must have occurred. If, as 
indicated by the results in Table 2 for Alcomax III (Group E) 
magnets, the stability decreases rapidly below the (BH) ,ax point, 
it is to be expected that in magnets working around and below 
(BH) max this non-uniformity will cause greater instability towards 
the ends of the magnet and hence greater weakening of the 
magnet. Some support for this explanation is given by the 
fact that in Alcomax III magnets working above (BH) ,q, and 
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in Alnico magnets, where the variation of stability with the 
working point is much smaller, the results given in the paper 
agree fairly closely with those previously published. 

With reference to the thermal tests, the mention of different 
conditions of test in Section 5(/) related to the difference between 
assemblies and straight bars, which may be expected to influence 
the effect of high-temperature treatment as well as the long-term 
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stability. As Dr. Clegg suggests, however, there may be 4j 
further cause of discrepancy in the thermal tests, since in my 
tests the initial readings, as in the long-term tests, were mad¢é 
approximately 24 hours after magnetization and the measure 
losses in magnetization would be less than those relative to the 
strength a few minutes after magnetization, as measured 

previously published investigations. | 


DISCUSSION ON 
‘MATRIX ANALYSIS OF CONSTRAINED NETWORKS’* 


Mr. S. Louis (communicated): In general, a network that 
incorporates 7, constraints has its number of degrees of freedom 
reduced by ng. When admittance-analysing an n-node net- 
work, n — 1 cut-sets represent the degrees of freedom; hence 
n—1 voltages corresponding to these cut-sets and n— 1 
external currents completely define the state of the network. 
Now when n, degrees of freedom are deducted, only 
nf =n—ng—1 external currents that feed the ny cut-sets 
generate the whole set of voltages: ny directly by the ny currents, 
and the remaining ng by the ng transmittances. The ny + ng 
equations relating the currents if to the complete set of voltages 


are 
0 Yap Vaal Ya 

The upper n, equation are Kirchhoff’s current law applied 
to the free nodes, and therefore submatrices yy and yyq are 
obtained by partitioning the ordinary matrix y. The lower part 
should contain the parameters of the constraints. t 

This matrix y is much simpler to construct and apply than 
that of eqn. (34) since no manipulations with rows and columns 
are needed. Moreover, y of eqn. (34) is in fact the y of eqn. (A) 
with v4 eliminated: 


(A) 


Y =Ve—VeaValVay - (B) 

One may assert now that there is no need at all to define the 
so-called ‘separable case’ as in Section 3.2. 

In Section 3.3 the author eliminates only some of the ny 
voltages: the rest he designates v,,,—‘not eliminated’ voltages. 
By eqn. (A) it is evident that there is no special need for having 
a n.e. voltage in each transmittance loop, as is stated in 
Section 3.4(6). Obviously any number of voltages from 0 to ng 
can be eliminated to form equations of the form (B). 

Finally the operations needed to obtain y of eqn. (34) are 


quite complicated even in the case of one constraint, as in: 


eqn. (44) the bigger m,- is, the more manipulations are needed. 


* NATHAN, A.: Proceedings I.E.E., Monograph No. 399 E, September, 1960 (see 
108 C, p. 98). 
+ Rigorous proof will be given in a paper to be published. 


This last argument is clearly enhanced in the case of a dua!- 


| 


control, and much more in a multi-control constraint: | 
v; a »3 LiKE (C)} 


This reasoning brings us to the conclusion that if vg is not 
eliminated at all, as is in eqn. (A), much labour will be saved in | 
the application to practical problems. 

Dr. A. Nathan (in reply): Mr. Louis’s eqn. (A) is not explicit | 
but I think that only a minor variation in notation is involvee | 
as compared with my paper. 

In fact, writing 

r=(id (D) 
and putting in eqn. (A) 


Yr = Ve | Va) 
Vig ad 


(E} 
Yap = El 


(which is, I presume, what Mr. Louis has in mind) eqn. (A} 
becomes identical with eqns. (28) and (31), when v,,) = 0. 

The paper goes on to eliminate v,q from the equations which 
lead to eqn. (34). Eqn. (B) states how, in general, elimination 
is effected. Substitution of eqn. (E) into eqn. (B) yields, for the 
present case, 


(F) 


where the last step follows from eqn. (D), and this is identical 
with eqn. (34). Thus the only pertinent point is the obvious 
fact that y = yt’ can be produced by the prescription in the 
second expression of eqn. (F). 

In the general case the equations of constraint can be written 

Dap ¢ + Vaarta = 9 (G) 

where yy, is of rank (d — i). The non-negative integer i desig- 
nates the ‘feedback index’ of the constraining structure. In 
general only d — i components of v4 can be eliminated, which 
shows the reason for assigning a special position to the ‘separable’ 
case which corresponds to i = 0. 

I fail to see how simplification of operations is to be achieved. 
The whole point of the method is the production of a non- 
singular admittance matrix of least order. 


en x ae ae Le ; 
Y =e t+ Yjat. = Ve! ra)( ») = Yi rt 
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